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PREFACE 


All praise is due to the Almight 
enabled me to publish the book Complex pens oundless mercy 

Complex Analysis is one of mo ‘ 

st b i 

The a is recognized as an essential p a Mats 
mathematical background of engineers, physicists, mathematicians 
and other scientists. 
This book si an outcome of a series of lectures delivered by me 
tinuously since 1992 at Govt. Jagannath College, Dhaka. 
This book has been written mainly for the students of 
Mathematics which covers the complete syllabus of four year B. Sc 
honours (Integrated) Course and for the students of physics which 
covers the partial syllabus of four year B. Sc honours (Integrated) 


Course of National University. 


Also this book is designed to me 
d undergraduate students in the Science 
ring Universities of the 


con 


et the requirements of post 
graduate an and 
Engineering disciplines of all Enginee 


country. 
A large number of examples have been incl 
mind the needs of the students. 

It is hoped that the book will mee 
whom it is intended and 1 shall deem 
students find the book useful to them. 

I express my thanks to all those authors 
consulted in the preparation of this book. 

] express my heartfelt gratitude to my 
worthy colleagues and friends without menti 
the help they have rendered in one Way to another. 

I am very much grateful to my family members for 


support, especially. I am grateful to my publisher Mrs. 
Choudhury for her cordial help in publication of the book. 
Constructive suggestions 


Criticisms, Correction of Misprint and 
towards the improvement of the book will be thankfully received. 


Author 


uded, keeping in 


t the requirements of those for 
my labour, rewarded if the 


whose books were 


respectable teachers, 
oning their names for 


their positive 
Mahmuda 


TA 


ENEJ”. ER a: 
A ETE € P TP. 


$ Ra PEC Cr 


——— 


e patet ps EE e ne 
œ 77 ^ Ri" 78 eem A L 
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istribution of Marks in Ques ape 
Dis Complex Analysis (Subject Code-3775) 


For 3rd Year Honours Course 


———— GÀ 


| Full Marks : 100 Time of Examination : 4 Ho 


10 questions out of 12 
such as question number 


1. (a) - (D 


(such as definition / 
Quizzes) 

(Covering all the chapters 
of the syllabus.) 


Short Questions 
(such as Conceptual / 
Numerical) 

(Covering all the chapters 
of the syllabus) 


5 Questions Out of 8 


Question number 2, 3, 
etc 


y Broad Questions 5 Questions Out of 8 

E (such as Analytical / (Question may be divided 
3 Conceptual / Numerical) | into (i). (ii), (iii) etc. 

j Subsections) 

E For mathematical / 

3 numerica] questions this 
; condition may be relaxed 
: Question no. 10-13 

7 

j 


E 7 
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Differentiability of a complex function. Analytic 
functions and their properties. Harmonic functions. 


Complex integration : Line integration over rectiflable 


me I ^n " 
curves, Winding number. Cauchy-Goursat theorem. Cauchy 


integral formulas. Fundamental theorem of Algebra. 
Liouville's theorem. Morera's theorem. 
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analytic function. 
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CHAPTER-1 
COMPLEX NUMBERS 


j: Com lex Plane : We know that a complex number 
1. „iy can be defined as an ordered pair (x, y), where 
2% the set of real numbers] and it can be represented 


je RIRT 
s int pix, y) with regard to two rectangular axes XOX' and 
1} 


yo. Here O is the origin. 
| 


| imaginary line 


Real line 


; Y' 
Which are properly called real line and imaginary line 
respectively. Thus a complex number z is represented by a 


point P in a plane and corresponding to every point in this 


plane there exists a complex number. Such a plane is called 
d diagram or 


complex plane or Argand plane or Argan 
Gaussian plane. 


1-2.1 : Complex number : [NUH-2013] 
E The number of the form x + iy i$ called the complex 
| umber, which is interpreted as point in the complex plane. 
E X and y both are real numbers. Also the complex 
Which j Written as z = (x, y). Here x is called the real part of Z, 
imagi is denoted by Re(z), i. € Re(z) = x, and y is called 
d.e d part of z, which is denoted by T 
Point ( (2) = y. When a complex number z = X is display" a 
ds called 0) on the real line or axis, then the comple* Ba as is 
display purely real. Again, when a complex num er A fis £j 
the SYed as point (0, y) on the imaginary line or meer 


me co 
L mplex number z is called purely imaginary: 


Co 
Om t 
i EX Analysis~1 
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. We have stated aboy, 
s multiplied by 1 


Comple 

rs 

| vq, of real nube j 

1-2.2 : (i) unit o real number. Here X ! 
u < 

. We have stated aboy, 

. Here the symbol į 


that iy is € : 
stands for unit of imaginary n 
imaginary numbers. | 
im s 3:(i) Modulus of a complex number : [NUH-2013} 


The quantity Vx? + y? taken with the positive sign 
is defined to be the modulus of the complex number i 


z x + iy = (x, y), which is denoted by |z], [the absolute value 
ofz]. Thus |z| = Vx? + y?. 
(ii) Argument or Amplitude of a complex number : 
" [NUH-2013] 
‘We know that the relations between the cartesian 
co-ordinates (x, y) and the polar co-ordinates (r, 0) are 
x=r cos 9 --. (i) and y =r sin 0 -- (ii) 
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te E mm T nra 


3 | 
from (i) and (ii) or from adjacent fig. We have | 
Fase eid E 

tan 07x —0-tan D 


; y. 
ntity tan`! = is c l . 
The quantity x 15 called the argument or amplitude 


of a complex number Z = x + iy = (x, y). Which is de 


noted by 
Argiz) or Amp). Thus Arg(z) = Amp(z) = tan- A 


1-2.4 : The polar form of a Complex number. 
s 


Let Z = X + iy be a complex number. From figure, we have 
x=r cos 0 and y = r sin 0 then we have 


Z-r cos 90 + ir sin 0 
= r(cos 0 + i sin 0) 
= zZ = re! 
[~ e? = cos 0 + i sin 0, which is known as Euler's formula] 
Thus z = re? is the polar form a complex number. Where 
(r, 6) is its polar Co-ordinates. Also r = Vx2 + y2 is the modulus 
ofz = re? and 0 = tan z is the argument of z = r.e". 
Note : The principal value of argument lies between 
-1 and m. i 


1-2.5 : Properties of Complex numbers : If z;, Za and 


73 be the complex numbers belong to the set of complex 
Number S, then 


Lone 22 € S and zjz; € S. Closure law. 
œ 2| + Z2 = Z2 LZ, Commutative law of addition. 
ial a 
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Z + ^ Za) = (Z1 + Zo) + Za. Associative law of addition. 
ZZ = 292;, Commutative law of multiplication. 
Z\(ZoZ3) = (z1z2) za, Associative law of multiplication. 

Z (29 + za) = ZZ + ZZ, Distributive law. 

(i) z, = 0 = 0 +z, = z, O is called the additive identity. 
(ii) 1.2, = z,.1 = z}, 1 is called multiplicative identity. 
For any complex number z4, there is a unique number 


Z € S, such that z + z; = 0; z is called additive inverse 
a of z;, which is denoted by - z4. 


Noga b & 


For any complex number z; # 0, there is a unique 
number z €S, such that zz, = ziz = 1, z is called 


E 1 
multiplicative inverse, which denoted by zi or;- 


1-2.6 : The conjugate complex number : 


Q(x, -y) 
Z =X IV 
Ifz=xtiyisa complex number, then x - iy said to be 
conjugate to z and is usually denoted by z, that is Z = x — iy. 
By definition, we have 


ifz=x + iy = (x, y) then Z = x ~ iy = (x, -y) 
In polar form, Z = r cos 0 + ir sin 0 

=> Zz = rel? 
then Z = r cos(-0) + ir sin (-0) ` 


= rede 


l- x= r cos 0 and y =r sin 0 


The polar Co-ordinates of z is (r, 6), those of z is (r, —9). 


fiers 
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5 


T metrically, we see that, the conjugate of z is the 


n or image of z about the real line. 


|z] and Arg (2) = - Arg (z) 


(v) Argiz; Z2) = Arg (zı) + Arg (zə) 
(vi) Arg (2) = Arg (zı) - Arg (z3). 


Proof : Let 2) = x1 + iy) > 2 =x - iy 
and 2 = Xo + lye — Zo = X9 - lya ' 
(i) L. H. S =Z; + Z2 
= (x, + iyi) + (xa + iy2) 
= (xy + x) + ili + Yal 
= (xı + Xə) - iyi + yo) 
= (x; — iyi) + (xo — iyo) 
-2; L Za =R. H.S (Proved) 
(ii) L. H. S. = (x, + iy) - es + a) 
= Kı- xj) + iyi - yo) 
= (x1 - x9) - ify - ya) 
= (x; - iyi) - (xo - Val 
-2;-2;-R.H.S.  (Proved) 
(iii) L. H. S = 2; z, 


r 


wf 


moduli of both z and Z are same, which is r = fy 
put the argument of z is 0 and that of z is — 0. 


Thus |z| = | 
1-2.7 : If z, and Zz be two complex numbers, then prove | 
Tm EP. 

(i) Z, + Z2 = Z1 + Z2 (ii) Zi — Z2 = Z1 Za | 
—— 2 [An | 

(iii) 2) Z2 = 21°22 üv (277, | 
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= (xix; - yyy) - Ibra + xoy1) 

= X1X, - ixyy» - ixey) - yiya 

= Xil - Val - iyy (xe - iyo) 

= (x) - iyi) (xs - val 

=21%2=R H.S. (Proved) 
Alternative method : 


In polar. form, let z, = rı e) > Z = re" . 


and 2» = rp g > 7, = ry ele 
L. H. S-z,z, 
=r; eb, r, eli; 
= rur, apy) 
= Iro e710) +69) 
= Tjr9 e718), eid, 
= rje 9 , ry e718, 
7Z;*Z-RH.S 
A Zi 
Gv) LH. S- E 


m X| + iy, | 

E + iy, 
(x, + ly) (x5 -j 

- yo) 
(x2 + yo) (x, — iyə) | 


X L3 B " 
2 


2 
ree ati 
" feta t yya + ays eye) 

(x2 + y2) 
E [iae t yaya) = ibay, - yg 
(xj + YZ 


— X1X2 + dxyy, — iXoyi + yiy 

= E 2 
(x2 + Yal (xy - iy) 

-Xio + ly) — lyi(X + iy;) 
(x2 + Nal (x, — a 
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_ (X; IU (Xo + yal 
(X9 + iy2) (X2 - iys) 


Xı — ly) Zi 
= =—=RH.S_ (Proved) 
Zo 


B X9 — iyo 


Alternative method : 
Let z = rj ei > z; = rj e1 and z = rz e? > Z = rz e 6o 


e) 

L. H. S= 12, 
_ T] eit, 
~ ra el82 


= [I| t9, - 6.) 
(5) er 2 


ex EL at 
T2 


scL.RIEG (Proved) 


(v) Letz =r; ©&® «. Arg (zı) = 0; 
and Z =r cha  .. Arg (Z) = 605. 

Now Z; Z = r} €!1. ra ef» = rjr» ell) + 65) 

<. Arg (Zj Z2) = 0; + 65 

.. Arg(z; Z2) = Arg (zı) + Arg (z2). (Proved) 

(vi) Letz =r, e&i > Arg (zj) = 0, 

and za = rz e2 > Arg (z2) = 05 


Z 
Arg B = Arg(z,) - Arg(z). (Proved) 


—_— x rin oer nc LED CEU a 
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ber, then proce that : 
1-2.8 : ae any aaa pac Sn iie 
m un | (iv) z*z-2Re(2 
(v) z-Z= 2ilm(z) (vi) |z| 2Re(2 —€— 
Proof : Letz = X T iy be any complex number, : 
Z = x- iy, Re(2 = x and Im(2) = y- 


s i Axa y) 
m z=x+iy= |z] ix - 
and z-x-yo [2| ex e oN Y 


5 Iz | = |z|. Proved. 
(ii) L. H. S = zZ 
= (x + iy) (x - iy) 
= x2 — diy? 
= x2 +y (i) 
M.S = |z|? 
= |x-iyl? 


= NS + Gy? 
= (Vx? y?P 
= x2 +y2 (i) 
L. H. S= |z|? 
= |x+iy|? 
-x2 + y? (ii) 
From (i), (ii) and (iii), we can write 
zz-|z|?-|z|?. (Hence Proved) 
(ii Letz=x + iy = (i 
—zzx-iy 
—Zzzxei-() — 
From (i) and (ii) we get Z =z. (Proved) 
(iv) Letz2x-iy -- (i) | 
>z = Xx- İy + (ii) and Re(z) = x -- (iii) 
Adding (i) and (ii), we get 
Z+Z=2X=>Z+Z =2Re(z) [by (ii). (Proved) - 
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(v) Letz=xtly-~ (i) 

=Z =x- iy «= (ii) and Im (2) = y -~ (iii) 
Subtracting (ii) from (i), we get 

z-z = dy 

—z-z-9ilm(z [by (iii)] (Proved) 
(vi) Letz=x+iy l 

= |z| =Vx2 +y? = (i) and Relz) = x -~ (i) 
If y =0, then |z| = 4x2 +0 = x +~ (iii) 
and ify # 0, then |z| >x- (v) 
From (iii) and (iv), we get |z| 2x 

=> |z| 2 Ret2 [by (0) (Proved) 


1-2.9 : For any complex number z, prove that, 


|z| N22 |Re(2] + |Imtz)]. [NUH-2013] 
Proof : Let, z = X + iy n lz| 2x3 +y? 
Also Re(z) = X and Im(Z) = y 
= |Re@)| = |x! = |Im@)| = IY] 


We can write, 
(x|-IylP20 — 
 |x|?-2Ixl Iyl + lyl?20 
=> |x|?+ lyl?22IsI ly! 
> jxļ2+ Lyl2+ Ixl? + lyl?2 xl? * lyl?+2IxI ly! 
5 (|x|2+ IyI2 zixl + LyIP 
= V2 Væ «y?2 |x| + ly 
= N2 |z| 2 |Re&2] + |Im(2)| 
> |z| N22 |Re@| + Im] (Proved) s 
| 1-2.10 : If Iz; | = |z2! and amp (zı) + amp (z2) = 0 
| then Prove that z2 = 2; 
Proof : In polar form, let us consider 
z, = 11 and zz = rge*2 


-101 


Uo X 
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Given that, lal = 122| | 
= [n e^i| = Im el | 
amenet MIEN 


Here, amp (z1) = 0; and amp (z)) = % | 


Given that amp (zı) + amp (zal = 0 
— 0, +0, =0 
= A, =- 9; nee (ii) | 


Now, 257 Tp elüo = rje) =T] e - Z {by (i) and (ii)] | 


1-2.11 : Prove that the modulus of sum or difference 
of two complex numbers is always less than or equal to 
the sum of their moduli. ' 


OR 
If z, and 24 be two complex numbers then, prove that 
(i) |z*zlslzli-*lizl [NUH-2003, 2005, 2007] 
(ii) |z -z4 | € |z] + leal, [NUH-2006] 


Proof : Let z, and z; be two complex numbers. 
We know that, |z|? = zz -» (i) 
we put, Z = Z; + Za --- (ii) 
WZ =Z, +Z =Z +z + (ili) 
Using (ii) and (iii), we get from (i) 
^n +%|?=@ +z) (z; +z) 
= 2121 + Z12p LE + 2277 
= [21]? +2122 +2 Z3 + |z2|2 [by (l 
= [21]? +24 29 + 2, 2 + |z] 
= Iz; |? + 2Re(z, z) + AL 
< a]? *2|2 z;| + |z)]2 LIS) >Re 
= |a? *2]|z| [zZ] + |z;I2 iz = Retz] 
heels prie Dla 
-lla| + aj] d 


[E Z =z and Zi Z2 = Z] Zl 
[-z*z = 2Re (z] 
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= n «zjstlal + |z|} 


sz +20 £ lzl + lal 7 () 


| Replacing Z2 by -Zz2 we have 


| ls -zl $121 + |-z2| 
> |z-zl < lzı| + Izl 
1-2.12 : Prove that the mod 


„o complex number is always greater than or equ 


difference of their moduli. 


[-|z| = |Z] (Proved) 


ulus of difference or sum of 
al to the 


OR 
If zı and Z2 be two complex numbers then prove that 
; à |zn-z2lzl- [221 
(i) |z + zal 2 [zi] - [221 
Proof : We know that |z|? = zz -- (i) 
we put, Z = Z; — Z2 + (ii) 
Z =Z; -Z =Z; -Zg = (iii) 
Using (ii) and (iii) we get from (i) 
«[a-z]?-2( -2) (2-2) 
= 221 - Z122 — Z221 + ZoZo 
= |Z) ~2|? = |21 |? - (z172 + z; z) + |z2|2 [by (i) and-- Z =2] 
= |z,]2 -2R.(z,z Z 
|Z |? - 2Re(2122) + |2212 [.-2+Z = 2Re(2)] 
> 2 P 
2 [z]?-2|ziz;| + |z|? [~ |z| > Reg] 
= 2 P 
E 2|z| [zal + |z]? t- |Z] = |z| Iz 
-lal?-2|z| lal leal Ligi = |z]] 
a -flz| - |z|} 
172)?» 
B S (zil - |z|} 
-z| > Jz] - l 
him, = (l - [Z|  () (Proved) 
i 25 We have 
qa “al Elmo 1.24 
E uu 
A KON 12, | 


E 


AMET 0 Spa ! j 
; 4 j Miss; 1.150 Rach f 3 4 
P STURM naaa D da i ERRER MONET 
L TE C i ee GRAS JO Ca aed Fate ta b, LR 
dit T } 7 
Eu BANE R Y | 
9 GALL 
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Dy 
" zı + Z2 2 e , where 
1-2.13 : Prove that, |z} - Zal |Z3 


zz g. 


rs 
are four complex numbe two comp P 
Proof : Let 21 dd (i) 
. "ma 
w that, i245 Am Zal 
We kno Mee — Fa 
Putting 2771 — Gil a 
22h tae" from 
Using (ii) and (iii), zm a | 
in abep 19 — gz + 2 L Z =z and by (W 
enntu S, amb U—— LZ 
: |2 + z122 n2 zo| LS Z2 = 21 Z i 
aa TNT | R [z + Z = 2Re(g] 
"P^ saneta fal: Lal > paid 
=la a zl + 12l i _ | 
< zl zi P, E 121 Z2| = |z EA 
Sla el te lal < [a] 
ja lal lal + Pe à 
«(zl t Izl? 
; la «zl? st[zl "lal 
B " (iv) 


5 |a *zlslal* [za] : 
and z4 be two complex numbers. 


Again let 23 aind 
|2 = (z3 — Z4) (23 - Z4) 


Then we cari write, lza — Z4 A 
> [25 - 24| = Z3 23 ~ 28 Z4 ~ 24 Za + Z4 Z4 
= |23|2- 23 Z4 - 23 Za * |z4|?. 
p 5|? - 23 Z4 Za Z4 + |z4 |? 
= lal - (s24 +2524) za? 
= [5|]? - 2Rez; Z4) + |z4|2 
=> [25 -z|?- [25 |? - 2Re(z; 24)  |z, |? 
> [,]?- 2125 24 + |z,]2 | 
= lal?-2|z.| za] + |zq|2 —- 
A I23|?- 2|z5| Izal + |zg|2 
7 [123] - ANS 71 


Scanned by CamScanner 


Complex Numbers 13 


= [zs - 7412 2 zal - |z4 |}? 


> |z- 74| Z 123] el 
(v) 


ee es el 
= [23 - Z4| 7 Izal - |z4l 
From (iv) and (v) we have, 
\z, +201 _ la) + | ved) 
|zs-24| "lal - Iz VI 
1-2.14 : Show that, |Z2 - 23] 2 Izal - 
that, |7 + Zal < lal- lal ' where Zu, Z2 and zs 
complex numbers and Zz # Zg- [NUH-201 1] 


Proof : Given that, Z2 and Zz 
So that, we can write. 
I2; - zs]? = (za - 29 (2a - 79 
= za 25 — 2a Zg — Zz Zs + Ta Z3 
(añ a Sa T a zal + |z|? L Z -z 
|za |2- 2Retz; Za) + |z|” 
Iz;|2 - 2122 Zal + Izal? 
= |zp|2-2| zal [zal + lzal? f lz zal = |Z Izl 
= |z;|2-2|zal lal + Izal? L |z| = Izl] 
- {|Z2| - |zalP 
- (z-z? 2 {zal - |23|}? 


= |z2-za| 2 122] - Izal: @ 
FM NE 
[zz zal ^ [zal - lzel 


Multiplying both rides by |z; | and we have 


| 


|Z3|. Hence prove 


are three 


4 are two complex number. 


L PC = zz] 


dal s 1 
l2- z] = [zal — [zl 
Zi 


-— 


22 


z LA [t= 
IDEST lal 
Now replacing — Zg for Za we have, 


ms s 


Z2 + Z3|~ |z5| - |-Zal 


«Al. 
|z2| - |z| 


` Cal = |z|] (Proved 


KES 
25 + Za 
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12. 15 ; Prove that, | 
and hence prove that, mu | 
T) + |a - Vai be] = In bl + [a - b], | 
m [NUH-2004(0ld), 2012(0 


Proof : Let, zy = Ni T li and sy = Xy + lY» 


glt ~ |? = 22> Y Bl 


ln + va? 


i 
| 


—— 
U 


al TET wm slal N Hya 
Ieu =x) + y; and = lvl? =X +p | 
Again, zi + Z3 5 Na + VU + Xo T lg | 
= (Si + No) + IW T Yo) 
Iz e zo] = Vix, Y SD + y ye? 
=> zit zy]? <e + xS + V t Yo)? > DU 
and z, = za =X, T iyi 7 No ~ iy | 
= (Xi - X3) + IW - yo) 
S zi - 2g]? = (x, - x3)? + (ya - ya? +++ (ii) 
Adding (i) and (ii) we have. 
|Z, zal? + zi = za]? = (i + x3 + (y, + ya)? | 
* (1 B + (yy -ya 
= xP + yp) + 2c? + y? | 
la +22]? +]2,~z9|2=2]2,]2 7 


+ 2|z]2... (iii) (Proved) 
2nd Part : Let. p=a+ Va? p? and 


“P+q=2aandp-q=2 Jalopy 
PSK + Vat- (a. Jag 
=a?-a? 42 
“^ pq = b? B 
We have, {|p| + |a] = Ip]? « lal? +2|p} lq] 


79 2|p|? « 2]q12 
2 4|pI? + 219) 1 * 2|pq] L |2 29] = lani Hn 
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lip +9412 + |p-q]2] «2]pq] by Gi] ` 


5 112al? + | 2(Va2 - b3 |2] + 2 |b?| 


l= Ble 


-5 [4|al?+4]a?—b2|] + 2b]? 


-2|a|? * 2|a2 - b?| +2|b|? 
- 2(la|? * IRIS + 2]22 - b?| 
| s |a+b|?+ |a-b|? + 2|(a +b) (a - b)] 
= |at+b|?+2|a+b| la-b| + |a-b|? 
(ipi + la]P 2 (Ja & b] + la- RIP 
a in 
= |p| + lal = la*bl + la 
= |a Va? - b?| + Ja- Va? -b?| =|at+b|+ |a-b| Gaer 
1-2.16 : Prove that, (i) |Z, + Z2| $ \z,| + zo] [NUH- 
m ls -Z2 2 [zal - [22 


and then give the graphical interpretation. 


Proof : (i) Let zi and zz be two complex numbers. 


We know that, Iz|* = 77, - (i) 
Lecce a«bza-bl 
"LEA Ae TH (iii) E 

Using (ii) and (iii), we get Tom (i) 

|2= (zı +z) (21 +79 


dnte i pe a 
ann RTA T NO l zz + \2|2and Z - 
= |g |2+ 212 6m 22+ l LZ 7; 2j 
= _ —_—— 2 520 7207 1 | 
ES 
-|al£22*27 j^ Ls +z = 2Re(2l | 
zi |z, |2 + 2RelZaza) + Izal i | | > Reta | 
= ae ES Z sd | 
| «Ja + 2121721 + d |? |z zl = 121] Iz | 
+ |Z | 
- Iz I2 2lz1l L | 
- (]zil + Ls | 
| 
| 


dn +zl2<{lzl + Ls 


= |z +z sal + Iz 


^j 


— T t = 
— t Us "o IR 5 
zum... kA s 
PETS qu : A 
annan m 1 ti zy 


PU LI wt ooa 
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Graphically : The 
result follows 
graphically from the 
fact that, |z,|, |Zo], 
|Z; + Zal represents 
the lengths of the X 
sides of a triangle as 
shown in figure and 
that the sum of the 
lengths of two sides of at 
length of the third side. 


riangle is greater than or equal to the 


(ii) Let z, and Za be two complex numbers. 


We know that , |z|? 2 zz ... (i 
i Putting z =z, ~z, ... (ii) 

Using (ii) and (iii), we get from (i) 

5 [z - 2a? =  ~ 2) (zz; 
~~ 24 9 z olg 

= lz|?-z zz 

= [212-2 5 

= [z|2- 


[by (i)] 
IV Z1 Zo =Z Zl 


[52422 2Re{z)} 
l- |z] > Re(z)] 


L [2,25 | = |Z, | P 
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7: Geometrical representation of | 


24 
WT iz -z0?-221n|**2]z.]?. — INUH-2004(01d) 
Z 
ens ; Let the two complex numbers z; and zg be 
0 


nted by the points P and Q in the argand diagram. 
repres® 


pleting the 
re resented by the 


parallelogram OPQR. We have 2, + Zo 
— 
diagonal OR. Cutting off a length OQ' from 


— . 
Then -Zo represented by OQ. Completing the puralielugtom | 
psQ'. We have Z1 - Z2 represented by the diagonal OS. | 
oPSQ'. it | 


Thus we have, 

Jal = OP l 

\m| - 00 = PR= Lal = 00’ - FS 
4 z| = ORand |Z; -za| =OS 


Iz 


QK <) RZ 1+Z2) 
O P(zi) 
Q tza) SZ 1-3) 


It is clear that P is the middle pt. of RS. 
S0 we can write, 
la + zl? |z -z,]? 22] 0? + 21221” 
| = OR? + Og? = 20P? + 2PR2. 
| ,1-2.18 : Geometrical representation of the sum, difference, 
| Product, and quotient of two complex numbers: $ 


Solution : Addition : Let A and B be two points. 
Z = (x, yi =X) + iyı and 3 


Complex Analysis-2 
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(Xo. Vo) = X9 + lva in the Argand plane, Now 
Z9 = Xo, " 2 | ê E h e 4 
| ` DEI ` Y "unit OQACD, 
completing the parallelogi 


X 


Then, z, + 25 = 


= (X1 + X9) + ily; + y2) represents the point C 
vector form, 


. In | 
39 D — . 

OC= OR + AC= ORG OB -OB +BC. 

Subtraction : Let A and B be two points, 


2; = (Xi, yj) =X) + iy, and 
i 22 = (Xo, yo) = Xə + iyo in the Argand plane. 
Now we complete the parallelogram OCAB. 
17227 (x; + iy,) — (X5 + iyo) 
represents the Y 


point C, In vector 
form 


Z 
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Then, 2122 = rirolcos(0, + 05) + i sin(0, + 0;)] 
represents the point C. 
where OC = rir? and ZXOC = 0; + 02 


Hence the modulus and amplitude of the product of two 
complex numbers are equal to the product of their moduli and 
the sum of the amplitude of their amplitudes. 
Quotient or division : Let A and B be the points. 
zu =1,(cos 0; + i sin 0j) 
Zn = ro(cos 05 + i sin 65); where OA =T; | 
OB = r, and ZXOA = 0;, ZXOB = 82 
Then, S S {cos(0, — 6) + i sin(0; — 041) | 
represents the point C where OC = rr; and ZXOC = 6, - 65. | 
| 
| 


Hence the modulus and amplitude of the quotient of two 
complex numbers are equal respectively to the quotient of 
their moduli and difference of the amplitudes of the 
numerator and denominator. 
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/ 90 quotient of two 
1-2.19 : 

~ conjugate complex ^ 
Proof : Let 7 = 
conjugate complex 

| z-x-W 

~. The quotient 0 


| f the 
Show that the modulus o 


‘a ` complex number. Then its 


f two conjugate 


— 
-— 


Complex numbers 1S |7 


Z 
1-2.20 : Euler's formula : We know that the infinite 


series of exponential function. | 
x x^ x9) x* x | 
ea] 4 ta Ws 
u*2*3*4 tst 
Again, we know that infinite series of trigonometric 
functions are 


=1. (Hence proved) © | 


au 9. 6 
a= i3 Ws (ii) | | 
and = Bu 9 335 | E 
cos 0 ig tige i 
= 16, in equation (i), then | 


e140, PO? i3 i*9^ i595 


a Q pg — 
z[1- S 

"mm ye Eam 2 ! 
e^ = cos 0 + ising | 


| [by (ii) and (5 
Which is called Euler's ba 


We put x 
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Note : COS ð + i sin 0 is also denoted by cis 8 


is 0 = cos 0 +À sin 0 = e? 

1-2.21 : Power series of complex terms : 
A power series in powers of (z — z;) is a series of the form 
ei a(z - Zo)" = Ag + a2 - Zo) + az ~ Zo)? + as(z - zo}? + -- 
n=0 


where Zo, 90: 41, Ag, Ag, *** an, ^" ATE complex constants and 
z is a complex variable. 
In a special case for Zo = 0, the above series becomes 
2: a, Z^ = Ag + aZ + aoZ? + agz? + MEE ae A 
n=0 
1-2.22: Polynomial equations : The equation agz^ + 
a, 2} + ag Z™? + ag gn-3 4. + ap1Z + au = O -~ (i) is called the 
polynomial equation. Where ag # O, a). ag. ©- a4 are given 
complex numbers and n is a positive integer which is called 
the degree of the equation. Such solutions are also called zeros 
of the polynomial 
au Z” + ay 21 4 aj 22 + ag ZOL L + ag Zt an 
Fundamental theorem of algebra states that every 
polynomial equation of the form ( has at least one root 
which is complex. 
1-2.23 : Point sets : Any collection of points in the 
complex plane is called a (two-dimensional) point set and 
each point is called a member or element of the set. 


1-2.24 : Some important definitions : 

(i) Neighbourhoods : A neighboruhood of a point zo is a set 
of all points z such that |z - zo| < 5. Where 5 is any given 
positive number. It is also called 5-neighbourhood. 

(ii) Limit points : A point zo is called a limit point, cluster 
Point or accumulation point of a set S if every deleted 
9-neighbourhood of za contains points of S. 
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Since ô can be any positive number , : iie pade Mug 
have infinitely many points. The point ^o AY ng 


belong to the set S. t ms 
(iii) Bounded set : A set S iS said to ther, 


int zi 7 
exists a constants M such that |z] < M for miezi œ "m € 
(iv) Unbounded set : An unbounded set is on Ch IS ng. 


bounded. i x . 
(v) Interior points : A point Zo is ae ero C of 
a set S if there exists a §-neighbourhoo Se 


points belong to S. — pons 
(vi) Exterior points : A point Zo ! ids 
. i hood of Za containing no 
of S when there exists a neighbour 
points of S. l l B 

(vii) Boundary points : If a point is not an interior point or 
exterior point of a set S is called boundary point at S. 

(viii) Region in the complex plane : The 6-neighbourhood 
of a point Zp is defined as |Z - zo] < 9. Which consists of all 
points z lying inside but not on a circle centred at zo with 
radius §. This 5-neighbourhood is called the region in the 
plane. 

1-2.25 : Complex functions : 

(i) Definition : Let S be a set of complex numbers. A 
function f defined on S is a rule that assigns to each z in Sa 
complex number w. The number w is called the value of f atz 
and is denoted by fiz). This is w = fiz). The set S is called the 
domain of the function f(z). The Variable z is cal] d 
independent variable. While w is calleg grd ed an 

cpendent variable 

(ii) Single-Valued functions . If: oni ^ 
corresponds to each value of z, then bien na one value of w 
valued function. 1S called single- 

Example H TW = f(z) = z2, then ic ^^ : 
only one value of w. Hence w = f(z) Pee Of Z there is 
function a single-valueq 

(iii) Multiple-valued functi ons : If m 

ds t : g re) 
w corresponds to each value of < re than one value of 


S ed or 3 ' then - 
multiple Minis many-valued function Mini f(z) is Called a 
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Example : If w = f(z) = z!/? be a function, then to each value 
of z there are three values of w. Hence w = f(z) = 21/3 is a 
multiple-valued function. 


(iv) Inverse functions : If w = f(z be a function, then we can 
also consider z as a function of w, that is z = p(w) = f-!(w). The 
function f~! is often called the inverse function corresponding 


to f. Thus w = f(z) and w = f-!(z) are inverse functions to each 
other. 


(v) Polynomial functions : Polynomial functions are 
defined by 


Wap 2" +a, Zl. a,z a, = Plz) 


where ao # 0, aj, as, =, a, are complex constants and n is 
positive integer called the degree of the polynomial P(z). 


(vi) Limit of a function : Let a function f(z) be defined at all 


points Z in some deleted neighbourhood of Zo. The limit of f(z) 
asz approaches to zy is a number lor Lt f(z) = L means that 


Z= Zo 
the point w = f(z) can be made arbitrarily close to lif the point 
z close enough to zo but distinct from it. Now we express the 
definition of limit of function as for each positive number e, 
there is a positive number 8, such that | f(z) - 1| < € whenever 
0« |z-zo| « 8. | 
(vii) Continuity : A function w - f(z) of a complex variable z 
X defined for a certain region D is said to be continuous at the 
point Z = Za of D, if given a positive number e, there exists a 
positive number 8 depending on < such that | f{(z)- f(zog)| < e for 
all-points ofz of D satisfying the condition 0 < |z -zo| < 8. 


From above definition, we conclude that f(z) is said to be 
continuous at z = Zo if lt f(z) = f(zo). 


Z= Zp 
: Again, a function HS) is said to be continuous in a certain. 
omain D if it is continuous at every point of D. Also if 


iv(x, y), then f(z) is said to be continuous if the 
ux, y) and v(x, y) are separately continuous. 


w e 


| Teal functions 
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1-2.26 : Equation of a circle : Let the complex number , 

: l | 
represent the contre C of the circle in the complex plane and: 


i CA =Z - 
be its radius. If A(z) be any point on the circle then Zia. 


ý 

-|CA| =r 

= |z-aļ| =r A?) 
= \z-aľ =r 

= (2-a) (@-a)=r [:zz- |z| idy 

= (z-a) Z-a) =r? LS Z2 =21 -2l 


= ZZ - Za — aZ + aa = 1? 

= zz -za - az + (aa - r) = 0 

> zz -za - aZ + ¢ = 0, where c = aa - r? 

Which is the required equation of a circle in the complex 
plane, where a is complex constant and c is real constant. 


Note : If the centre of the circle is at the origin, the 
equation of the circle will be |z- 0| =r => |z] =r. 


1.2-27 : Let C be the set of all complex numbers. 
Consider z; = x, + Dr, Z2 = x; + iy; c C with Sue xs, y, < yo. Do 
you agree that zı < Z2? what about |z,| < |z;|? [NUH-2014] 


n 
E 
j=l 


Solution : Given that Zi 


Prove that 


n 
E |z| and 
}1 


C n 
=I] : * 
s = [25] [NUH-97] 


=X, + iy, e C and 2 = x, + Iya € C 
also X] < Xo, y1 € Yo. 

First part : Since zı and 
argand diagram, so we do not 


Z2 indicate two points only in the . 
Second part : Since x, « 


agree Z) < Za. 
| X2 andy; «y, so that © 
Z| < fz] is true. 
Third : e. 
Part : We know that Iz|? 2 zz 
Letz 2 z, u^ vt (i) 
>z -2 42; 
2=2 t2, EXT a 
1+ 2 =2147) 
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s |z + Z2|? = (21 + Za) (Z1 + 2) 
= Z, Z} + Z} Zy + Za Z) + Z9 Z9 


m 


= |2,|2 +2) Z2 +2; Zo+ |z|? [by (l) and * z = 2 


= |z |? + 2Re(z, 29) + |z|? i z + z = 2Relz)] 

< |z 24 2|z 2] + |2212 [e |z| 2 Re (2)] 

= |a? 2|z| lal + lel? puc zl 
= |a ?*2|zl Iz] + |221? MILIA 


={|zı] + lal 
= |z + 22|? S{|z| + lal? 
= |z +22] Sl + |z2| = Gù) 
Replacing z2 by (Z2 + z3) in (ii), we get 
|Z + 2) +2| < |2| + |22 * za 
= |2 +2 + 23| < |zı| + [22] + [2a] Iby Gi] 
Proceding in this way, we can show that 
mra al S Tas Fal + Hal ++ nl 
=|> 2 
j=l 
Nude e es Imper 
and z = a e2 = |z;| = r» 
^. Zi Za = rj 21 rac 


< b E (Proved) 


=> Z Zp = r, rs elf) + &j) 

|az|-nro 

= |n 22] = lal lal = 0 
Replacing z2 by Z3 Zg in (1), we get 

(zal  |zi| lza 
> [zizzs| = |z| lal |za] by 0 
Proceding in this Way, we can show that 

[212523 Sal = |z1| lal Iza] = ls 
n 5 
j=l 


= [I . 
j=l E | | (Proved) 


Scanned by CamScanner 


26 Complex Analysis 


-2.28 : The relation between the trigonometric func 


tions in the complex plane : 


and hyperbolic func 
We know that from the Euler formula 


tion, 


ez = cos z + i sin Z + (i) 
— ei = cos z -i sin Z .-- (ii) 
Adding (i) and (ii) we get 
e£ + e = 2 cos Z 
l 
>cosz 7 5 (e? + et) --. (ii) 
Substracting (ii) from (i), we get 
e2 — el = 2i sin z 
=> sin z= 3 iz. a-iz " 
9i (e -€ ) sev (iv) 


Again, we know that the exponential function 
2 3 4 
@alt— 42,2, z* 
O 2 NE NE) 2 (v) 
and e2 = 1 ea E E 
ll l2 3 "ia ses (iv) 
Adding (v) and (vi), we pet | 


Where coshz = 1, 22 


KERR 


| Y | 


Scanned by CamScanner 


UO 


Complex Numbers 97 
3 Z 

P Z + LS t +" 
E =j 3 5 

—L. 

Ee e = sinhZ 
2 zZ z 
vus numm RÀ +— + HE 
nere sinha ^i l3 l5 
€ - €^... (vii) 
dnhz?-—2 T UY 
=> 
replacing iz for z in (iii), we get 

Now: 


] E mU 
cosi = 5 (€* + € 


1 
cos(iz) = 2 (e? t e) 


1 | 
= cos(iz) = 5 (€^ + e?) 


- [cosi = coshz] + (ix) [by (vii)] 


Again, replacing iz for z in (iv), we get 
1 e 
sin(iz) = 2i (e! eiz _ ei ° iz) 
= z (eZ m e) 
-1 
Sar € - e?) 
i? 
Sale - €? 


rip (e-e4 


6) by al 


_ Also, replacing iz for z in (vii), we get 
iz = 
cosh(iz) = S + eE 


~ [eoshlia) = cos z] (i) [by ti 


And replacing iz for z in (viii), we get 
sinh(iz) = Sper 


Ee 
2i 


=i 
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sinh(iz) 3; -— 
E ‘sin 2] - (ai) py (y 
S 
cos(iz) L Coshz 
Sin(iz) = i sinhz 
sinh(iz =isin Z 
are the re 
f Unctions. 


1 -2.28(a 
functions : 


Tanna 


FI 
Nally, the relation 


] af 
ations between trigonometric and hyperbolic 


) : Some useful relations about hyperbolic 


(i) cosh?z - sinh2z = 1 
(ii) sech?z = 1 — tanh2z 
(ii) ^ cosech?z = coth?z - 1 


e 


Proof : We know that coshz - eC --- (i) 


-eZ 


eZ 
and sinhz = 2 te (ii) 


squaring (i) and (ii) and substracting (ii) from (i), we get 


" 
cosh?z - sinh?z = (£ 5 S ) = (s 5") - Bf tet 


3 tup 


Dividing equation (iii) by cosh?z 
cosh?z  sinh?z 1 
cosh?z cosh2z cosh?z 


- tanh?z = sech?z 
= |sech2z = 1- tanh?z| — 


Again, dividing equation (iii) by sinh?z _ 


cosh2z sinh? 1 
Sinh®z -cosh?z ~ sinh®2 


— coth?z- 1 = cosech?z 
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De-Moiver's theorem : 


9: 
1-2.2 all integral values of n, [n € Z] 


p Fe 
(cos 0 * i sin 0)? = cos n0 + i sin nO 
For all rational number, [n € Q] 

(cos 0 + 1 sin 0)? = cos nO + i sin n. 


(ii) 


1.2.30 : Roots of complex numbers :. 


A number Z1 is called an nth root of a comple number z if 
L -7 > Zi 2 zi/n 
Let z2X T ly where x =r cos 9, y =r sin 0 


i22 ricos 6 + i sin 6), where x =r cos 6, y ^r sin 0. 
37= y[cos (2k + 0) +i sin(2kn t 6)] 


wherek = 0, 1, 2, = (n - 1) 
—, 2l = pln [cos(2kn + 0) + i sin(2kn + SU 


+0) .. (9) 
eisint^ 


[by De-Moiver's theorem] 


d 2kr 
22 -1/n [eos | 


Which follows that there are n different values for z!/ n 
provided that z # O. 


1-2.31 : The n-th roots of Tn : The solutions of the 
equation z^ = 1. Where n is a positive integer are called the 
n-th roots of unity and are given by 

z=] Putting 1 = r cos 0 
THU | 


and 0 =r sin 6 
=(L+isquum 007 140sPor=1 
=(cosO+isind)/"  - tàng-0-tan0—0-0 
= [cos(2kn + 0) + i sin(2kn + 0] n 

= (cos 2kn + i sin 2kn)!/n 


2kn l 
Z= cos t 43: 2km 
a d cT 


Where k = OED: ass (n - 1I). 
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1-2.32 : If z, and zz be two complex numbers, prove that ; 
M  Izl-Izilsiz-zisizi*izi ^ ^ INUH-2014 
Gi) | [zi] - lz21] < [Z1 + zal 
(ii) (Ix| + |yD/N2« Iz] < Ixl + Iyl 
,  INUH-2008, 2011, 2012(014) 
Proof : (i) We know that 
la -zlslal-*lzl--) 

Now, |z | = |Z) -z2* 2| 

> |z| < lz Sal + |z| [by 0) 

= |21| - |z2| < |z -z2| -- (i) 
Interchanging z, and z3 in (ii), we get 

|z| - |z] < |z2-zi| 
= —{]21] - |221} < |-@, - z| 
US - |z2|}< lz -z2| -- (iii) 
Combing (ii) and (iii) we get 
Ilzl- lall < [zi - za] -- (v) 
Again, from (i) and (iv) we get 
zl - IzallsIz-25] «Iz 

(ii) Replacing - z, for z, in E R : E lal. (Proved) | 

[1211 - |-2al | s Iz - Cz 


-|lal- Iall < |Z, * z| (Proved) 
(iii) Letz - x + ly, 


“|z| = [x iy] 
= |z| < |x] + liy]: S | 
Ns pete A PaL e lal] 
=> |z| < |x| + ly] -- (i) E fils =le LT 
Again, we can write N 5.7 

{|x| - ly|P20 
= IxI?-2|xl ly] + ly|22 0 
= Ixi?« lyl?2 2h] ly, 
=> |x|? + ly]? |x|24. ly|2 


where x, y e R. [the Set of rea] numbers] 


2 2 


m 
Scanned by CamScanner 


Complex Numbers | 31 


TO + PIE Ux] + yle 
a jx} + ly] Sv Visi? + Lye 
=> P + Iyl] £N2 Ns! y3 
ES X + ? S 2 J ve "€ e 
vis Viala e 
slx] + lyW/V2s |z] = 0) 
Combing (i) and (ii) we get 
“Ast + 1y D/V2< z1 < [x] + ly]. Proved 
1-2.33 : The followings should be kept in mind : 
(i) If the principal argument of a complex number is O or 7, 
then the complex number is purely real. | 
(ii) If the principal argument of a complex number is 1/2 | 
or-a/2 then the complex number is purely imaginary. | 
(iii) If Re(z) = |z|. then z is real. | 
(iv) If Im(z) = |z|, then z is purely imaginary. | 
(v) If z is negative real number, then the principal 
argument [Arg(z)] = n. [by convention] | 
(vi) arg(z) = Arg(z) + 2nz, ne I [the set of integers] 
(vii) The argument of 0 is undefined. 
(viii) |z| = 1 is the equation of unit c 


| 

| 

| 

ircle whose centre is at | 

(0, 0) and radius is 1. | 
| 

| 


WORKOUT EXAMPLES 

1. Find the modulus and Principal arg 
following complex numbers : - 
( 2-41 (ii) +i (iii) +l (iv) 2&1 


ument of the 


141Y v3 +i 
(v) 5-5i (vi) 243) (vi) (5 (viii) 48-1 


2 
EL (35) a La +502. (a) V3 + [NUH-2013] 
"- 1- N31 
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Solution : (i) Let z= 2 +i 
^ Jz] = 121] 
VT 
-N5 
~^ Modulus of (2 + i) is V5. 


Argument of z = 2 + iis tan! 5 


Gi)letzzzii 


EE P C3 ET Joxi| = V0? + (£1)? 
= V0 + =] 
~ Modulus of z = iiis 1. 
+} 
And argument of z = tiis tan! (2) 


-tiiamn!e- + = 
wd 


iii) Lei Z =Z 1 


= |z] = |£1+0i| = Viel)? + 0? < 1 


U 
- Modulus ofz = żŁ 1 is 1 and Argument is tan! (=) =O and nz. 


_3-i_ (8-i)(2-i) 6-5i+i? 5-5i 
Gy lete-931 24+)2-) 4-2 ~ 5 

=]-i ~ |2| = |1-i] = V1 + C32 = N2 
-. Modulus of zis V2 


And the argument of z is tan"! (2) = z3 


(v) Let z 2 5 - 5i 

-..[z] = [5-514] = 52 + (C5)? 
= V25 +25 = 50 
=5 V2 


Modulus of z = 5 - 5i is 5V2 


— 
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| umbers 33 


And the argument of z « B = BI ln tan! Z 


= tan! (-1) 


| 
NL. | 
am 
(vi) Let z = (2 + 31)” | 
24 4 1214 OF | 
a 4-94 121 | 
me 5 + 121 | 
«dz = 1-5 + 121] = VES)? + (12)? = N28 + 144 | 
= V169 = 13 | 
« Modulus of z = (2 + 31? Is 13 | 
And the argument of z is tan! 22! | 
ioe uu) | 
(vii) Let 2= 1 — i 
) 42i 4 
71-214 
1421-1 | 
~J-2i-1 | 
-2 | 
E 


=|- -)| = |-1*0i| = (-1)2 + 07 = 1 | 
| 


s z| = 
1+ 
+, Modulus of z = NE +) is 1. 


0 
And the argument of z is tan! (S) =T. 


+i 


43 
viii T 
(viii) Let z (8-1 


3 +i) (V3 + i) 
(8 +i) (V3 - U 
_ 13? + 23i + i? 

(3)? - i? 


Complex Analysis-3 
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342N3i- 1 
77341 


-. Modulus of z is 1. 


And the argument of z is tan~? ( 1/2 
= tar! (V3) 


Se) 


1 - 2431 + 332 
l -3 - 231 
-2 - 2X3i 
-2( + 431) 

-  - V3i) (1 - Jai) 
ae 
(1+ Van - NE 

1-231. (3p 42 
(20 d-s8 — 
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= 41 zl 
;. Modulus of zis 1. 
GEN 


And the argument is tan! ( -1/2 
= tan-!(V3) 


(x) Let z = -3 + 5i? 
= 9 - 30i + 25i? 
= 9-25 - 30i 
= -16 - 30i 
^. |z| = |-16- 301| 
= C18? + (C30)? 
2Y4x8244x 15? 
= 264 + 225 
=2\289 
So =2x17=34 
+ Modulus of z is 34. 


ICE Um aaah i a Dan ai i Se c MA DD I LC 


ogg 


'YusétLecm a A OAE TTE WIN T VU 


m——————————————————MÁáMÓ (à E ESA K TPR a 
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-30 
And the argument of z is tan! Eo 


4 18) 
= tan” UR T 
dulus sh 
2. Using the properties of conjugates and mo ow 
that : 


à) 34 3i=2-Si (ii) iz = -Z 


qu) g: =3-4 0v gs «5 2-9] = VB 12245] 
w) Gee wi) leaz) < 4R] + Izl 
Solution : (i) Let z = X + İy 
>z=X-iy 
L.H. S.= Z + 3i 
=x- ly + 3i 
-x-i(y-3 
-x«ily-3) 
=x+tiy-3i 
=z-3i 
=RH.S (Proved) 
(ii) Let z= x + iy 
—zzx-iy 
L.H.S=iz 
= ix + iy) 
= ix + By 
=ix-y 
--y-ix 
= - (ix + y) 
=- (ix - Py) 


=~ il -iy)=-Z=RH.S. (Proved) 
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gin, H.S- R T 
=4 + 4i+i? 
=4+4i-1 
=3 + 4i 
B T 
-R.H.S. (Proved) 

(iv) Letz =X + ly 

—Zz-2x-iy | 
L.H.S- |Qz«9 W2-1) | | 
/—— e |ptx-iy) + (2-9) | | 

= |2x - i2y * 5| IN2- i| 


(2x + 5? + (-2y)? (V2)? + (-1)? 


L |Z, Z| = lal lall 


| 

| 

| 

- A3 |(2x + 5) + i2yl | 
- V3 |2(x + iy) + 5| 

- 8 |2z 4 5| =R. H. S. (Proved) 

2 

| 

| 

| 

| 


d 


TETEEE a _ 
a el | X25] 22 
_-1-3i 

. 2+i 

- 24i (2-H 

= 4-i 

A2+5i+3) 

^ 4+1 

_ © + 5i) 


aH +H =R. H.S. (Proved) 


pre E e io ee A Tis 
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38 
tr Let Z < X + 
—Z-x-W 
LH. S-|22*32] 
" [Die + s) + 3- £0] 
P [2x + Ziy + 3x- iy | 
= [Ex - tl 
= [4x &x- 8] 
< [4x] + Ix- S] 
=4ix E 
pun [- Ret = x and V? + y= |a] 
=4|Refj| + |z| 
=R H.S. (Proved) 
3. (i) Prove that |z- 1|= |z * i] represents a straight line 
passing through the origin whose slope is -1. 
(ii) Prove that |z- i| = |z + i| represents the x-axis. 
(ii) Prove that |z- i] = |z+ 1| represents a straight line 
passing through the origin whose slope is -1. 
(iv) Prove that |z - 2i| = 6 represents a circle whose 
centre is at (0, 2) and radius is 6. 


Prove that |z +i] 2 2 represents a circle whose centre 
is at (0, -1) and radius is 2. 


(vi) Prove that (2-2) (2 4 2) 2 3 represents a circle whose 
centre is at (-2, 0) and radius is 4/3, 


(vii) Prove that Im (2?) = 4 represents a hyperbola. 
(viii) Prove that Re(z2) = 
Tbola, 


P. x 


4 represents a rectangular 


KR Prove te | ~ + [2+ 41] = 10 represents an ellipse 
“aShsdz +3} 
+ = 4 represents a h 
yperbol2. 
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solution : (i) given that |z- 1| = |z «i| 
petz=X+iy 

s ix iy - 1) = |x+iy +i] 

2 |k- UY NI = I +N + U) 
RUB = Vx? + fy + 1? 

a(x- 12 y? =x + ly + 1? [Squaring both sides] 
ab-2x41-xXb4y?-y?-2y-120 
2-9y-2x-0 


>x+y=0 
= y =~ x. which is the equation of a straight line passing 
through the origin and whose slope is -1. 


(ii) Given that |z - i| = |z+i| 
Let z=x + iy 

& Ix«iy-i| = Ix iy i| 

= |x *iy- Ul = Ix ity * U) 

= x24 (y- 1)? =x? + (y+ 1? [by squaring] 
=> (y+ 1)?-(y- 1)?=0 

=> 4y=0 

= -U 

which is the equation of x-axis. (Proved) 
(iii) Given that |z-i] = |z+1| 

Let z=x + iy 

-. |x+iy-i] = |x+iy+ 11 

= |x+ily-1)| = lG + 1 +iyl 
L (x+ 1?-4y? [by squaring] 


1=x2+2x+1 +y? 


' 
i 
: 
f 
S 
; 
| 
| 
! 
| 
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=>x+y=0 
=y=-X | 
which is the equation of straight line passing through the 
origin and whose slope is -1. (Proved) 

(iv) Given that |z- 21| = 6 

^ Ix iy -21| 26 

= |x iy -2)| 26 

= Vx? + y- 2)? -6 

= x? + (y - 2)? = 6? [by squaring] 

which is the equation of a circle whose centre is at (0, 2) 
and radius is 6. 

(v) Given that |z +i] = 2 

Let z=x + iy 

a betly +i] =2 

= |x+iy+ | =2 

= Xx + (y+ 12 =2 

=x? + (y + 1)? = 2? [by squaring] 


which is the equation of a cir 
cl 
and radius is2. (Proved) e whose centre is at (0, -1) 


(vi) Given that (z + 2) Z+9)=3 
—'Z2249244.8 


> 12)? +22 «2.129 


9 PFI a ty ty) d 
Hereza. 
= Very 27X*ly- zx iy 


> +22x+1=0 
>X +y? + 4x 4. 1 ED 
CX T 0 1 A tye a 
Nala 

which is the equation of 


a circ] 
and radius is V3. '* Whose Centre is t( 
at (-2, 0) 


Scanned by CamScanner 


Complex Numbers | 


(vil) Given that Im(z?) = 4 41 


petze% + ly 

^» Ims + iy? = 4 

_y Im(x? + 2ixy + i2y2) = 4 
Imi? - y? + i.2xy) = 4 
a Oxy = 4 

= xy =2 

which is the equation of a hyperbola. (Proved) 
(viii) Given that Re(z2) = 4 
Let z= X+ ly 

+ Rex + ly)? 24 

> Re(x? + Py? + 1.2xy) = 4 
= Re(x? - y? + i.2xy) = 4 


which is the equation of a rectangular hyperbola. 
| (ix) Prove that |z + 2i| + |z- 2i] =6 

Letz=x+iy 

“|x t+iy + 2i] + |x+iy-2i| =6 

| 5 |x+ily+2)| + Ix*iy-21 =6 

| = yx? + (y + 2)? + x2 + (y - 2)? =6 

| = x24 ly + 2)? =6- x2 + (y - 2)? 


a x24 fy 42% = 36-1 (y - DP € (7 27 : 
[by squaring] | 


2b da fy AAR K 22-36 - 1208 6 2 | 
242y-362-12 Nx? + (y - 2)? | 
= BV x? + (y= 2)? = 9 - 2y 

= 9b? + (y - 2)2] = (9 - 2y)? [by squaring] 

= 9x2 + 9y2 — 36y + 36 = 81 - 36y + 4y” 

= 9x! + 5y? = 81 - 36 
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— 9x2 + 5y? = 45 
>s% Ta 
which is the equation of an ellipse. (Proved) 
(x) Given that |z - 4i| + |z * 4i| = 10 
Letz=x+iy 
n |x+iy-4i] + [x + ly + 4i] = 10 
=> [x *i(y - 4| + |x+ily+4)| =10 
= Vx? + y- 4 + Vx? + y e 4)? = 10 
= Vx? + y+ 4)? = 10-Vx2 + (y— 4 
=x" + (y +4)? = 100- 20 Vx? + (y - 4)? + x2 + (y — 492 
ly +4 - - 42-1002 - 20 vB + (y - 4)2 y squaring 
= 4.4.y 100 =~ 20 Vx? + (y — 4f 
= 4y - 25 =-5 yx? + fy — J? 
=> 16y* ~ 200y + 625 = 2562 + y2 — By 4 16) 


> 25x" + 25y? — 16y2 = 625 — 400 
> 25x? + 9y? = 225 


[by squaring] 


which is the e 
(xi) Given that 
Let Z =X L iy 


B Ix *iy-3| - Ix «iy 3| sä 
> € 

| (x 3) + iy| 4 IS 3) +w 
Np - 3)2 Fy = 


Vxa3g.- 
SVK R. T LW -4 


quation of an ellipse. 
Iz-3|- lz*3| 24 


2-8Y&r3g l d 
+ 2 

—-8/xim—. 05 *35-G.23o [by Squaring] 

> -N (x 4 3p “Eh 1G 


UN E 
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+ vl = (8x + 4? [by squaring] 


2 
ast 9) 
+ 36 + 4y? = 9x? + 24x + 16 


pd + 24x 
_ 4x? - Ay? = 20 


which is the equation of a hyperbola. (Proved) 


4.) Find an equation for a circle of radius 4 with centre | 

(ii) Find an equation for a circle of radius 2 with centre | 
at (- 3, 4). 

(iii) Find an equation for a circle of radius 3 with cantre 
at (2, -1). 

(iy) Find an equa 
at (3, -4). 

(v) Find an equation for a circle 
at (2, 3). 

(vi) Find an equ 
centre at (-3, -2). 

I Solution : (i) The centre of require 

'} can be represented by the complex number 


any point on the circle. 


tion for a circle of radius 3 with centre 


of radius 3 with centre 
ation for a circle of radius 413 with 


d circle C(-2. 1) which 
-2 +i. Let A(z) be 


2 
“CA =z -(-2 + i) 
> 
CA-z42-i 
— 
=CA= |CA| = |z*2- i| 
x 


sh But given that CA = 4, as K ey 
own in figure- 


w IZ * 2-1| = 4. which is 
ne required equation of 
“ie In complex form. 


A(z) 
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Letz=X+iy 

E Ix «iy *2-i] =4 

= |(x+2)+iy- DI =4 

= «22 «(y-1?74 

=16 

—(x«224(y-1771 l 

which is the required equation of a circle in rectangul, 
form. l l 

(ii) The centre: of required circle C(-3, 4) which can h 
represented by the complex number -3 + 4i. Let A(z) 
point on the circle. 

A i y 
“CA z z - (-8 + 4i) 


> A(z) 
— CAz27-3- 4i 

> 
>CA= |CA| - |z * 3- 4i| 


But given that CA - 2 as 
shown in figure- 


be any 


E Ix «iy «3-41 =9 
= |&*3 «iy-4| 29 
> VK + 324 (yaa 


equire l) 
form. d d equation of 


T Circle i 
(iii) The centre of required L n rectangular 
represented by the com Circle 


lex b = 
on the circle. S number 2- i, Let : Which can be 
a 2) 
CA =z- (2 - i) be any point 
E y 
>CA=z-2+i 


Hep 
~ CA= [CA] = 2-241 


But given that CA = 3 as (roast 


shown in figure- 
^ [z-2«4i| 23 
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ch is the required equation of circle in complex form. 
ghici ? 
T =X T iy 
R aN 27 =3 


,-2*41*01 73 


" m The centre of required circle C(3, -4) which can be 


_pcented by the complex number 3 - 4i. Let Alz) be any 
repres? 
et on the circle. 
p y 

.CAz2z-(3- 41 

“A 4i 
=CA=2-3+ m 
ET 

-CA= ICA] = |z-3 + 4i] 

But given that CA = 3 
| a jz-3+4i] = 3, as shown 
| Which is the required equation of circle in complex form. 
Letz2x-iy 

ix«iy-3 4 4i| =3 
| = |{x-3)+ify+ 4] 23 
|^ a \(x-3)2 + ly +4)? =3 
| = (x-3P + (y+ 4)? =9 

which is the required equation of circle 1 
form. 

(F) The centre of required circ 
"presented by the complex number 


Pont on the circle. 
~ 
“CA=z-(2 + 3i) 
~ 
=CA=7-2-3i 
CAs IG 
“A= [CA| = [z - 2 - 3i] 


P given that CA = 3. as 
"Wm in figure- 


H I2-2- 3i] =3 


n rectangular 


le C(2, 3) which can be 
2 + 3i. Let Alz) be any 


| | 
E MY 
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which is the required equation of circle in complex for, 
Letz=x+iy 

- |x+iy-2-3i| =3 

= |&-2) +iy-3)| =3 

= Vix- 2) + y- 3)? = 

= (x- 2)? + Y - 9P < 

which is the required equation of circle in rectangula, | 
form. 


(vi) The centre of required circle C(-3, -2) which can be | 
represented by the complex number - 3 - 2i. Let A(z) be any | 
point on the circle. 

„C= z - (-3- 21) 

— 
— CAzz-3-421 
~ 
= CA= |CA| = |z+3 + 2i| 


But given that CA = 413 
as shown in figure. 

^dz43421| 2413 

= which is the requir 
complex form. Let z = x k iy. ed equation of the circle in the 


ITN +342] 2413 = 
| 


- l& * 3) «ity +9) = 13 


= Vik+3P PV M N 
SA dT 19 


which is = 
nae e 
ae quation of the 
Circle in the 
5. Sketch, 
set of points ins region in Z-plane "pres 
(i) Bis - -e2 ented by the 
c £3 a2 
Mab aetna is e-l + jz 
+ 
(v) X v) la «1j 1| EE! 


z+3|"2 IDuwg 7 Iz-i«3a 


EC ON i 
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(vi) Im(z)-1 (vii) Iz-ij ad 47 
(viii) e ais (x) z-a] <la 

(x) pe(2)=1 (xi) Iz-241| 21 

(di) |z+3iļ|=4 (xiii) Re(22- 1 

(iv) |z-i] = |z+i| (xv) cour 


[NUH-2003, 2006, 2012(New)] 
(xvi) Re(z) + Im{z) = 0. 
Solution : (i) The given expression is 
Re(z- 1) 22 
Let z-2 X ly 
nZ-2Xx-dly 
-. Rex - iy - 1) 22 
=> Re[(x - 1) - iy] = 2 
=>x-l=2 


y 


=>x=3 
which represents a straight line parallel to y-axis. 
(il) The given expression is |z- 1] + | * 1] =4 
Letz =x + iy 

D FT 1 + |x+ty+1|=4 
>|k-1)+iy| [xe D+iyl 74 
syk 2r y+ Vet 1D y -4 : 
Ka Pay? = 16-8 DE ey, +k- DIY | 
Ske- UR < 16-8 Ve- TPT | 
-4x-4|4-2 (x - 1P +971 
>x=4-2 (x — 1)? + Y 
-»(x- 4)2 = 4f(x- 1)? + y? 
>x?- 8x + 16 

| = 4x2 -8x + 4 4 Ay? 
= 4x? 4 4y2 x2 = 12 
Sx? + dy? = 12 
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becomes- 


Complex Analysis 


which represents an ellipse. 

(iii) The given expression Is 272 4 2222. (1) 
Let z 2 x * ly 
—zzx-ly 


Then equation (l1) 


= (x + ly)? (x - fy)? = 
= X? + 12xy + Py? + x? - 1.9xy + Py? = 2 
= 2(x? - y2) = 2 
—x^-y2z] 

which represents a rect 


angular hyperbola, 
(iv) The given expression is 


Iz*i|- |z-1| 23 3 
> ety +i] -|x+iy-iļ=3 
whete 2.44 y OR 
MULT 
eurn VB 


+x2 4 (y - 1? 
=> (y + 1)? - (y - 12 = =9 + 6 Vx ry-i 
—4y-9- 6 V2 + (y= 1p 
= (4y -92 -= 36)x2 


16y2. "v-v 
= | 
y ULL 
= 36x? + 20y2 - 4 Y -72y + 36 
x2 
a da 
: | 
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(v) rhe piven expression 1s 49 | 
1-4 22 y | 
7 + 3 : | 
MN = ll C (0. 0 | 
2 I M Zal la 


f 
L . i 
P x | 


- iy -2|x +N +3], where z < x + ty 
e (x - 3) +iy| = 2|(k 3) + iy] 

av 3)? + y? = NOK + 3)? y? 

-) (x - 3)" +y? = 4 [k + 3? + y? 

5 A(x + 3)? - (x- 3)? = y? - 4y? 

2 A(x2 + 6x + 9) - (x? - 6x + 9) = - 3y? 

~ 9x2 + 30x + 27 = - 3y? 

2x + 10x+9+y?=0 


= x2 +y? + 10x+9=0 


which represents a circle whose centre is at (-5, 0) and 
radius is 4. 


(vi) The given expression is 
Im(z) = 1 

= Im(x + iy = 1 where z = x + ly 

AV <l 

which represents the straight 
line parallel to x-axis. 


(vii) The given expression is 
Iz-1| 22 | 

> |x+iy-i] 22, 

where z = x + ly 

? |x+ily-1)|.=2 

= Vx yl =2 

mee c 

Medes Tn 


Which reset a circle whose cen 
radius is 9. 


1) and 


tre is at (0. 


C 
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50 
(viii) The given expression is 
Im(z2 = 4 y 
= Im[(x + iy)?] = 4, 
where z = x + iy 
bona dida (0. 0) x 
= 2xy =4 
=>xy=2 


which represents a hyperbola lies i 
3 es in the lst 
quadrants. The straight line NY =xis its principal axis on 
(ix) The given expression is : 


Iz-4| = |z| M 
> Ix *iy- 4| - Ix iy], 
where z = x + iy ^ 
= 1-4) +i 7 
y| = |x + iy| 
(0, 0) x 


"R-S = url 


4)? + y2 = x2 4 yo 
> k-~4)2_ 2.6 


>X -8x«16-32.9 
= 8 = 16 
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epresents a circle whose c ; 1 
h rep entre is at 5 0) and 


whic 
-- 
adius I5 2° 
(xi) The given expression is 
\z-2+ ij=1 


a |xtty-2 +i] =}, 
where z = X + ly 


= |x-2) + iy + 1) =1 
=Vx-2)+y+iP=1 
= (x-2)? + (y+ l)?=1 


which represents a circle whose 


centre is at (2, -]) and 


radius is 1. 
(xiv) The given expression is 
\z+3i] 24 
= |x+iy+ 3i] 24. 
where z = x + iy 
> |x+ily+3)| =4 
cy ap = 4 


x? + (y +3)? = 42 y 


tepang 
which represents a circle whose centre 1S at (0. 3) an 
Tadius is 4. 
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52 . Com] 


(xiii) The given expression is 


Re(z?) = 1 
=> Rel(x + yy = ], where z = x + ly 
=> Re[x? - y? + i.2xy] = 1 
—x2-y3z] 


which represents a rectangular 


hyperbola, whose 
principal axis is the axis of x. 


(xiv) The given expression is 
Iz-i| = |z+i] 
=> |x+iy-i] = |x * ly +i], 
where 2=x+iy | 
= [x+iy-D] = px eit «1| v 
SX LN- 1P Ly 4 19 
2U-*1?-(y-1229 


= 4y=0 
=>y=0 
which represents the axis of X 
Oe given expression is 
Z-3 
xil 
122-3 i be 
-12:-3| lap ^ 
ssp 1|. [n "lal x | 
> [22-3] x 122 «3| 
aud = [SW + ty) 4.3 
I Where z =x 4 jy 


Leite yee Jj 
Spa TAA P 
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| pci areae iy 58 
Pd -— (2x + 3)? + 4y? 
sa gy - gx-3P-0 


x20 
ch represents the axis of y. 


i The given expression is 
pelz) + Imz) = 0 --- UU 


Let 2= =xt+ly 
> Re(z) = X and mél =y , 
x 


» Then (1) becomes 


x+y=0 


>y=-X 

which represents a straight line passing through the 
! origin and whose slope is -1. 

6. Describe geometrically th 
satisfying the following conditions. 
(i)  Re(z)20 Im(z) «0 

(iii) aell > 1 (iv) Im? 1 

(vy) Iz-4|2 | [DUH-1988, 1998] 

wi) |z| = |z- il | 

(à) |z-i| «Iz *il mun-2014, NUMSe{p) 2005 


e set of points Z 


(wit) |z-2]s12«2| 69 iz «3i 24 [pUH-1989] 
(x)  I|z«3|s4 (xi) jz+2+i| $1 
(H) [22+3|>4 (xiii) |z- 1122 
(xiv) edi) <5 [NUH-2000, 2012(01d)] ! 
-2001] 
m HA l P 
00 


(xvii) |z«1- -i}<|z-1+ H [NUB-? 
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(xviii) 1< |z-2i| <1 [DUH-1990; NUH- 1998] 


(xix) 1«|z*i| 32 
[NUH-09, 12(Old), DUH-1989, MSc(p)-1989, 


(xx) O<|2z-1|<1 [NUH-2007] 

(xxi) Re(7)»1 (xxii) Im (z) <1 
(xxiii) |z+2-3i| + |z- 2 * 3i] < 10 [DUH-1989] 
(xxiv) 0< Re (iz) < 1 

(xxv) -n<arg(z) «m, |z| » 2 [DUH-1988] 

(xxvi) |z-2| - |z* 2| » 3 [DUH-1990] 

(xxvii) O « arg(z) «3; Iz] »2 


) 
| 


T 
(xxviii) - 5 < arg(z) «5. lz| >2 
T 
(xxix) 5 <argz<n, |z| >2 
3n 
(xxx) TSR Z <. |z| >2, 


n OT 
exi 2 Sargz< 2r; |z| > 2, 
(xxxiii) U < argz < m; |z] >2 


a 
(xxxiv) 9799: 2 Iz] >2 


( T 
XXXV) 2 <argz < Ze kiss 


Solution : 
Where Z= 


d 
including the a: y “axis 


D 
' d 
(a | 
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Complex Number 


aven expression ts 


(i! Wel 0 

i i ESU where Z = x 4. ly 
Qme : 7 | 
ay <0 y 


X 1 U uS UÁU rr 
AVS EAA YD NN N N X 
L è ^ X LI v a è » Lr» U ` * 
SN NENNEN: 
d NS ` WS x ^ x Y \ k d N ` V PA JA IA AG 7 Í 
NSW NNNM | 


which represents the lower parts of the x-axis Including 

| gasis. > AGA i ^ 

(iii) The given expresstion is 
Re(z) > 1 

5 Rex + iy) > 1, where z =X + ly 


X> L 

i ONES COO OE tee 1 
ANAR AN NON x 
RWWA 


X 


*x 


VM 
PEN 


: ST ight hand sides of the 


which represents the region of the r 
line x = ^" 
|. — (iv) The given expression is 

Im(z) » 1 | | 
=> Im{x + iy) > 1, where z = X + ly 

y»l 
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Complex Analysis 


56 l) M ‘on of the upper part of the 
which represents the regio 
line y = 1 | 
(v) The given expression 1S 
lz-4l 2 Iz] 
= |x+iy-4| 2 |x * iy 
> |k-4+iy] 2 |x + iy| 
Sca +22 Vx? y? 
= (x-4)2+y22x?+y? 
= x2-8x+ 16 +y? -x2 - y? 20 
>-8x +1620 
| = 8x - 8x + 16 2 8x 


—]1628x 


|, wherez =X + iy 


exc 


which represents the region of left hand side of the line 
X = 2 and including the line x = 2. 


(vi) The given €xpression is 
|z| = |z-2i| 

= |x+iy| > SYR - 2i], where z =x + iy 

= |x+iy] > Ix + iy - 2)| 

CX *yYx.yn a 4 

7 02-4y 14 
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1 The given expression is 

i 
E NIE |z*il 

i || $ 1x: KAI, where z x tiy 
+ - = 


ei Dis xe t 1)| 
7 zry Psv ++ 1)2 
x 


A | -axis 
^ h epresents the region of the upper part of the x 
which T 


j -axis. 
ron e expression is 
\z-2| $ \z+2| | 
> |x+iy- 2l < ee 
-9)«iy| L *2* 
"anaa 
= (x -2)2 < 27 
~> (x + 2 - K- 2)? 20 


|, where z= X + ly 


ee : A 


242x20 n 
iun right hand side of the 
which represents the region of the £ 


y-axis including y-axis. 
(ix) The given expression is 
|lz-3i| 24 
= |x+iy + 3i| 2 4. 
where z = x + ly 
> |x+ify+3)| 24 
= V2 + (y +3224 
sui ead ion of the whol 


which represents the reg je x2 + 
the circle x? + (y + 3)? = 4? including the aS 
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Complex Analysis 


(x) The given expression is 
|z+3] <4 
=> |x+iy+3| <4, 
where z = X + iy 


=> |(k+3)+iy| <4 


= Vix+ 3)? +y2<4 


=> (x + 3)? + y2 < 4? 
which represents the region of all interior points of the 


circle (x + 3)? + y? = 4? including the circle (x + 3)2 + y2 = 42, 


(xi) The given expression is 
|z+2+i] <1 
= [x+iy+2+i] <1, 
where z = x + iy 
2 ][&*2)*i(y«1)|x1 
=> Vix+2? + (y 4 13 < 1 
= k+2)?+(y+1)2<] 
which represents the region of all interior points of 
the circle (x + 2)2 + (y + 1? = 1 including the circle (x + 2)2 
+ (y+ 1)?=1., 
(xii) The given expression is 
|22+3]>4 
=> I2& + iy) + 3| >4 
= [2x+3)+i2y) 54 
=> VOx +32 + Gy? > 4 
=> (2x + 3)2 4 (2y)2> 16 
=> 4x2 4 12x 4 9 + 4y2 - 16 


OX y! + 3x- 7.9 


3,9 
R UT 
2 
2/53 23g 
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Complex Number a, 
2 ; 50 


2 
hich represents the region of all esc 
ph a 2 C E m) 2137 bd ints of E 
| A - m 
y - 3 i £y = J2 1 LI 
x AC 2j "o * 


iz- 1]23 


where Z=x+iy 
= |-l)+iy] 23 


=(x-l?+y?23 


| which represents the region of all exterior points oí the 
circle (x - 1? + y? = 3? including the circle (x - 1? + y? = F. 
| (xiv) The given expression is 


1| 1 
— | 
mian x + iy/~ 2' | 


where z = X + İy 


(x - iy) | 1 
Rel (x - iy) $9 


i 
l 
x2-«y?^2 
= 2x<x?4+y? 
=x?-2x+y?20 
=>x2-Ox+1lt+y?21 | 
=>(x-1P LYZ L . ints of the 
| which represents the region of all bar E E 
- circle (x — 1)? + y? = 1 including the circle ix | 


=] 


~ 
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(xv) The given expression is 


m(zJ25 
te 1 a E aw. 
2m 29 » where z x+tiy=> Z=x ly 


X dy 1l 
> Im E LK, 


1 

| 

Complex Analysis | 
| 
| 
| 


—X«yl-2y41«] 
2X -(y-1?«1 


whi 
". e peni the region of all interior points of 
(y-1?2z1 including the circle x2 +(y-1)2=] ue 
(xvi) The given €xpression is ar 


1 
Re(2) <1 


l 
> Re | — 
lell l, where z = x + iy 
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Complex Numbers 
6] 


peg 


p re renentn ihe repli , 
which repre! region of the whole exter 
2 iV iole exterior part of 


circle VC D +W N 


(he 
The piven expression expression In 


IRV W T I) 
at HN n s lœ 1) ity + 0] 


à Vs THY N - T e NGc- 19 ty + 1P 
a UP N y 5 (c- 1)? ty + 1? 

=» (x + y -(x- T Z N + 1)? - (y - 1)? 

= 4x54 / 
=y2x 


y 
region containing whole second 


which represents /the 
nd the upper half 


quadrant, the upper half of first quadrant a 
luding the line y = X. 


of third quadrant ing 
(xviii) The given expression JS 
1« |z-21| «2 
= 1<|x+ly-2i| <2 
where z-x-*ly 
21«|x«iy-2] «2 
plaz r + y - 2? <2 
= L<x2+ y- 22 <2 
à Nin represents the annular region 
LJ p= 1 and x2 + (y - 22 7 2" 


between the circles 
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(xix) The given expression İS 
1«|z«i| <2 
2 ]1« |x+iy+il «2, 
where z = X + ly 
21«|x«ity* DI <2 
_,,<Vx24 yt 1252 
=>] <x2+(yt 1)? <2? 


which represents the annular region 
x2 + (y+ 1)2?=landx?+lyt 1)? = 2? including 


between the 


concentric circles 
the circle x? + (y + 1)? = 22. 
(xx) The given expression is 
0« |2z- 1| <2 
—0« |2(k+iy)-1| <2, 
where z = x + iy 
—0«|(2x- 1) +i. 2y| <2 
= 0< V(2x- 1? + (2y)? «2 
= 0 < (2x- 1)? + 4y? < 22 


2 
=0<4(x-4) + 4y2<4 
1\2 

=0<(x-3) +y2<1 


which represents the annular region between the 
2 


i 1 
concentric circles (x = 3) *y?-1land|x -1 


" ( 1\2 j 3) +y? =0 including 
e circle ZE 2-15 ( l 
So the BEA dics 79) *Y'- 0is a point circle. 
ression 
Presents the region of all interior 


points of the circle (x - 3 2 
2] *+Y°=1 excludin (3 ) 
the centre of the circles. cele E 1 
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y The given expression is 
(2?) > ] | | 
yl > 1, where z = x + ly 
2 Rellx + 


pelx? - 2 4 1,2xy] > 1 
2 


a-y? ] 


which represents the region of all exterior points of the 


hyperbola x2-y?z 1. 
(xxii) The given expression is 
Im(z2) < 1 
= Im(x + fy)? < 1. 
where z = x + ly 
= Im(x2 - y? + 1.2xy) € 1 
= dxys 1 
sae 
which represents the region of all 1 


- hyperbola xy = j. 


nterior points of the 


(xxiii) The given expression is 
I2*2-3i| + |z- 2 +31] < 10 
= |x+ly+2-31| + |x+ty-2+ Sil < 10 
uu * 


KA prer v à 
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U 
=) |(x +2) + y -— 01) + |- 2 +t + 3) S, o 
vars Pe Ne ryt 


Kib y-3P<100-20Vw-2 t3 a age 


NAR = (x 9P Y-3?- + SP 100 


< -20 V(x - 2)? + (y + 3? 
= 8x - 12y - 100 <- 20 (x - 2)? + (y + 3 


2 
2 Ox - 8y -25 <-5 (x - 27 + (y * 3) 
5 4x 199 + G5- 12xy - 100x + 150y < 25 [(x — 2)? + (y + 3?] 
= 21x? + 16y? + 12xy - 300 > 0 


2 x2 y 1 
S" ogg 


xo 
= 95 *19? los 
which represents the region of the circle exterior points of 
-2 2 
the ellipse 35 +5 =l. 


(xxiv) The given expression is 
0 < Reliz) < 1 

=> 0 < Re [i(x + ty)] < 1 

= 0 < Relix + iy] < 1 

= 0<Re [-y + ix] <1 

>0<-y<] 

—-1«y«0 


which re resent 
Baan p s the region between the lines y = - 1 


(xxv) Then given expression is 
-n«arg(2 «m, |z| » 9 
DALON, x? +25 92 


' Where z = x + iy = relo, arg(z) = 0 


which represents th 
the circle x? + y2 = 22 excluding t s ne whole 
e 


Negative Part of 
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1 The given expression is 

H I o | 

-2|- Ix «iy * 21 > 3, where z =X + ly 

"h a-n IR + 9 *iy| 23 
"RED. ) 
sktr »9-6N& «22 +y? + G+ 2) +y 
"eap 22 «9 «6 Nee 2? «y 
a9 c6 ice 27 * y? 


à Ñ 2 
264 + 144x + 81 < 36x2 + 144x + 144 + 36y 


| 


24282 - 36y? < 63 


ex 36y? 
A 63 T 
E y 


ma nsl 
"GP 47/2 m 
ints O 
which represents the region of the interior po 
2 


xxvii Ihe V « < o Z >2. 


i de x 
We have 0 < arg Z $2 


aver 

i, e. 0 «tan "ED 
and |z| >2 l 
onYxbryi.2s 


ART i * & evadrant in 
ETE e 1st quadrant ' 
The eXpression represents S rm HH ( thé’ positive part P 
the exterior of the circle x?'+ y? af s T " d shed y sins N 
" «aus and including the positive part 97:03 
Complex Analysis-5 — T WP TEN 


d 
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66 : Complex Analysis 
(xxviii) The given expression Is 


T "T. 
-73 Sargz<5, |z| >2 


n viai ds 
and, |z| » 2 


or, Vx2 + y2» 2 


or, X? + y?» 4 


The given expression represents a region in the first 
quadrant and fourth quadrant in the exterior of the circ 
x? + y? = 4 including the negative part of y- 
the positive part of y-axis. 


le 
axis and excluding 


T 
(xxix) The given expression 1s 9 Sargz<n, |z| »2 


T 
We have, 5 > arp Z <n 


i, e.g stant Y eg 
and |z| » 2 
> VX +y2>2 
>X .-yl.4: 
The expressio 


the exterior of th 
of y- 


n represents a region in t 
e circle x? 4. y2 


he 2nd quadrant in 
axis and excluding the 


=4 including the positive part 
negative part of X-axis, 


(xxx) The given expression MS arg 2 c |z| >2 
We have n < arg z < 31 


i, e. An-1 X. 31 
d Sl tan x5 
and |z| » 2 


= VX + y2s9 


ERRIA 0 
"n HESE represents, D M 
er i 2 Ua bebo quz 
Py ae f eie x = HN cluding the * Nila art 
oi X-axis and exc uding the Negative bait! ofy hrs egative Dr 
~ 5, 


Scanned by CamScanner 


4 | 


Complex Numbers 67 


3n i 
E The given expression is 9 < arg z « 2m |z| » 2. 


x + y? >4 x 
ssion represents a region in the 4th quadrant in 
circle x2 + y? = 4 including the negative part 
ding the positive part of x-axis. 


or 
The expre 
me exterior of the 
{y-axis and exclu 
(xxii) The given expression is | 
Q«argz «2m |z| >2. | | 

We have 0 < arg Z < 27 


i, e. 0 «tan! T «2n 


and, |z| > 2 
or, X2 + y? » 2 
or, 24 y2»4 
The expression represents a T 
part of the circle x? + y? = 4 excl 
X-axis. 
(xxxiii) The given expression is- 
0«argz «m |z| >2 
We have, 0 < arg z < T 


egion in the whole exterior 
uding the positive part of 


Le. O«tan Z «n. 
and, |z| >2 
> Vx? 4 y2->2 


=xX+y2>4 | 

qu The expression represents a region in the 1st and 2nd | 
RI" in the exterior of the circle x? + Y = 4 excluding | 

| s. | 
| | 
| | 
| 
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U 


|. Mt 
(xxxiv) The given expression ln 9 * Mz < VE ew 


no it 
We have, 5 < arg z = T 
nc ay cM 
i, 6,9 * in Fir 9 
e 


and, |z| > 2 


e r 9 


E) x4 TE y? CR 02 


The expression represents n region in the 2nd and 3rd 
quadrant in the exterlor of the circle 


X? 4 y? « 4 excluding 
y-axis, 


- n are 
Goxxv) The given expression ia — 9 «MHZ <> |z| 2, 


sip T lity oat 
We have, 9 s ang 2 «^; 


L 673 tant Y tJ 
and, |z| > 2 
= NX? 4 y25»9 
— X .ylya4 


The expression repre 
part of the circle x2 


sents a re 
+ yà ole exterior 


cing the negative part of 


Blon In the wh 
= 4 exclu 
y-axis, 


7. Find all values of (1 + 11/4 | 
! ` INUH-2 : 
Solution : Let | = r.cos O and 1, , aiio | 001, 2005] 


=> 1+ Ley res vi and tan 0 = 


l 
= lan 0 = tan 


EIL 
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1/4 
T T 
-918 [cos (zia * z) +isin E T JJ | 


TL 1/4 
2291/8 E (Bk + 1)4 * isin (Bk + 1) z| 


= aos (8k + 1) 18 +isin (8k + 1) z 
[by De-Moiver's thm] 
where k 7 0. 1, 2, 3. 
8. Find all values of (-81)!/3 or the cube roots of- 8l. 
Solution : Let Z = (-81)!/3 
-( +i (- 89 


„z={r cos 0 + i.r sin 9/3 
E E 1/3 and -8 =r sin 0 
aes 2) 6 C3] 8g 2?rz8 
-8 
and tan 0 7 
= 8/3 [cos (2x -Z) +i sin (n -5)] 0 


T nl” 
= cos (4k - 15 *isin (4k - nf] 


Putting 0 = r cos 0 


=2 les (4k - UZ + isin (4k - 1) z| [By De-Moiven's th] 


where k = 0, 1, 2. 


T 
when k = 0, then zo = 2 [cos E +isin C3) 


W x. l T 
hen k = 1, then 2529 cos? +i anf | 
= 2i 


| 
j 
{ 
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r C: 
and k - 2, then z; 22 ls +i sin 6 
43 by 
= = 2 = = . 
=- (V3 +i) 


9. Find all solutions of the equation coshz = 2. 


Solution : Given that coshz = 2 


-Z e + e” 
=> d =2 E coshz = 2 | 


1 
—etg-4 


= (2? + 1 = 4e 
=> (&)? -4e2+1=0 
_44V16-4.1.1 4+ 12 


2.1 2 
>e=2+ 73 
=z=In (2+ 3). 


Le 


10. Solve the equation z? + (2i — 3)z + (5-i)-0 


Solution : Given that 22 + (2i - 3z + (5 — i) 2 O0... (i) 


—2-PI-3:V01-32-41(5-1) 
21 
= (21-3) + V4? - 1914 9-905 ay 
RR. A 
.-01-3) + \-15 — 3; 
A= 3) t ¥-15 - 8i 
2 
.-01-3) t 41-8i-18 
=e 3) tV1~ 81-16 
2 
-A-3 1-3] 4i + (492 
_~Qi-3)+V-ap 
(725 —73 
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_(2i- 3) = (1 - 4i) 
— 2 


= 
>= 


iaisspelz4i L 
= PÀ L 2 


-6i 2142 
z "79 oe , | 
22 - 3i, 1+i 
The required solutions are 2 - 3i, 1 + i. 
11. Solve the following equation, obtaining all roots, 
pg? + 22 + 10 = 0. 
Solution : Given that 522 + 2z + 10-0 


-9 + N4 - 4.5.10 


dcc 2.5 


E" + ¥-196 


10 


-2+ N 142i? 
= 10 
-2 + 14i 
10 
= (-1+7i)/5 
The "e solutions are (-1+ 71)/5. 


12. Find all the (a) fourth roots (b) seventh roo 5120014) 


Solution : (a) Let Z = (1)/4 
=z = (cos 0 + i sin 0)!/* 
= (cos 2kn + i sin 2kz)!/^ 
2kn [by De-Moiver's thm] 


| hm 2kn in 
| , = C0S747 risin"4 


kr . kx 
z= cos -ising 
where k = 0, 1, 2, 3 
when k = 0, then zo = cos 0+ sin 0= 7 
When k = aan ba = oo Bu sia = 
When k - 2, then z; < cos t YLST Z } 
m 
When k= 3, the Ls i BK LeS 7 
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72 Complex Analysis 


(b) Let z < (1)7 
= (cos 0 + i sin 0)!/7 


= (cos 2kn + i sin 2kz)!/7 
2kn [by De-Moiver's th 


2kn , , 2kz 
=cos—7— +i sin 7 
where k = 0, 1, 2, 3, 4, 5, 6 


where k = 0, then 2 = cos 0 +i sin 0 = ] 
T 


2n 
when k = 1, then z; = cos~7 + isin 


— 


4n 
when k = 2, then Z = cos 7. «isin 7. 
3n 


— 


3n 
=~cos +isin 7 


61 

when k = 3, then zg = cos 7 + i sin-7 
NUN. 
=--cos7 +isin7 
8n 8n 
whenk-4thenz,-cos 7? + i sin 
ae S 

--cos7-isinz 
when k = 5 then 2 = cos" + i sin 197 


d sn. | 3n 
--co$, -iSsino 


127 127 2n 2 
when k = 6 then z; = cO T +i si * = cos -isin t. 


13. Find two complex numbers whose sum is 4 and whose 


product is 8. 
] [NUH-2000] 


Solution : Let z} and Z be two 
required co 
By the problem, we have 3 mplex numbers. 


Zi +z = 4 --. (i) and ZZ - 8 --- (ii) 
=>z(4 E 21) =8 [by (i)] 
= 42, -z?-g 


2 
=> 2) -427,4+8=0 


=z, -ttV16 - 4.1.8 
2.1 


-) ol 
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_4t J16 - 32 
7 2 


_4+4i 


= 2 =2+2i 


. The two required complex numbers are 2 + 2i and 2 - 2i. 
14. Find the modulus and argument of the following 
complex numbers : 
(i) = Gi) É [JUH-1987, NUH-2001, 2014] 
1+iV3 | 


l41iN3 
-2 (1 - i V3) 


Solution (i) Let z = 


“a «1N3) 0 - 1/3) 


 -20-1Y3 
1£- 14.8 


_ -211 - i3) 
T> 4 


_, V3/2 


= tan"! CN3) 


Scanned by CamScanner 


7 Complex Analysis 
4 


l-i 
(ii) Letz SY 7i 
.ü-uü-9 
-ü*0(-1) | 
0-3? | 
71-i? 
1 = 21 + i? 
1+1 


(1 -2i- 1) 
>, ZUR Dg v 


Z=-i 
-. Modulus oftis |z| = |-i| = |O- i| 
= NO? + (-1)? 


=1. 


=l T 
Argument of z is tan"! (2) 2-9r 


15. Find the modulus and argument of the complex 
2 
number (2 2 ) A 


3-i [DUH-1991, NUH-201 1] 


2 
Solution : Let < = 344) 


_1 
~q (1 + 2i + i2) 


PES! 
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B 


(1 2i- 1) 


. i 
1 1 


-0*5 
1/2 n 


argument of z is tan! Go: 


— 
I 


i 
0*5 


. Modulus of zis |z| = 


and 
16. Describe each of the following region geometrically. 
-3 

\z-3 Z 
UIF >2, 8 ES 


Solution : (i) The given expression is 


«3 [DUMSc(p)-1989] 


2 
Zo 


- RU 


Es E gC 


7?'1z43| 

= |z-3| »21z * 3| 

= Ix*iy-3| >2|x+iy +3], wherez=x+ly 

= |(x-3) + iy] > 2|(k+ 3) + N] 

2Yk-324y222N(& € 32 +y? 

3-32 «y?» A{(x + 3)? + y? | 

>X- 6x + 9 + y2 > 4x2 + 24x + 36 + 4y” | 
— 3x2 + 30x + 27 + Sy? «O | 
—x2410x494y?«0 . | 
= x2 + 2.x.5 +25 +y? «16 


= (x + BB +y? <4 


EE e 
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hich represents the region of all interior points of the 
which rep 


circle (x 5? + y? = 42, 


(ii) The given expression is 


Z-3 

Z+3 <3 

|z-3| E Zi „Jal 
71:«3| <> z| Izl 


= |z-3| <3|z+3| 

= |x+iy-3| <3 |x 4 iy +3], where z =X + ly 
a NE 3E yi «3 Ni SP 4 y? 

= (x-3)2+y2<9 [x 3? y?l 

= 8x2 + 54x + 81 + 8y? +6x-9>0 

= 8x2 + 60x + 72 + 8y?» 0 


15 , 
=x +7 x+9+y?>0 


15 [15 15 
ax + 2x8 (8) +y2> (S) E 


SI 225 — 144 
—»x-t-- d$. E 
(x 41] ty > 1 


15Y? 8l 
MM 25 
2222 ty)» 16 


which represents the region 
of all exter; 
nor points of the 


15 
circle (x + Pj +y2= aj. 
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77 


„jpe the locus represented by arg (2 -z -o 
ese 


| Za -~ 21 
| 11. j^ z are two given points. INUE-1996] 
‘ . . 
wes me , The given expression is 
So 
2-.|-0- () 
T$ 
arg Ñ - 2) 


i =X +i 
z^? + 1y1 and Z2 = X2 yo 


then (i) becomes u 

x+iy-Xı -İy )=0 

arg (= Na RL D 
(x - xj + iy - XU |=0 
d: Qo — x1) + iy» - YU Sia 
- i - yy) xo - x0 -i 2-7 Mo 
(ex e x + (yo - y»? 
(x - X) (x9 — X1) + (y - yi) (yo - ya) 
= ae (x9 - xi) + 927 yı) 
(x - xı) Na yı) 


y-y) 6o 39) - HAL |-0 


v2 (xq - 3X1 + (y2 
(x - x) (yz - yi 


(yyy) Ge - x) 73 7 
Y o xy? + (yo - fC - TN 
= tan" ux (xo — X1) +W 1) j 2 
— kz- X) + (ya - y) 


- xj Y2- 1) -0 
-y)t& -xj)-(x-X CR, 
Dun n in^ xj * (y YU Wa ^ Yi 


T3 =0 
- yı) (x2 - X1) 7 (x zx) E 2R =tan0 
Sx) xz- xi) + y YU Y2 e 
= (y-y,) K2- X1) - (x - x1) 02-7: 4 e" 
= (Yo - yix + (Xo - xy + X117 X21 
=> (Yo VUR - Ke - xjy — X1Y2 
which represents a strai oy - X2), 
(xiyo — X231 : o) and |0 x, - X1 


We peus y2- Yi 


= arg 


«X27 0 
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18. (a) Describe the region determinded by the relations 


(i) |z-1] 9 [NUH-2008] 
Iz*1] ^ 
(1) |z4i| + |z- i| <3 [NUH-2008] 
(b) Find all values of (1 + i)!^ [(1 + i)14. 
z- l 
Solution : (i) Given that p T 2 


lz-1|- ZIMMIZI 


H LT E D sic 


= Iz-1]| s2[z- 1| 

= |x+iy-1]=2|x+iy+1|, wherez=x+iy 
= |k- 1) +iy| 2 2|(x + 1) + iy] 

sVe- IP sy? - 2 Vevey? 


y = (x- W2 «y? = 4fx 12 + y?) à 


SX- 2x1 ey! 4x2 eG 4 + dy! / f 
=> 3x? + 3y? + 10x 4 3-0 x 
10 
OE aH 10 EY 
2 


5 (5 25 
2 ey 9,2 
= x“+2 x63 +(3) +1- > +y2=0 
5v 16 
=(x+3) Hy 


5\? 4v 
"E ns 
Which represents a circle whose centre is at 


5 
Ta 0) with 
radius 3. ( 3 


Gi) Given that |z +i) 4 lz~11 <3 


> Res y+] a xti ea where Z = x +i 
V+ Rage. 

=> VX? + (y 12, x+y- eg ” 

V8 4s gy X? + (y i 


CEU so- eyar 


TR + R 1p 
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= (y+ 1? - (y - 1)2<9-6 x? + (y - 1)2 
= 4y < 9-6 Nx? + (y - 1)? 
=> (4y - 9)? < 36 (x? + (y - 1)} 
— 16y? - 72y + 81 < 36x? + 36y? - 72y + 36 


= 36x? + 20y2 > 81 - 36 
Jose aa. 
=-45 * 45 *1 
x2 y? 
1 


^ 5/4 +977 
ud represents the exterior Pid of the ellipse 
x2 


x2 
Ed = 1 including the ellipse 574 5/4 tja 


(b) Let 1 =r cos 0 and 1 2 r sin 0 
S ] = r2 cos?0 and 1 = r° sin? 
- cose +r? sin?0 2 11 
— 12 (cos?0 + sin?0) = 2 
ip 2=r=vV2 
1 me 


rsinO _ 
_ rant —tan0-1l-.974- 
Again, c cos @ 1 B 


2 ]14isrcos0-irsinO 
= r(cos 0 + i sin ©) 
ont. T 
caue Bleun 
n 
anc V2 feos (ann 5) isin (e) 


a 14 
=> (1 «4 = (V2)"* [cos (2 zi Sisto (2nn 3 i) 


71 oi Tn 
—(1414227 [es - Jw + (sin (2801 * 9 
10, 11, 12, 13. 
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19. If z is a complex number, find the locuses of 


r nstant. Show that they 
21^" constant and amp |z 4 i) = CO 

[NUH-201 1] 
cut orthogonally cach other. 


Z ~ d . 
e e const 9 (i) 
Solution : Given that |74 1 

cY = const « (ii) 


Z 
and amp LE 1 


0 = const = ki (say) 


Z 
From (i), we get iz 
= ERE ek, Pz-xtWl 
+ 
_ Jx- 1 * Y] ye Tad 
TR+ I +tyl Izal 
is E 1)? + y? _ 
V(x + 1? + y? 


=> (x- 1)? +y =k? [(x + 1)? + y?] 
> x2 - 2x + 1 + y2 = ky (x? + Wx+ U +k; y? 
2) x2 + (1-kôy2- 201 + ky) 17 kj =0 


—(1- 
2 


+ K 
"LEUR 


l 
= y-al 


2 


L+ K 
=> x? + y? - 2gx + 1 = O--- (iii) ji = =g (say) 
RA 


Which is the required locus of the curve represented by the 
equation (1). 


Again, form (ii), we get 
amp er + i)" kz (say) 


=» amp (z - 1) - amp{z + 1) = ky 
= ampl(x ~ 1) + iy} - ampl(x + 1) + iy} = 
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y 
-1 _ s 
=> tan x-] tan! i = ke 
uty ls 
eh x-1 x*l E 
S2 EM PMME INS ae : 
x-1 x-*l 
+y- +y 
tan! TE 
(x? - 1) 
2 1 
a gest 


»x2+y2-1=2fy 
= x2 + y? — 2fy - 1=0-- (iv) 


locus of the curve represented by 


which is required 
equation (ii). 

2nd Part : We know that two € 
-0andx?-4y? 


quations of circles 
x «y! + 2gx + 2hy + €i + 2gox + 2foy = Ga = 
cut orthogonally if 2gi £o + 2f; b =C1 + € 


From (iii), we have gı ^ - & fi -0andc;71 
__fand@=-1 


+2-0-¢9 


From (iv), we have g2=0, f2 
Here 2g; & + 2f 57 2- C B *O 

204020 | | 
and cj £621 (7 1) 20 | 
"28 & + 2f, f, c C2 


Hen 
ce the given curves represented by 


(il) th the equations (i) & 
e cu 
t them or orthogonally. (Proved) oe 


j 
1 
i 
| 


^ 
i 
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EXERCISE-! 
Quiz Question?) 
Part-A (Brief Ques™ 


| 
| 
| 
l. Define complex Plane. | 
Ans : Art-1.1 [NUH-2012) | 
2. Define Complex number. | 
Ans : Art-1-2.1 | 
3. What is the unit of real numbers. 
Ans : Art-1-2.2(i) | 
4. What is the unit of imaginary numbers. | 
Ans : Art-1-2.2(ii) | 
5. Define modulus of a complex number. 
Ans : Art-1-2.3 : (i) 
6. Define Argument or Amplitude of a complex number. 
Ans : Art-1-2.3 : (ii) | | 
7. What is the polar form of a Complex number. 
Ans : Art-1-2.4 


8. What is the conjugate complex number ofa complex 
numbers Z = x + iy. 
Ans : Art-1-2:6 

9. What are the real part and imagina 
number Z =x + iy. 


Ans : Art-1-2.1 


Ty part of a complex 


If zı and z, 


be two complex numbers, then prove that 
(10—16) 


10. Z) + Zo =Z; +Z 
Ans : Art-1-2.7(i) 


ee 
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— 


2 -Za T =Z 
Ans : Art-1-2.7(ii) 
12. nz 7A'2 

Ans : Art-1-2.7(iii) 


zz 

«I 
Ans : Art-1-2.7 (iv) 

14. Arg(z) Zo) = Arg (zi) + Arg (2a) 
Ans : Art-1-2.7(v) 


15. Arg (2 = Arg (zı) - Arg (22). 


Ans : Art-1-2.7(vi) 
16. What is Euler's formula. 
Ans : 1-2.20 
If z be any complex number, then prove that (17-20): 
17. zz- |z|?- |z]? 
Ans : Art-1-2.8(ii) 
18. z+z = 2Re(z) 
Ans : Art-1-2.8(iv) 
I9. z-z = 2ilm(z) 
Ans : Art-1-2.8(v) 
20. |z] 2Re(z) 
Ans : Art-1-2.8(vi) 


Part-B (Short Questions) 


Write | 
2 If z € the properties of complex numbers. 
~ X + iy is a complex number, then show that 


V2 
>) > [Imt] + |Re(2)] [NUH-2009, 2012(Old)] 
: i 
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3. Prove that z+ 2| = |z + 2il represents a straight ls | 
| passing the origin whose slope is 1. 


Prove that |z - 2i| = |z + 2i] represents the x-axis. 


Prove that |z + 3i| = 3 represents a circle n through 
the origin. . 9 


6. For any two complex numbers zı and Z2. Prove that 
Iz *zslzl-* zi [NUH-2012] 
Prove that |z + 3i] + |z- 3i| 2 5 represents an ellipse. 
Prove that |z- 1| - |z + 1| 2 3represents a hyperbola. 


Find two complex number whose sum is 9 and product 
is 15. 


| | 
10. Find all values of (1 + i/^, |NUH-2001, 2005, 2012(Old)) 
ll. Find all values of (-8i)!/3 
12. 


orthe cube roots of- 8i. 


Find two complex numbers whose S 


um is 4 and whose 
product is 8. 


INUH-2000, 2012] | 
Find the modulus and argument of the following complex | 
avos 


13. 


() PERO ) IJUH-1987, NUH-2001, 2014 


14. Find the modul 
t MT ulus » and argument of the complex number 
3-1. 


15. Describe the region Re G E 


[DUH-1991, 2011] | 
<z and sketch it. 
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Part-C (Broad Questions) 


TW < Ñ ZıZo, Show that 


Zu + 
jal + lal BER d + HER, 


If zi s are two complex numbers then prove that 
|Z + Zz2l? + |Z - zal? = 2[|z,|2  [z5|2] and interpret this 
result geometrically and hence deduce that 


(i) Ja + Vo? - P] + Ja- Vo? - P] = Jo BI  Ja.- B] 


[NUH-2012] 
fi) jz- z i + 2) + V2 - z) (2-2) z- Š (z +2) - (z - z,) (Z - 2) 
= |z-zı| + |z-Z| [NUH-2000, 2004] 
Draw a sketch of |z-i] = |z +i] in the complex plane. 


[NUH-2003, 2006, 2010, 2012] 
Find all solutions of the equation coshz - 2. 


[NUH-2002, 2006, 2010, 2012] 


Sketch the region in z-plane represented by the set of ij 
points |z+2i| + |z-2iļ =6. [NUH(O1d)-2004] | 
If z, and z be two complex numbers then, prove that | 
G) zz slnl + lal [NUH-2003, 2005, 2007] 

(i) |z l € lal + lal. | [NUH-2006] 

If z, and zz be two complex numbers then prove that 

(i) |z 22] 2 lal - lal 

ü) |n +z] = Izl- Izl 

Show that, lza - za| 2 |z2l - |Zg|. Hence prove that, 


T $ qae ; where Zi. Z2 and Za are three complex 
Se à -2011] 
numbers and Zg + Zg- [NUH 
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9. Prove that, (i) |zı +22] < |zi| + |z| [NUH.» 
(ii) |zi -z2] 2 |zi| - |z5] 


10. If z is a complex number fin 


z-1 ins locuses 
= = constant and amp Eus constant. Show that 


they cut orthogonally each other. 


ANSWER- 1 
Part-B (Short Questions) 
9. 316 
10. z= 24| cos (8k + 1) 16 + isin (8k + 1) Z 


where k = 0, 1,9. 3. 


"e x-2 |cos Rk HZ, a (4k - Dž] 
where k =0, 1.9. 
12. 249% 


I. G land 2 (i) 1 ana 
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| 
| CHAPTER-2 
P ANALYTIC FUNCTION 


2l: pifferentiability of a Complex functi 
ion : 


an open set in the complex 
plane. Let us 
suppose 


mplex function. Then the function f(z) is said t 
0 


point zo of S if Lt f(z) - f(zo) 
exists, 


2 Zo Z- Zo 


| nat f2) js a CO 
| be gifferentiable at a 


which is denoted by f (Zo), here the limit is i 
: is ind 
path along Z > Zo n the complex plane. So we —— e 
e 
fu) =lt f(z) - f(zo) 


Z— Zo 
(rae put Z- Zo = AZ 
=> Z = Z + 5^ 


Limit: ifz — Zo ^ Azo ? 0 
then we have f (Zo) = Lt f(zo + Azo) Héol 
Azo 0 AZo 
then we have 
f(z + Az) - f(z) 
AZ ` 


a 
a 


If we replace zo by Z, 


f(z) < Lt 
Az— 0 


s (a) : Definition of sing 
or each value of z, the comp 


| 

| 

| le-Valued function : 
onl 

y one value, then f(z) is said to bea 


Jex functi 
single 
h valu 


-valued function. 


= z^, then to eac 


only on 

Aon value of f(z), hence f(z) = 2 

e-Valued function : 
function f(z) co 


called Multipl 


2.2. 
Gle : Definition of Multipl 
More quen value of z, the complex 
n one value, then f(z) is 


function, 
of Z there 


As for 
example, if f(z) = z'/%, then to each V 
71/3 is a 


are th 
i fmetion oa ie of f(z), hence f(z) = 
z [In this case f(z) is three-valued function 


on f(z) corresponds 


A 
s for example, if f(z) e of z there is 
^ js a single-valued 


rresponds 
e-valued 
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unction : 
. ive of a Complex f AN 

pa Rre Mea function. If fi single value " 

CL W zx / H : un d. 
E region S of the complex plane [z-plane En the 

'rivative z) is defined as 
derivative of f(z) is de fa Az) - fl) 
es — | 
Az—0 

2.3.(a) : c-8 definition of the derivative at a Point ; 


If the single-valued function f(z) has a derivative f (Zo) at 
the point z9, Ve >045> O such that 


Ho + Azo) - fa) felled 
Zo 
whenever [Azal «6 
2.4(a) : Definition of analytic function at a point: 
d j [NUH-2005, 2009, 2014] 
A single-valued complex function f(z) is Said to be analytic 


at à point za if it is differentiable in some neighbourhood 
IZ - zo| <8 of au . 


2.4. (b): Definition of Analytic function : 


-2006, 2012(Old), 2013] 

A singled-valueg complex function HS) is said to be 

analytic in a domain D if it is analytic at €ach point of the 
domain D, 

Note : The terms H 

functions are the synon 0 

2.4. (c) . Definition of En 

re function . [NUH- 
A complex function IS) is Ny x 


olomorphic functio 


rit : 
If a Ce f(z) fails to b us " INUH-2003] 
u ood o a Point but in 
the function Is ana] tlc Kii exist a least One E here 
Bularity f fl). Sald to bea Singular point 


2=0, ang in each 
hat by definition 
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x 89 
Again for the function f(z) = __2° + 1 


_ 4 * 4) (z ~ 1) > the points z 

z= 2i and Z =,- 2i-are singular points d l Z=], 
fz), since the function f(z) is analytic exc 
1,27 X 2i. 


Ingularities of 
s €pt the points 
2.6(a) : Laplacian : D 
The second order partal differentia] Operator 

- 2 z is called the Laplacian. 


2.6. (b) : Laplace’s equation in two dimension ; 


ov Oy 
= V^y = 0 is called the Laplace's equation in two dimensions, 
where y(x, y) is the real valued function. 


The second order partial differential equation 9? 


2.6.(C) : Definition of Harmonic function : 
[NUH-2011] 
Any real function of two variables [x and y] is said to be 
harmonic in a domain D, if throughout D it has second order 
continuous partial derivatives and satisfies the Laplace's 
equation. 


2.6. (D) : Conjugate harmonic function of a 
harmonic function : [NUH-2004, 2014] 
If u(x, y) is a harmonic function, then u(x, y) satisfies the 
Laplace equation, that is ae T 
an another function v(x, y), such that u + iv is analytic in a 


Z = 0. In this case there exists 


; 3v Q?v 
Sven region. Then we have xz + a 0, so v(x, y) is a 


harmonie function. Again, v(x, y) is a conjugate function 
Tus. y) 
f 

Then vx. y) is called Conjugate harmonic function o 


ulk, y), 


Note ; If the complex function f(z) 
€. Then v is the conjugate function o 
“onjugate function of v. 


| 
i 
| 
i 

is i 
= u(x, y) + iv(x, y) E 
f u and u is also the | 
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2.7 : Cauchy-Riemann equations : X 2ü jv 


The partial differential equations jy “jy 9P^ dy ^ gx are 


called Cauchy-Riemann equations of the complex function 


fiz) = u(x, y) + iv(x, y) is analytic. 
: i nn equations : 
bear nr Ae kol iii for f(z) to be analytic. 
[NUH-2004(0ld) , 2005, 2007, 2009, 2012(Old), 2014] 
Statement : The complex function w = fiz) = u(x. y) + iv(x, y) 
to be analytic (differentiable) at any point Z = x + iy of its 
domain D is that the four partial derivatives Ux, Uy, Vx and v, 
should exist and satisfy the Cauchy-Riemann partial 
differential equations u, = Vy and Uy = - Vx- 
Proof : Let f(z) = u(x, y) + iv(x, y) be analytic at any point 
z = x + iy of its domain D, therefore, 
f(z + dz) - f(z) 


f(z) = Lt "omo e exists and which is independent 
az 0 
of the path along dz — 0. 


v fiz) = u(x. y) + iv(x, y) 

= fiz + dz) = u(x + dx, y + dy) + iv(x + Ox, y + dy) 
Also Z = x + iy > 0z = 0x + idy 

As Limit dz 5 0 = dx —2 0 and dy 2 0 


Then f(z} = |, [u(x + dx. y + 1+ Wis e )] - [u(x, y) + vbe. y)l 
+ 


2x30 
ay0 
ae u(x + dx, + ) - u(x ) 
— OX + idy 
dy 0 
+iLt o VU Ox. y + dy) - v(x, y) 
Thai Ox + idy 
If dz is purely real, then dz = are 
~ 


Then f(z) = Lt u(x + dx, ) - u(x, ) O= 9x - 0 and ay 0 
0x0 ax 


m V(x + ox, ) - v(x, y) 
f) = ux. y) + tv, (x, y) 0 ox 


() [by definition] 


Scanned by CamScanner 


Analytic Function 


| 9 
Again, If dz 15 purely im: 
40y 29 and dx = O 


mente) sit SEY Oy) - ut, y 
AU ay 


1 "nar y " d); ( y 
3 5 a =) 


+i Yy + ay) ~ vex, y) 
| (x +ð )-u( Tm AR 
ulx, y + dy) — u(x, 
. oy = 
dy—O 


(d yo 0 
_{? 

= Y uy(x, y) v vylx, y) 

n fto) = wx. y) - tuytx, y) (ii) 

From the equations (i) and (ii), we get 

ux, y) + Ivy(x, y) = vy(x, y) - luy(x, y) 


= Uy = Vy and Uy = — Vy 


Which are known as Cauchy-Riemann partial differential 
equations. 


Theorem-2 : Sufficient condition for f(z) to be analytic. 


[NUH-2006, 2013] 
Statement : The function w = f(z) = u(x, y) + iv(x, y) is 
analytic in a domain D, if 


(i) u, v are differentiable in D and ux = Vy; Uy 2 — Vx 


(i) The partial derivatives uy, uy, vx and vy all are 
continuous in D. 


Proof : Let w = u + iv 


= dw = ðu + iov c aie N ons (i) 
Also, we have u = u(x, y) ss Mm ee m 
= u + Qu = u(x + Ox, y + dy) e (ii 


=u + Ju - u = u(x +x, y + oy) - uk, y) 
= du = [u(x 4 dx, y + 9y) - ulx, y + oy] 

+ [utx, y + dy) - uix. yl 
= du = Ox u,(x + 0, Ox, y + 9y) 


f .. (iv) 
+ dy u(x, y + 02 dy) 7 l 
Where 0 < 01 < 1 and 0 <04 < 1 [By Mean Value theorem 


ü — 
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Again, u, and uy are given to be continuous so that 
|u (x 0; Ox, y + Ay) - ud y)] < € 
and |u,(x, y + 0 dy) - uy(x. yl «n 
Ife, < e and n; <n, then we can write 
u,(x + 0, ax, y tay) i y) =E: 
and uy(x, y + 02 dy) - uy(x, y) = m 
Using (v), we get from (iv) 
du = dx{u,(x, y) + €1) + dyfuy(x, y) + mi 
= du = Uy OX + Uy dy + € 0X +N OY e et (vi) 
Similarly, we get 
OV = Vx OX + Vy OY + Eg OX + N2 OY -- (vii) 
Using (vi) and (vii), we get from (i) 
Ow = (ux Ox + uy dy + €i Ox + n Oy) 
+ iv, OX + Vy Oy + Eg Ox + No dy) 
= (ux + ivy) Ox + (uy + ivy) dy + (€;  ie5) Ox + (n + inj) dy 
= (ux + iv) Ox + Cv, + tuj dy + Eg 0x + n dy 
[~ ux = vy and uy = - v,] and where € | + i657 €3 


Ni T ir = Ta 


(v) 


= Ow = (Ux + I) Ox (Pv, + lu) dy + ea Ox + ng oy 


= (ux + iv) Ox  i(u, + iv,) OY + €3 0x + Ng dy 
dw = (ux + iv,) (Ox + idy) + €3 OX + a dy 
Dividing throughout by dz = OX + idy 


_ OW _ (Ux + ivy) (Ox + 1 
Az pe et Y) | eg Ox + nay 


(9x + idy) ð 
X + idy 
Taking limit 2 > Or dr- 0 and ay “5 
Then Lt ES uk +i ——- 
0z ilia j 
020 


dw 
= dz = Ux + iv, 
S X. 
v dz (f(z) = uy P iv, 
Tgl = W 4 - 


is f s.. fee (6) 
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since ts and v, exist and are unique, so we conclude that 
"S that is f(z) is analytic at an arbitrary point z of D. 
í E ace fiz) is analytic in the domain D. 
e 


dw 
Cor-I : From (©) we have q74 = Ux + iv, 


dz = Ox m š ees (A) 


Cor-II : Again from (6) we have 
d =U, + İVx 
= vy + i(-uy) [By Cauchy-Riemann equations] 
=- iu, + Vy 
= - fuy - fv 
z - (uy + ivy) 


dw ow low . b... (B) 


, d. 
Note : Equations (A) and (B) should be P Spi 3 
2.9; Cauchy-Riemann Gaa in Fe 2012010), 2014] 


. D, s then the 
Statement : If w = f(z) is an analytic function 


y-Riemann equations in Polar. form are 
du_ lav du. 
ðr “rað 24 3g - “or 
Proof : We know that the Cauchy 


“Riemann equations in 
Cartesian Co-ordinates are 


(i) 


ax dy 
ed a 
dy ~ ox 
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Again, we know that 
yersin U 


N =Y CCS U and | 
QN 0 | Y - sin 0 | 
a & = COS r """ wn 
oO 7 d. (iii) D (iv) 


ox 
t TERR) 
ind 20 rsi 


But we have, u = u(x. y) 
Ou Qu Ox du Qy . le 
Bv chain rule] 
= or "Ox or MER or [By 


_ou . cos Ot ðu =- sind [by (iii) and (iv)] 
ox’ dy 


Qu Qu 
a = COS osy 4 sin 0 dy (v) 
Qu Qu Ox ,9u oy 


ad Se = ax ^20 *óy- 30 [By chain rule] 


Ex (^r sin 0) +a M . r cos 0 [ by (iii) and (iv)] 


1 du Qu x. 
uc -sin 03x + 008 05, E Ké ig (vi) 


Again, we have 
v= v(x, y) 
_, 0 _w ay Nu oy 
>r ox Or dy ‘ar [By chain rule] 


ks OM Ly ov 
dr ax SSO *3, . sin 0 [by (iii) and (iv) 


(vii) 


gig 
g 


Ov y 
“an TST, 


( NI 


ETE e 
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JW sin 05, + cos U 
“500 d dy 
du 
J Ov __ so du 
gu ðu 
] oV OU | sin Ox 
Lap een dx T sin Ogy vee " — 
m (v) and (viii), we get 
jr 1 00 (ix) 
and from (vi) and (vii), we get 
lou__& 
roo FF 
Qu OY iih d 
—» =-Tor eee RNI (x) 
Thus equations (ix) and (x) are the Cauchy-Riemann 


equations in Polar form. 
2.10 : Orthogonal system : 
Definition : Two families of curves u(x, y) = Cı and 
u(x, y) = C2 are said to be orthogonal to each other if they 
intersect at right angle at each their points of intersection. 


Theorem-3 : If w = f(z) = ulx, y) + iv(x. y) be analytic at 
by ulx, y) =o and 


z=x + iy then families of curve given 
vix, y) = c; form an orthogonal system. 

Proof : We have 
ux, y) =C] 


E S. 108 
ox CX * By dy = 0 [by theore 


m on total derivatives] 


(i) 


= ov 
M i dy < 0 [by theorem 


du l 
3- = du eq 
dy X T 3, dy =0 [By cauchy-Rieman” 


TUE 
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= Ux dy = uy dx 
d 
=> E3 = Uy eee eee T (11) 
velo 


Multiplying equation (i) and (ii), we get 


ay dy) Ux, Ux 
dx l. (ax kann = Uy Ux 
ac) E3 
>| a de m z-]. 
[às USC 1 dx veCa 
= c, and v = Cz are 


curves u 
parameters, therefore we 


= c, and v = c2 form 


Which shows that the two 


orthogonal. Again since €; and cz are 
conclude that the two families of curves u 


an orthogonal system. 
2.10 : Theorem-5 : Every differentiable function is 


Continuous. 
Proof : Let f(z) be differentiable at some point Zo. Then by 


definition, we have 
riza = Lt fiz) — fio} - œ ss (i) 
Z— Zo " 


Again, we can write 


f(z) - fizo) = m-t ) z- zo) 


Taking limit Z — Z on both sides 
Lt  (f(z)-f(9)-Lt | bé - ea) (z - 2) 
229 Z— Zo l 


= LL Tel e a Lt (z - Zo) 


I „It fi-Lt fle) = 0 


Z-A Zo Z—>Zo 
—Lt fiz) = fizo) 
z29 ` 


Thus fiz) is continuous at Zp. b. < 
Note : The converse of abo 
true. PE theorem a not necessarily 
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i 
| Theorem : : Any analytic function With constant 


"IE 
aant INUH-201 1] 
L et Let flz) = ux. y) * iv(x, y) be an analytic function 


| "ulus: "m 
f ial permiera mend 
| MUERE " s 


so we know that 


du ov 
(aM pyanasuna 
du)? (90v Y 
= |f| = EJ gks 
gu)? (av) 
» Iftai- E J) + (5) -— té scs (11) 


Now partially differentiating equation (i) w. r. to x and y 


respectively 


ou ov 
: dua, T 2v3,,70 


(i) 
Al 


a d 
suz L Yi =Ü . «pe me N (iii) 


ðu d 
by Cauchy-Remann equations as 5. gn 3y and y = Ox 


ov A 
" >- -uJ VA uD ocn (iv) 
"aring and adding equation (iii) and (iv), we get 


fu du \2 ^N 2 
d a Ov ( Qv Y dy 
vd "uge vic l x) «(^ c 7 
. 2 
dv NT du Quy. 
eC Sons) 3) =° 


Na Analysis. 


in. — 
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du Y ov Y BTA duY | 
ECC 
QuY dV | 
2 Er — — 
see ET] 


>k? |f()|?-0 [by () and DU) 


—|fgj?-o L < 0 


>f (z 20 
Integrating, we get f(z) = constant 


Hence proved the theorem. 

. 2.12 : Theorem : If the complex function f(z) = u(x, y) 
+ iv(x, y) is analytic in a region R, then u(x, y) and v(x, y) are 
harmonic in R. If they have continuous second partial 


derivatives in R. 
Proof : Let fiz) = u(x, y) + iv(x, y) be an analytic function in 
d 
R, then the Cauchy-Riemann equations 2x = ay ..... (i) and 


= = -2 sese (ii) are satisfied in R. 

Let us assume that u and v have the continuous second 
partial derivatives. 

Now differentiating equations (i) and (ii) w. r. to x and 
y respectively. Then we have 


Qu Ov 
as abs "T (111) 


2v 
JC A. "t ned (iv) 


Adding (iii) and (iv), we get 
3u , eu 
Ad + 3y? =0 


which shows that u(x, y) is harmonic in R. 
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rentiating partially equation (i) and (ii) w. r 
vely. Then we have . r. to 


diffe 
speci 


xay EL ove aoe (v) 


agai 
dx 


(vi) 


pi 


Addin£ E and (vi) we get 
gv 


05 Toe 


= a T =0 
Which shows that v(x, y) is harmonic in R. 
e conjugate function : 
analytic function where both 
functions. If one of these say 


rmine the other. 


2.13 : Determination of th 
If fiz) = u(x, y) -+ iv(x, y) be an 
ulx, y) and v(x, y) are conjugate 
uk, y) be given then we have to dete 


We have 
v - v(x. y) 
sip a. 49V 4 total derivative] 
Sx Jy dy [by the theorem on 
du ou 

>dv=->— -— E - i 
dve-5 dx ax dy S (i) 
au Ow 90, 9* 
lu Cauchy-Riemann equations aS 9x eav and oy E 


R. H. S. of (i) is of the form 
ass where M=- Sy and N= 


„u 
d "dv and a— N -Žu 
Asu 
(x, y) "ew Laplaces equation, S° that, 


d eo 


(ii) 


we have 
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Fu — Pu 
— ax? = E 
oM 
= Oy S [by (ti 


which is the condition of exactness. 
Therefore the R. H. S. of (i) has a perfect differential, that 


is it is easily integrated. So the Conjugate function v(x, y) can 
be easily determined. 


2.14 : Construction of Analytic function : 
(2) Milne Thomson method [when u(x, y) is given] 


d du 
Statement : If uj(x, y) = S and uar. y) = ay 
then f(z) = uuz, 0) - iua(z, 0) 
Proof : We know that the Cauchy-Riemann equations are 
2x eee T eos (i) 


and Jy = pr eae eos vee (1i) 
Let f(z) = u(x, y) + iv(x, y) be analytic then we have 
d PESE T 
ax ox [ y Art-2.8 th™-2] 


du 
=fe=5+1(-3] [by (ii)] 
du 
dy 
=> f (2) = u,(x, y) - luar. y) 
letz=x+ly>Z= X-iy 


= f(z) = du i 
(iii) [given] 


z+ Z= x= + Z) T 
v 
andz- Z =2y=>y=> œ- g) (v) 
* i : 

Replacing z for z in (iv) and (v), we get 


X75(z42)-z 


9.1 | 


Scanned by CamScanner 


Complex Analysis 


100 
Qu Tu 
r * ay 

aM E. N by (i 


—3y à 

pH of exactness. 

S. of (i) has a perfect differentia), y 
So the Conjugate function v(x, y), 


which is the con 

Therefore the R. H. 
is it is easily integrated. 
be easily determined. 

2.14 : Construction of Analytic function : 

(a) Milne Thomson Rerum [when u(x, y) is given] 


du 
Statement : If uj(x. y) = a. and u(x. y) = 37 dy 


then f(z) = i o - tuj(z, 0) 


Proof : We know that the Cauchy-Riemann equations ar 


Qu Ww 


dy | 
Let fiz) = a rs + iv(x, y) be analytic then we have 


f(z) =5 2o i jy [by Art-2.8 th"-2] 


= Tgl n (a S) [by (10) 


= f= ais 


= f) = uix. y) - tuo(x. y) - se (11). [giver 

Letz=x+iy = Z =x-ly 

Zt Z -2x-x-364 z) (IY 

and z- Z =2y >y =z- Z) 

Replacing z for Z in (iv) and (v), we get 
x-3642-z 


ut 
andy-251(-2-0 


d 
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Putting x = z and y = 0 tn (iti), we get 
^. {(2) = ulz, 0) - tuglz, 0) " - (vi) 
Integrating equation (vi) we get HZ) 
^ fz) = J[ui(z, 0) - tus(z, 0)) dz + c 
This method is known as Milne Thomson method. 
(b) Milne Thomson methed [when v(x, y) 1s given] 

LI . ov -— ov 
Statement : If v,(x, y) = jx and var. y) "v 


then f(z) = tlvi(z, 0) - ivaz, O)] 
Proof : We know that the Cauchy-Riemann equations are 


Qu ov 
ox ~ Oy eee ees eee ^ (1) 
du 

and By ax (11) 


Let fiz) = u(x, y) + iv(x, y) be analytic, then we have 
f(z) = mu HIŠ [by Art-2,8, thn] 
=> f(z) ES + ux [by (1)] 


= f(z) = i|vi(x. y) - iva(x, yl GE. e (111) 
Letz=x+ly => Z =x-ly 


MAI Z=2x=x=5 e+ z) 
and z- Z =2y sy =z; k- Z) 
Replacing z for Z, then we have 


1 
xX75(2*2)2z 


and y= 3 (2-2) =0. 
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Putting x =z and y = 0 in (iii). we get 
riad = ilv,(z, 0) - valz. O] 
Integrating equation (iv), we get HZ) 


+ fiz) = t fni. 0) - valz, O)Idz + €i 
e Thomson method. 


[NUH-2013] 


f*an analytic 


(iv) 


This method is known as Miln 
2.15 : Laplaces equation is Polar form : 
Zorem-6 : The real and imaginary parts o 
function in polar form satisfy the Laplaces equation 
Proof : We know that the Cauchy-Riemann € 


Polar form are 
du lov eee ar T (1) 


quations in 


ðv a a s (ii) 


Differentiating partially equations (i) and (ii) w. r. to r and 


0 respectively 
J — T r "^ eee 


Pe ir. oe 
= 2239 “7 r aar) 
lu L av 
= 200? " ror00 | (iv) 
av Qv | 
DES = d as the second partial 


derivative of v is continuous] 
Multiplying equation (i) by E We get 


1du_1 a 
ror poo ^ ^" M Ka (v) 
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Adding equation (iii), (iv) and (v), we get 


u ldu 1 ğu l 

ar? tr ar T A39 =0 i int 
Again, from (i) and (ii), we get 

ðv du 

30 "Tar TM oo C (vii) 
and Si - 1.50 ses sn. "o ee (vili) 


Differentiating partially equation (vii) and (viii), w. r. to 0 
and r respectively 


9v Fu. 129v 1 eu 


30? =" 30 or 3397 ^r 303; KE n (ix) 
a [lus 130 
and 30 |r ac 20" G 30 
dy 1] 9u 1 ou x : ; ) 
00 r90 r90ór 7 * Ñ à 
| Pu- 4 as the second partial 


derivative of u is continuous] 
1 
Multiplying equation (viii) by p^ we get 
-— = se - ice ese (xi) 


Adding equation (ix), (x) and (xi), we get 
dv lav. lav 
ar? trar ‘2907-9 
Thus equation (vi) and (xii) show that the real function u 
and v satisfy the equation 
1 
x A Tm ses ; P (xiii) 
This equation (xiH) is called the Laplace's equation in' 
Polar form.. 


(xii) 
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2. 16 : Partial derivative in relation to z and z : 
Let fiz) = u(x, y) + iv(x. y) 
where z = x + iy 
=>Z=x-ly 
“2+ Z=2x 
=x=3 0+ Z) vee see -— (ii 
,andz- Z = 2iy 
l Z iu 
—y-50z- z) <2 ES jee (iii 
Since u and v both are functions of x and y. so we can write 


f = flx, y) 


of Of ax af oy 
3z 'ay' az [by chain rule] 


"dz 

of of 1 of 1 
= Oz ox ‘2 * dy’ 21 [from (ii) and (iii)] 

af A af laf 
™ dz 2|ex 1 dy 

at A at af 
C 2 dx ^ bay 

A.M 3 E 
=>"? ax l ay eee T m (iv) 


af _af ax, af ay 
Again. 95 “ax‘az *dyaz [by chain rule} 


of of 1. Off: 1 
=> 3z wan 5 +3y(- z) [from (ii) and (iii)] 


of AES 4 


799z 2Lox T dy 


i 2-12 2 | 
-3z =5| 3x + i ay tes Met "ie (v) 
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Adding (iv) and (v), we get 


9 Dell 8 8 BS É 
2,222.28] 


^x az OE eee "TT | c T (vi) 
Subtracting (iv) from (v), we get 


3.29 A. a] 
32 oz 2Ləðx* dy ~ ax TT y 
0 0 1] d 
—3z 02 72° Alay 
L NISL A 
= 1 dy ƏZ dZ 


d d 
—3y " E - tA M: € | ove (vil) 


3z J oz 

P po P PIJ I 
=| 52t 323z *3z z 022| [de o20z 09z20z 027 
Peu Suc Wt Wt og | 
3à*?33z 021 a2 zoz Oz. 
2 E ETE (vill 
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4) WORKOUT EXAMPLES 


CZ : Using the definition, find the derivative of the 
following functions : 

(i) = fl) = 327-22 +4 

(ii) = fz) =z +227 +i 

(iii) f(z) =23-22 

Solution : We know that by definition, the derivative of 
HZ) at any point z is 


HZ + Az) - f(z) 


Az IU 


risi - Lt 
Az—0 


(i) Given that izi = 322 - 2z + 4 
= fiz + Az) = 3(z + Az)? - 2(z + Az) +4 
= fiz + Az) = 3[z? + 2zAz + (Az)?] - 22 - 2Az+ 4 
=. f(z + Az) - fiz) = 3z? + 6zAz + 3(Az)? 
-2z - 242 + 4-327 + 2z -4 
= fiz + Az) - f(z) = 6zAz + 3(Az)? - 2Az e e (2) 
Using (2), we get from (1) 


6zAz + 3(Az)? - 2Az 


fe)=Lt | AT 


Az—0 


(6z + 3Az - 2) Az 
Az 


(ii) Given that, Hd = 23 + 27? + i 
= flz + Az) = (z + Az)? 2(z + Az)? + i 
x he + Az) - fz) = Z? + 32? Az + 3z(Az* + (A2)? + 972 + 4zAz 
E + 2(Az)? + i- z3 - 97? -i 
= 327Az + 32(Az)? + (Az)? + AzAz + 2(Az)? 
= Me + Az) ~ fiz) = (32? «3zz) + (Az)? + 4z + 2Az| Az... (3) 
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Using (3). we get from (1) 
(t2 - 14 [3z* + 3z(az) + (Az + 4z + 2Az] (Az) 
Ant) Az 
=Lt 327+ 3zAz+4 (Az)? + 4z + 2A2 
Az 0 
ft) = 32 + az. 
(iii) Given that 
fiz) = z-2z 
= fiz + Az) = (z + Az)? - 2(z + Az) 
= Z? + 3z7Az + 3z{Az)? + (Az)? - 2z - 2Az 
^. fiz + Az) - fiz) = z? + 3z7Az + 3z(Az)? + (Az)? 
. | -92-92Az-2542z 
= 3z7Az + 3z(Nz)? + (Az)? - 2Az 
=> fiz + Az) - fiz) = [8z? + 3z(Az) + (42)? -2 Az = = 
Using (4), we get from (1) f 
[3z? + 3zAz + (Az)? - 214z 


f(z) = Lt 
*— Az0 g 
<u 3z +3zAz+ (42? -2 
Az- 0 
= 327-2. 


her : Using the definition, find the derivative of the 
following functions at the indicated points. 
(a) fiz) = 327+ 3iz-5+i,atz=2 
22 — 


(b) nad ===. atz=-1 


() fz) = 32-7, atz=1 +1. 
Solution : We know that by definition; the derivative of 


fiz) at any point z is 
Az) - Qu À 
f(z) = eae ae em s (1) 
(a) Given that ; 
fiz) = 32? + 4iz-5+i  - z e (ii) 
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=> fiz + Az) = 3(z + Az)? + 4i(z + Az) - 5 + i 
= 3z? + 6zAz + 3(Az)? +#iz + 4iAz - 5 +1 
= (3z? + 4iz- 5 + i) + 6zAz + 3(Az)? + 4idz 

=> fiz + Az) = f(z) + [6z + 3Az + 4i] Az [by (ii)] 

^. {[z + Az) - fiz) = [6z + 3Az + 4i] Az zm et (iii) 
Using (iii), we get from (i) | 
f(z) 1t [6z + E + 4iJAz 

Az— 0 


=Lt 6z + 3Az + 4i 
Az—0 


Tg = 6z + 4i. 
And at z = 2, f (z) =6.2 +.4i 
i = 12 + 4i. 
(b) Given that ^—— — 7 
2z-i 
f(2 7-7 73i 
2(z + Az) - 1 
Z + Az + 2i y 
X 2(z+Az)-i 2z-1 
N 7. flz A2) fl) 27 742 4 2] Z + 2i 
_ 2z? + 22Az - iz'+ 4iz + AiAz - 2i? ~ 22? — 2242 — 4iz + iz +iAz +21? 
(z + Az + 21) (z + 2i) 
5iAz 
(zx Az 21) (2 + 21) ui «s (v) 


Using (iv), we get from (i) 


ben S EON 
| IG -u le T AZ + 2i) (z + 21) (Az) 


= f(z + Az) = 


fiz + Az) - fiz) = 


5i 


=U edz 321) (z « 21] 


Az—0 
5i 
= + = (z * 2i) 


risi = 


«ftr (z + ee 
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51 

(=i + 21)? 
51 

- p 


And at z = - f, riel ^ 


m = Si. 


(c) Given that 


3 
^ fie Az) - fle) aa -5 


<3 z? - (z + Az)? 
(z+ Az)? z 
[etra E 
T (z + AT z 
-83(2z + Az)Az d (v) 
Using (v), we get [from (i) 


dig = Lt 1 f -3(2z + Az) d 
Az-0 (Az (z + Az) 


fiz + Az) - f(z) = 


rg < 


atz= 1+1, f ere 


ta -6(1 + i) 
1+4i+ 6! « 4D + 1 
> -6(1 + 1) 
1+4i1-6-4i+1 


=3 
=5 (1 +). 
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| fea : Show that i (Z) does not exist any where. 


Proof:letf] s Z « ae z (i 
| = flz + Az) = Z + Az Ñ et ove (ii) 
va definition, we know that 


fiz + Az) - f(z) 
ent. ———— 
i Az—0 Az 
=f (=u I E TENET. (111) 


20 
we have z = x + iy 
= Az ab + + iay) 


= Az = Ax - iAy (Iv) 
when Az — 0, then Ax > 0 and y20 oe (v) 
qd-— : zZ+Az-z — 
“geU NEC [^ Zi * Z2 =Z * zz] 
Az— 0 T 
E Az 
Az 0^* 
ELSE 4 (vill 
= m T i 
Axa p ox T lay " . (vij [by (iv) and (v)] 
Ay—0 
If SNAKES real, then Az = Ax anh l, 0, then 
secu M 
Ax—0 
Again, if Az is purely imaginary, then Az = iAy and Ax = 0. 
then M 
= a 
dzU ^l -Tay =l 
Ay0 | 


Since in two manner in which Az > 0, T (z) 


is not same, so that XL z à does not exist anywhere that is 
f(z) is noi analytic. 


| 
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A Ex-4 : Show that £ (272) does not exist any where. 
Proof : Let f(z) = z?z Er sis és (i) 
= fiz + Az) = (z + Az)? (Z + Az) 
= {z? + 22Az + (Az)?) (Z + Az) 
| = 22 + Z/AZ + 22N2 Az + 2zz Az + Z (Az)? + (Az)? (Az) 
By definition, we know that 


d f(z + Az) - fiz) 
=z —— 2 
az Az—0 Az 


ZZ + HAZ + 22Az AZ + 227 Az + Z(Az)" + (Az)? (Az) - 27z 
Az 


d (27) -'L 
— (zz) = Lt 
> az! ) Az—0 


2zz + Z (Az as 

wis Bete Anl Az, p Le? t bata UE 

Az—0 Az—0 
[Dzz-«zaz| «Lt [+ 2zaz+ ALt > 


Lt 
Az 0 Az—0 Az>0 


-2|z|^*z2.1t 4 [- |z]? 2 zz) 


Az—0 


In different way, Lt i gives different values, so that 
20 


d 
dz (£2) does not exist any where. 


-5 : If f(z) = |z|, then prove that it is no where - 


erentiable in C but continuous every where. 
Solution : Given that f(z) = |z|- m e | (1) 
f(z + Az) = IZ Az| 


First, we verify the continuity of f(z). Let zo be any point in.. 


the Argand plane C. For any 8 > 0, |2- 20] «9223. € >0 
| flz) - fzo)! «€ 
=| |Z] - |zol | «€ 
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( amples hit 
112 
But we have [4 - 4l dM dull E 
TEMPI | <I ml * 


if hee, the verification Me (ver 
We know thal 

iz + ^2) - IH 
rid =M " ae 


Az ii 
z+ hz] - L 

I4. ded 

Az30 "m 
z+ Az) - pp jee n N 

a i LLL 
c hal? = Jal” 

wi MTs + Az * lell 


(z + A7) (Z Ad) = V4 Hr wd 
sa ilis + fal) VE 


(z + Az) (z + Az) = E pe R7 s] 
"M o ^2 e Az) + pl] anr ty = a 1 tal 


w+ un tht + A AM U4 


"Jn f 
Moo alis al + fall 


œ IET H TEE | EN 
" ISA + fal Az” araz) + [af T pn Av] lel 


"Taree! A4 IM 
VL ANT [DE Y + TT: K MEUM je vn lé Aas [nl 


P B MNT MR. L | 
2|z| "2]z| "Ae [1 a6 Ag => Q e e 0] 


-€—-— 


If Az is purely real, then LA je = l and If Az is purely 


Az30 
imaginary, then 
Lt A sel 
Az30 " 
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zzi *zizi When Az is purely real. 
ca lz +z] 


z) 
"B Parallel to x-axis, 


Again, f(z) "Hi zii - When Az is purely imaginary. 
«Td < 27r d lz - z] 
sair. illa 
" —il,,(2) 
(z) = HR nerala of y- -axis. 
Hence the given function is nowhere differentiable in the 
complex plane. 
Ex-6 : Show that if a complex function 
fiz) = u(x, y) + iv(x, y), where z = x + iy is differentiable at 
Zo 7 Xo + iyo, then 
f (zo) = uxo. yo) + Iv. (xo. Yo) 
and {'(29) = vy(xo. yo) - tujxo. yo. 
Proof : Given that 
fiz) = u(x, y) + iv(x, y), where z = x + iy 
7 = flzo) = u(xo, Yo) + iv(xo. yo). where zo = Xo + iyo 
Since f(z) is differentiable at 2 = xo + iyo then f (zo) exists 
ind independent of the manner in which z — Zo, thus we have 
fad = Lt f(z) Tt Ao 
Z - 


2-120 


alo u(x, y + iv(x. y) - u(Xo. y o) — iv(Xo. yo) 
ly - Xo - ly 
(x + ty) (xo + tyo) SOR à 


y yo) ] y) - v(xo. yo) 

=Lt u(x, y) - u(Xo. v(x, y) - V - (1) 
xx, U 7 Xo) * I - erak brd x - x9 + ly - Yo) 
Yo ies 


** Analysis—g 


Je 


P LP ur 
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Now taking limit through the point (xo. yo) and parallel 1, 
the x-axis, then we have y = yo: X ^ Xo and equation (i) 
becomes 


id = L uis, yo) < ua, yo) , ,, YR Yo) = VIS, yo) 


m X-X 
X Xo m. X-X9 ° 
= fzo s Tba yo, VAR OX 


=> f (2g) = UxlXo. Yo) + Vdo, Yo) (Proved) 

Again, taking the limit through the point (Xo. yo) and 
parallel to the y-axis, then we have x = Xo, y > Yo and equation 
(1) becomes tod 

i | Xo, y) - UlXo, Yo V(xo. y) - vixo. yo) 

f(z) = Lt ul d S ) ut IW - yo) 

y yo y yo ` 


_ 1 Buby, yo) , 9v. yo) 
gi dy 


f (Zo) = Vra, yo) - iuy(xo, Yo). (Proved) . 
7 : Prove that the function fiz) = u(x, y) + iv(x, y), where 
x*(1 + 1) - y*(1 - 1) 
: »z#0 
f(z) =. | 


* : 
D s =O Is' continuous and the 


Cauchy-Riemann equations are satisfled at origin. Yet f (2 
does not exist there. | ' [NUH-2011] 


Proof : 1st part : Given that 


p E ( - 1) EI oA) 
= u(x, y) + iv(x, y) de a $ . 


we + 


”. u(x, y) = S yi and v(x, im = 


Here both u(x, y) and Ye. y) are rational and finite for all 
values of z except z = 0. So u(x, y) and v(x, y) are continuous at 
all those points for which z #'0. That is f(z) is continuous 
' wherez # 0. i 
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again, Given that, at z = 0.09 = 0 
» =f0)=0 bd Ex - (B) 
= f(0 + i0) 0 + 10 
= ul0, 0) = O and v0, 0) = 0 
which are finite and unique. 


So, u(x. y) and v(x, y) are continuous at origin. Hence fi) is 
continuous at everywhere. 


2nd part : We know that by definition at any point (x. y) 
2 tux, y= HS 9x y) - utc y) 
ox0 o. 
u(dx, 0) - u(0. 0) 


7 at origin, W it 
xe. ox—0 
du 0) - u(0, 
av= LL uix. 0) - u(O. 0) 09 0) be bob (i) 
x0 
[Replacing 2x by x] 
: _ But, we have u(x, y) Tr 
= u(x, 0) =%=x ove eee ee d xd tii) 
= u(0, y) “Fay, "appe =u e pai. 
Also given that u(0, Qe wo maien. stop ai dv) 
Using (ii) and (iv), we get soi UE i NE nO 70 
L lal RANEA 25 TE Bit a 
dX X . 
Again, we have at origin _ 
duo u(.y-u0.0 Le (wi 
ay 7 r | 
y0 : : " L 


Using (iii) arid (iv), we get from-vi)- : 
Mee, 4208-14 2^ ium nivin 


DP LL Luo LL 
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Similarly, we have at origin 


OV it yix. 0} - - V(O. 0) "n "t, ee (vit) 
Ox 
x30 
. y) - v(0, 0 
endo 9.0 x ead. Se fa 
y20 
But, we have p 
x3 
v(x, y) = BN 


URS TE MM 


= v(0, yataey ve =. T (xi) 


also, given that, v(0, 0) = 0 " 
Using (x), (xi) and (xii), we get from (vill) and (Ix) 


(xii) 


respectively 


ðv x0 telas à e (xtti) 


ðv Y-9. l TT (n V (xiv) 


' From (v) and (xiv), we get 2 “iy 


“and from (vil) and (xili), we get Em e 


The above equations show that the coc d RN 


equations are satisfied at origin. 


3rd part : We know that the derivative of ft) at z = 79 Is 
fiz) -f 
Rd <u a 
Z— Zo 
Thus the pues of f(z) at Z = O Is 
f'(2) = fz) = 10) w e in (xv) 
ae 
3 ea = 
sy" EA, i-i - o| [by (A) and (B)] 


zl 
+1 
20° y * 


d 
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Along y7X-23025x.,0 
bO - 33 

«fou Mri EE ES d 

: Ll. 2x8 

-M QU tix 2 

i i 

= UI = 

agp te l +i 

(1 - i)i 

1 - i? 

1 
.fO=50 + © (xvi) 


"Again, along y¥=0,2505x359 
= (x? - 0) + i + 0) 
afit * 0) (x « 0) 


aif x +1) so,z>0=>x- 30 
| x90 
{OQ = 1 +1 


' (xvii) 
From equation (xvi) and (xvii), we conclude that f (0) is not 


unique, that is the values of f (0) are.not same asz — 0 along 
different paths. 


' zc f(z) does not exist at t the origin. 


Show that the function f(z) - VEIL is not regular at 
the origin, although Cauchy-Riemann apos a are satisfied 
at the point (0, 0). 

Proof : Let f(z) = ux. y) *-ivix. y) be a function. 
Given that, 


fiz) = y |xy] i E : ae = . (i) 
"WK, yew 0 <YIST a 
Subs M< VIST 6 T^ 29 


and vix, y) =0 es pe f "n 


"UZzX-*iyfoy-Q0.z-x 
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es of u(x, y) and v(x, yj 


We know that, the partial derivativ 
at the origin are respectively 
du _ u(x, 0) - ul0. 0) 
ox ^ x 


x0 


ul0, y). u(O. 0) 
uy 


v(x, 0) - v(O. 0) 
E . 
v0,y)-v(0.O — 
y. 


But, we have 
ux. y) = Vy] 
= u(x, 0) = V]x0] = 
= u(0, y) = VIoyl = =0 
and u(0, 0) = TRT; =0 
Also, v(x, y) = 
' => v(x, 0) = j 
i o Oy PI 
+i and v(0, 0) = 0 ^ 
Using (v) and (vil), we get from (i) 


: Using (vi) and (vii), we get from (i) : 


n Ly : 
y»0. i 


Using (viii) and (x), we. get from Qu) 


S 


(i) 
(ii 
(iii) 


(iv) 


(v) 
(vi) 
, (vii) 


(viii) 
(ix) 
(x) 


| (xi) 
(xli) 
(xiii) 


> (xiv) 
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From (xl) and (xiv), we get 
Qu Ov 


ax "M S) E H (xv) 
Also from (xii) and (xiii), we get 

Qu dv 

dy = "Ox T ... zos (xvi) 


The above equations (xv) and (xvi) show that the Cauchy- 
' Riemann.equations are satisfied at the origin. 


Again, We know that the derivative of f(z) at origin is 
| f0o= -Lt f(z) - -2 -fo 


z= 0 
=Lt E [by (i) and "z-x-iy] 
z— 


 alongy2mx,;z0-2x—0 
y |x mx] 


X+ imx 


vm 


1 +i 
n m 


- f(0) 2 1t 
x0 


f(0) =Lt 


which depends on m, so f (0) is not. unique. 
Hence f(z) is not regular at the origin although Cauchy- 
pan equations are satisfled there. 
(x3 - 3xy?) + ily? - 3 
9 : Let f(z) = xi v , when z #0 
and f(0) = 0, when z=0 


Show that f(z) is continuous and the Cauchy-Riemann 
ns are satisfied but f(z) is not differentiable at z = O. 
[NUH-2000, 2003, 2005, 2013] 


paz, Ist Part : Let fiz) = u(x, y) + Ns. y) be a function. 


Given that 
fiz) = (x3 - 537 3 - 3x y) .z20 bos = (i) 
and HO) = 0, when z = 0 En œ K. DH 


120 Complex Analysis 
` From (i), we 
- s-a y-a 
W. y) + N. Y =a rU guys 


=> uix. y) —— RC m wm liii) 


and vix. y) = - - = [iy 


From (ii), we get 
ulo, 0) + KO, Q =0+i0 
- 22u(0, A - 0 Ss v age (vi 
and v(0, 0) = 0 g see sex ete (vi! 
Here ux, y) and víx. y) both are rational and finite for al 
values of z except z = 0. So that u(x, y) and vix. y) are 
continuous at all those points in which z = 0. 
Hence fiz) is continuous anywhere except, (he point z = 0. 
Again, we have u(0, 0) = 0 and v{0, 0) = O that is at the origin 
u and v are finite and unique. So u and v are continuous at the 
origin, that is fiz} is continuous at the origin. 
Hence, we conclude that fiz) is continuous everywhere. 
2nd Part : We know that the partial derivatives of ux. y) 
and víx. y) at the origin respectively 
Sa... vbe. O)- ul0, O) | 
ox x - - -- (vii) 
x0 
eu u(Q. y) - u(O. 0) 


M = Lu - H 
y k -M = (viii) 
y>0 


vix. 0) - v{0, 0) 
x 


x0 


» du -— 


"v y0 
But, we have ufx, y) =F 


= utc.) - Sx ee (x 
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and u(0, y) = 2 =0 aes T pag (xii) 
d .Yi- 3x’y | 
and v(x, y) i y? | T. 
= v(x, 0) = 5=0 e um - (xiii) 
and v(0, y) -h =y eec eve à (xiv) 
. Using (xi) and (v), we get from (vii) ° ur ao EE 
es io du 7 x-0 - f l L : (xv) 
dX E. | 
Using (xii) and (v), we get from (viii) | 
Seu 99-0 $ G dal mte) 72s 
y0 urs 
Using (xiii) and (vi), we get from (ix) | 
oY ela 2-20 sie dd ^. (xvi) 
x0 ( =: (OÀ 
‘Using (xiv) and (vi), we get from () we p 
Er. X-U soo aor ori T 
: Y y20 y l 
From (xv) and (xviii), we get i 
l E 4 x -` Tix) 
x dy i ET | | l 
Again, from (xvi) and (xvii), we get en Ms, 
du. wv ae FOI p esae « (xx) 
dy OX | | Mc 
The above equations (xix) and (xx) show that the Cauchy: . 
Riemann equations are satisfied at the origin. T 0 
3rd part : We know that the derivative of fiz) at the point 
2z0is Ñ - T . t > 
fo =Lt Tel -0 sr G dug 
z—0 | 
seem tee 
ies o* +iy| x * c i 
Tus ; . > [by () and (i) - 
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Alngysxz202x0 ` is 

i ' x ; x2 - 3x3 - 

. | Then, f'(0) = Lt dam YL x 3 
x0 


d 1: |-2x_ 
P ras +i. 2x2 


"HE [- diei 


oU. + EY 


IA 
Again, alongy.- 0, 2202x220 


‘Then f(0)= be ME 


s Sft T 
ts u m 
P Fd < 1 P : = | M 0 


‘Here, we see that f( (0) is not unique, that is the values of 


N (0) are not same as z > 0 along different paths. 


Hehce f (z does not exists at z= O that is f(z) is not 


differentiable atz = 0; 


x10: Examine the nature of the. TE 


nd = 2 KR LN o 2: 0 and fio) = 


T ylo. 0.in the region including | 
the origin; K 0 
Solution : Let filz) < u d iv(x, y) L a function. 
Given that ^" 5... | 
E (x + iy) - id a . 
f(z) ANS. eee eat ^ è se l (A) 
. x2 i i t 
E y Y hs, y i+ yl T d TR 
ETE x! E tre eee ^ +, ° (i) 
‘ x2y5 S : Sis. 
| and v(x, y) =A ryo oc e Ee Si : (i) 
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Tai given that, f(0) = (B) 
. = u(0.0) + iv(0, 0) Ea 
- <9 u(0, 0) 2 0 (iii) 
and v(0, 0) = 0. 


gues (iv) 
i y) both are rational and finite except 
the point 2 z = 0, 'só u(x, y) and v(x, y) are continuous at all ue 
points ! for which z + 0. Also, we have u(0, 0) - O and v(0, 0) = 
that is u and v are finite and unique at the origin. So u a v 
are continuous at.the origin. Thus u(x, y) and v(x, y) are 
continuous. everywhere. That is the given function f(z). is 
continuous everywhere. 
-At the. origin, we know that 
qo )9 gu Wis. 0)- ufo, 0) 


Since ux. y) and v(x, 


Y . ox ` x es eee coe . (v) 
F EFE WU 
"du, uO y)- uo, 0 | 
s 03,714 y ves eve T" (vi) 
ET EG YO E 
. OV" i; Vp. 0) - v(0, O): | r, 
ah UE mE = Keg v (vii) 
EC Si MED ; 
LI rm vo. y) - vo: o) Y^ 2 (viii) 
-.y0 : 
(od 5 
i Seb E = + yl 
: uk 0)- D a0: A : ê E (b) c 
G ; * (x 
Again, v(x, y) =o | dd E 
p às and 3 vo. y) = = So =0 T is x i ee tai 
Using (ix) and (ii), we get from (v) 
de dis pU b oe 86s T (xiii) 
ox x | 
x0 A 
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` Using (x) and (iii), we get from (vi) 
du 0-09 eee T T (xiv) 
oy y20 y - 
Using (xi) and (iv), we get from (vii) | 


(xv) 


Using - and (iv), we get from (vii 
dv 0-0.9 dod eed ke (xvi) 
y20 y 5 M 
From (xiii) and (xvi), we get AT | 

xx l eee a ee (xvii) 
and from (xiv) and (xv), y we get 


3y ^ ax (xviii) 


^ The above two equations 'txvii) and (xviii) show that the 


Cauchy-Riemann equations are satisfied at the origin. 


Again, we know that the derivative of f(z) at the origin is 
: #10) = fiz) - 1209) . . 


2 » non 
ral x*xS(x + iy) R rS ESPERA 
=Lt LI. al regi -o] | [by (A) and (BI 


. Along, y = mx z0-xo0 - 


. U 1 . E 5. Y Y: a 
Then fO <U => a se x Ut zd | 
x30: 1*3 


m?x?(1 + im) 
o #0 + im) + i "xf + m!0 x8) 
m*ó ; 


1 + m!9 x6 
x30 ^ mni 


Again, along y? = xà, z 230 5 x 40 
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ria < Lt L xxx + iy) 
og x0 %* ly) yi + 02)? 


no XS 

x0 2x" d j 

2 \ 

^ f (0) = 2 l W 

» \ 

Here, we see that f (0) is different in different paths, so that \ 
((0) does not exist. \ 


Hence f(z) ts not differentiable at the origin although it is 


continuous at the origin and Cauchy-Riemann equations are 
satisfied at the ofigin. 


Ex-11 : Show that the function f(z) = xy + iy is everywhere 
continuous but Js not analytic. 


Proof : Given that 
fiz) = xy + iy 
But, we have fiz) = u(x, y) + iv(x. y) 
From (i) and (ii), we have 
u(x, y) + iv(x. y) = xy + ly : l 
i = u(x, y) = xy a9 A it (iti) 
and v(x, y) =y - - * ee (iv) 


It Is clear that u(x, y) and v(x, y! both exisi at all points of 
the complex plane. So that they are continuous cverywhere, 
that is fz) is continuous at everywhere. 


Partially differentiating equations (lil) and (iv) w. r. to x 
and y respectively. 


(i) 
(ii) 


Cw ^ i : (v) 
ang 2! "us "E (vi) 
and 5 =x m 
x T^ (vii) 
And wo ooo K 2 l ; ` 
4 OV ; (viti) 
and dy ~ l 
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E CE MENS 
From (v) and (viii), we get 3x * dy "M ES (ix) 


Qu dy ( 
from (vi) and (vii), we get 5, Jy *-3x x) 


The above equations (ix) and (x) show that. the Caeli. 
and: hence: fiz) is is not an 


DRA 


Riemann equations are not satisfied 
analytic function. : 
Ex-12 : Prove that iue zz is nowhere analytic. | 
Proof : Given that f(z) = IAE 
Let z=x+iy=>z=x-ly gait deg TE 
Hé = (x+ iy) N. 0 07 ; ais: anders 
= ulx, y) + ivx, y) = K? + y?) + i.0 NS 
= u(x, y) = resins Wink EY ^ (0) 
and v(x, y) = SIS le erede copi) 
Partially sete equation (i) end D w. r. to 1 x and 
y respectively. . 2 E 


du di 
Moe MÑ 


ðv Gy ex 
S dy >U C 


‘du. EM "d 
" "The. above equations show that s^ y" x | and: » are 


continuous every where. But the ,Cauchy- Riemann ‘equations 
are Satisfied only at the origin. Hence z-0 is only’ the point at 
which f(z (z) exists. Thus f(z) = zz is nowhere analytic. 

Ex-13 : Show tliat the function : fiz) `= ec, lz, + ' oj and 


f(0) = 0 1s not analytic atz=0 although Cauchy- Riemann 
equations are satisfied at the, point, „How would you explain 


Da? o MEE 
Proof : Given that MEE D N 
f22-e**5zs0 ." KP bu. 77 (0 
up. a ce ien e etus god 
Letfüjwüelek cU ets LUST a s 
vutia - E eer "n eR pos i (iv) 
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petz=x+ly 
z = (x + iy)* 
1 


TT | 
E (x - iy)* 
~ (x + iy)* (x - iy) 
_ (x - iy)" 
ars oh : | | 
(x* + wA ©: . 
x 


6 LÁ yl à L. i 
i (x? + y) aa 


sett < eMB | BË i 
= eA, eB . 
= e^[cos B + i sin B] 

e?'-e^cosB4ie^snB ^. ^ 

= u(x, y) + iv(x. y) = «e^ con B+ ket sini by (ol | 

= u(x, y) = e^ cos B E t nse (v) 

and v(x, y) = irn EC ái e (vi) 


1 
At (x, 0), A= i-a vd S Jn 


, and R< -0 
` From.(v), we. have, 
; (vil) 


( yree 


ulx, 0) = es Š cos 0= ex 
e B (vili) 


E C i 


and u(0, yzevy Ais 0m 
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| l Again. from I we havs 


b 
| ve. 0) = er i ai Qe z0 (ix) 


and v(0; y- e ans =0 | R 
But eem that K -0- u(0, 0) =0 1 
and v(0, 0) = 0 (xii) 


The » partial derivatives of u(x, y and v(x, y) at the origin 


, are Et gnis l 
OU +. s. 0 -u0.0) pn evo, (xiii) 


du ,, uy) - u(Q. o "T CV Pe (xiv) 
E v. Lt v(x, 0) = v(0, 0) a : bee Seb (xv) 


9v iit 3 v(0, y) - v(0, 0) . sep te eos oes (xvi) 
y 7 
y20 


| Using (vii) and (xi), we get from (xiii) 


"Ox =0 . aes see ede s (xvii) 
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similarly, using (viii) and (xi), we get from (xiv) 


900 


== — a0 
é ox x0 ^ 


From (xvii) and (Xx), we get 
Qu d 


and from (xviii) and (xix), we get 
du 


ju 


Again, Maing (ix) and (xii), we get (xv) ` 
-0 


Similarly, using (x) and (xii), we get from (xvi) 


(xviii) 
(XIX) 
beg 
(xxi) 


(xxii) 


. The above equations (xxi), show that the Cauchy-Riemann 


equations are satisfied at the origin. 


We know that the derivative of HS) at the origin is 


fO =Lt HS) - NO) | 


———— 


" 0 
- [by (i) and (ii)] 
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l E L 
EA r acr’ 
meee E 
dS NT 
Asz 250, r0 


l Dol R3 
1 £(0) = Lt an| + tig | 
r-t U 


xslt ei rts * J 
r0 

ee (0) zoo 

Which shows that r (0) does not exist, that is, 
differentiable at z = 0. Hence fiz) is not analytic at 2 = 0. 

Ex-14 : Show that f(z) = u + lv = x? + iy? is not analytic 
anywhere but the Cauchy-Riemann equations are satisfied at 
the origin. 

Proof : Given that 

fiz) = ulx, y) + Iv(x, y) = x? + ty? 
= u(x, y) = x? and vix, y) = y? 


IIZ) is not 


a = 2x cT ín us (i) 
gon d «0 in U^ N (it) 
2x. œ m T (iii) 
and T i "On T wm (iv) 
From (i) and (iv), we get ou F me oe (v) 
From (il) and (tii, we get A + -2 i E (vi) 


The above two equations (v) and (vi) show that the Cauchy- 
Riemann equations are not satisfied anywhere. Thus f(z) is 
not analytic. But for x = 0 and y = 0. 

Qu Ov du Ov 

we have ax “dy and5, -57 

That is, the Cauchy-Riemann equations are satisfied at 
the origin. 
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2 
15 : Show that the function f(z) = S Ct p) , [z * 0] 


+ 
f(0) = 0 is not analytic at the point Z = 0. à 
proof : Given that 


fi = Xy"(x + iy) 


xia yi Z0 Mà ed (1) 
. and f(0) = 


We know that the derivative of fiz) at z = 0 fs 
foj - 1 fiz) - 1a = 10) 


z—20 


(ii) 


E | -1 LS C + iy) 
0 
fo < Lt 3; * 
2—30 y 


Along y = mx, z> O>x- 40 
nf < L EA us 


x e 


=fQ=0 
Again, SE y =x,z30>x 0 


.f(Q) = S Ea 


x30 


síos 


Here, we see that the values of f (0) is different in different 
EN. So that f (0) does not exist. Hence the given function f(z) 
Not analytic at the point z = 0. 


h 
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l l i " 
| = z is analytic i 
the function f(z) | 
Ex-16 : Show that 
entire complex plane. 
Proof : Given that 
f=? l 
= ulx, y) + ivx. y) = (x + iy)’. where 2 = x + iy 
= u(x, y) + iv(x. y =x 3x yi- 3 Ñ p l 
R rr on ES et oor ae (ii) 
and vx. y) = - axly - y max | 


Then we have e 


U - 3x2 - 3y? (iii) 


(iv) 
(v) 


x -3x2-3y? - ave et (vi) 


NE Qu dv 7 
From (iii) and (vi), we get ss =Jy (vii) 


Qu d ; 
From (iv) and (v), we get dy = Ox (viii) 


The above equations (vii) and (viii) show that the Cauchy- 


Riemann .equations are satisfied everywhere. Also the 
equations (iii), (iv), (v) and (vi) show that ou y: E and 5 : all 


are continuous in the entire complex plane. 
Again, we know that 


! Qu wv 
f()-5.*i5x ^ [by Art-2.8 th"-] 


= 3x*-3y?+i.6xy [by (iii and (v)] 
= 3[x? + iy? + 2ixy] 
= 3[x? + 2.x.iy + (iy)?] 
= 3[x t iy]? 
f (2) = 3z? 


Which exists in the entire complex plan 
e. z) is 
analytic in the entire complex plane. P So that fi) 
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BIT (M n md v are hann dn a repon R, Prove tha 


Iv TE dv 
E l N 4 IE dy 7] In analytte pn N, 


dy 
woof (lol Mo) = 1 w (0 vy h iv 
Proof M P" d^ Lx T ly 
T TRY 
rl t) MT (ly nt "nm n" (1) 
ini , iM 
and V - (ly ‘iy "nt "t nt (ii) 
Since u and v are given harmonie, so thal 
Pu Pu 
e apt" M Q z u) 
^y 
nnd | Dy T Jc 0 =U " i" " liv) 


Partially. Differentiating "equation. (I) Wor to x and y 
respectively 
AU WPu gy 


0x “Ox dy ay? m ý B M 
(U. Pu (ITV | 
and jy “ay? dy ax Y P wil 


Again, Partially differentiating equation (il) w, r, to x and 
y respectively 
(V Pu. iy 


Ox "Ox * x dy "n n l "nt (vil) 
Vv du n 
and > dy “Dy ax *üy m "t m (viii) 


Substracting lis from (v), we pel 
OU OV. Pu Jv Pu oy 
Ox dy “Ox dy gx? Oy dx dy? 


UU OV (Ou Puy (0v e) ^u T4 
x^ «it li dy ~ Ox 7j (a * gy? L" dy ^ dydx 


au 
OX jy" 280-0 [by equation (Iv) 
P (U UV > b " 
OX “Oy "na 
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Again, adding equation (vi) and (vii), we get 
QU W aw əv Qu. 9?v 


dy 'ox ay? odydx * 9x2 * oxdy 


au V (Pu Pu E. 
y tix (Se ay) «(bay Oxdy 


av v 
=0+0 [oy (iii) and '- EH = Jyðx 
QU. N. d S Ç 


The above equations (ix) and (x) show that the Cauchy. 


Riemann equations are satisfled. Also, since u and v are 


harmonic, so S Sa 3x anday are continuous in the region R. 


‘Consequently, SU E E and 5~ are all continuous in the 
d ) 
region R. Thus the given function f(z) = (y = x) + (as + Jy) 
is analytic in the region R. 


Ex-18 : If u and v are conjugate harmonic functions, then 
show that 
ov 


ov 
(i) du = dy dx one dy 
Qu du 
(ii) dv= ax dy - Jy dx 
Proof : Since u and v both. are conjugate harmonic 
function, so that they satisfy the Cauchy-Riemann equations. 
Thus we have 
3x “dy | TM see eee (i) 
and f oy 3 "Ox r eee m eee (ii) 
Again, both u and v are the functions of x and y. So that wc 
have l 
u = u(x, y) RS ie se (tii) 
and v = v(x, y) et - id (iv) 
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py the theorem on total differential, we have from (1) 
ou ou 
du “ay dX *$y dy 
ov dv 
du “Oy dx 7x dy [by (I) and (i) (Proved) 


Again, by the theorem on total differential, we have 
(rom (Iv) T 


OV (N 
dv x dx +5y dy 
Qu du k 
= Oy UX toy dy 
Qu Ou 
“dv RAN dy 7 jy dx. (Proved) 


© Ex-19 : For what values of z do the functlon w defined by 
the equation. Z = e (cos u + 1 sin u), w = u + Iv cease to be 
analytic. 
Solution : Given that 
z= €" (cos u +1 sin u) 
= fN etu 
= glut 12y z pilul 
zee’ Lw =u + v 
sa lW <ln Z 
>We L . Inz 


-wz-lIlnz 


It is clear that ow becomes infinite at z ='0, so that w Is not 


: Verify that the Cauchy-Riemann equations are 


Sulsfled forthe functions : 
Oo te = ( fiz) = cos 2z 


(iii) fz) = sin 2z u fz) = cosh 4z 
l 
M — fü) = sinh 4z (vi) es ly 


(vil) few (cos x +i sin x) (vil) flz) = e*(cos y + 1 sin y) 
Ux) iel = sin x coshy + 1 cos x sinhy 


i. - 
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(x) fiz) =.27 (xi fiz) = (z? - 2)e* 
(xii) fz) -e?(sinx- icos x) (xiii) fiz) = 
flz) = y? - 3x)y + icd - 3xy? + 2) 
(xvi) f(z) = In z. 


(xiv) 
(xv) fiz)= z+1 
Solution : (i) Given that 


fiz) = e? 
25 u+iv= ey, where f(z) = u + iv 
= u + iv =e ta and z=x+iy 
= e°, ely 


= e° [cos 2xy + i sin 2xy] 
>utiv= e2? cos 2xy + Le sin 2xy 
Equating the real and imaginary parts, we get 
u= e^ cos 2xy ie a 
and v = eX» sin 2xy 


(i) 
(ii) 


' Partially differentiating equation (i) and (ii) w..r. to x and 


y respectively. 
<e (2x). COS 2xy + e° Csin 2xy). 2y 


95. 2e." [x cos 2xy - y sin 2xy] 
and $i =e n (-2y). cos Oxy +e y? (-sin 2xy). 2x 
jp men hene 


Again, oe Z -= e°, (2x). sin 2xy + e^. cos 2xy. n 


ni. ab inu anes MEAT AS 


9v e (cy) airs xy + 89": cos 2xy.(2x) 
= = der [x cos 2xy - y sin 2xy] 


From equations (iii) and (vi), and we get 
du _ ov 
Ox Oy 


(iii) 


(iv) 
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prom ur an (iv) and (v), we get 
ET: e e e (viii) 
qhe above equations (vii) and (viii) show that the Cauchy- 
gemann equations are satisfied for the given function 


wee 


. Given that 
fiz) = cos 2z 
= u + iv = COS 2(x + iy), where flz) = u + iv and Z =x + iy 
=> u + iv = cos(2x + i2y) | 
= u + iv = cos 2x cos(i2y) - sin 2x sin(i2y) 
=u + iv = cos 2x cosh2y - sin 2x. i sinh2y 
[L cosix = coshx and sin ix = i sinhy] 
‘=u + iv = cos 2x cosh2y - i sin 2x sinh2y 
Equating the real and imaginary parts, we get 
u = cos 2x cosh2y MA o ss (i) 
and v=- sin 2x sinh2y et zm eL (ii) 
Partially differentiating equations (i) and (ii) w. r. to x and 
yrespectively, we get : | 


du. -2sin2xcoshZy = 1,707: TD 
and = 2 cos 2x sinh2y "x i : (v) 
agin, =- 2 cos 2xsinh2y = 00 00 09) 

and --2sin2xcosh2y |. ot [VU | 


From (iii) and (vi), we get 
AG (win 
x oy 
ou N iii 
From (iv) and (v), we get dy = ox (vili) 
and (viii) show that the Cuchy- 


The above equations (vii) sfied for the given function 


equations are sati 
Y= cos 97. 
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(ili). Given that 
f(z) = sin 27 
= u + Iv = sin 2(x + fy). 
= u + Iv = sin(2x + 1.2y) 
= u + iv = sin 2x cos(I2y) + cos 2x sin(I2y) 
= u + Iv = sin2x cosh2y + | cos 2x sinh2y 
(" cos(ix) = coshx and sin(ix) = 1 sinl, 

Equating the real and imaginary parts, we get 

u = sin 2x cosh2y s zr Zr (i 
and v = cos 2x sinh2y ee ane E. (ii) 


Partially differentiating equations (i) and (ii), W. r. tox 
and y respectively, we get 


where fiz) = u + Iv and Z = x + ly 


24». 2 cos 2x cosh2y en et eee (11) 
and js = 2 sin 2x sinh2y U en eee (iv) 
Again, oy =-2 sin 2x sinh2y te en e (v) 

ov e 
andy = 2 cos 2x cosh2y en vee en (vi) 


From (lil) and (vi), we get 
du _ ov 
x dy - - eee (vil) 


From (vi) and (v) we get 


(viii) 


The above equations (vit) and (viii) show that the Cauchy: 


Riemann equations are satisfied for the given function 
fiz) = sin2z, 


(iv). Given that 
f(z) = cosh4z, where f(z) = u + iv and z = X +dy 
=> f(z) = cos(i4z) 
= u + lv = cos[Al(x + ty)) 
=> u + IV = cos(4xl ~ 4y) 


| 


['* cosix = coshxl 
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= U + iv = cos(4xi) cos4y + sin(4xi) sin4y 
= u + iv = cosh4x cos 4y + i sinh4x sin 4y 
| cos ix = coshx and sin ix = i sinhx] 


¢ 
Equating the real and imaginary parts, we get 
u= cosh4x cos4y Rac Kag 4e» (i) 


and v = sinh4x sin4y T - - — (ii) 


partially-differentiating equations (i) and (ii) w. r. to x 
and y respectively, we get 


au = 4 sinh4x cos 4y és e T. (iii) 
andas 2-4 cosh4x sin 4y vi ~~ "i (iv) 
Again. ov =4cosh4xsin4dy ^ -- - oe (v) 

and = 4 sinh4x cos 4y e - e (vi) ` 
From (iii) and (vi), we get 

| E - ote ee esi (vil) 
From (iv) and (v), we get 

ĉu - E K K in (viti) 
y x 


The above equations (vii) and (viii) show that the Cauchy- 


Riemann equations are satisfied for the given function 


fz) = cosh4z. 
(v). Given that 
fiz) = sinh4z 
=> fiz) = - i sin(i4z) 
su + iv = — i sinf4i(x + iy) 
>u + iv = - Í sin(4xi - 2 aiia anad 
Ra aalan cosh4x sin 4y] 


> u + iv =- ili sinh4x a = į sinhx and cosix = coshx] 


} where fiz) = u + iv and z = x + ly 


r 
25 ti 4 ya ads cos 4y + LOSE y 
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Equating the real and imaginary parts, we get 
u = sinh4x cos 4y ee ve et (i 
and v= cosh4x sin 4y e et e (ii 


Partially differentiating equations (i) and (ii), w. r. to , 
and y respectively, we get 


A cosh4x cos 4y eee ase TT (iii) 


OX — | 
and » 24 sinh4x sin 4y eee eee vee l (iv) 
Again, ov = -4 sinh4x sin 4y eee us "e (v) 
ands =- 4 cosh4x cos 4y et je ses (vi) 

From (iil) and (vi), we get 

2u A E a hose (vii) 
From (iv) and (v), we get 

Qu Ov 

dy SS H TD Tm eee (viii) 


The above equations (vii) and (viii) show that the Cauchy- 
Riemann equations are satisfied for the given function 
HZ) = sinh4z. 


(vi). Given that 
(YA | 
fz) = x + ly 
"T x - iy 


NONE im i 
suse ay 
=u Y hr g 41 
Equating the real-and imaginary parts, we get 
x 


uiy T T ves (i) 


andv-- ^ 
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partially differentiating equations (I) and (il) w. r. to x and 
respectively, we gel í 
du „(x° +y’) | - x.2x f 
ax La + y» 
Qu, y^ -x 
xo un YT i b» ae (H1) 


and ^ =x. gr. ym x 2y 
du gilt, 
N En y! eue 2 tee (iv) 


-] 
Again, x = (-y) (x2 + yi" 2x 
OV, 2XY 
Tox (ryj cU va see (v). 


f» 


dy ( r+ yp ) = tee bor : l (vi) 
From (ili) and (vi), we get 
ðu ov 


ix “Sy ede w ^no — (vii) 
From (Iv) and (v), we get | | 

| u wv : 
eT ax n de 0t ode Ui 


The above equations (vit) and (viii) show that the Cauchy- 


Riemann equations are satisfied for the functions f(z) "xag 
(vil). Given that 
HS) = e¥(cos x + i sin x) 
SU + Iv = eY cos x *- le" sin x, where fiz) = u + iv 
Equating the real and HORNY T iae: we get 
u= € cos x et Sh 7210 
and v = ey sinx ai e w (it) 


i. — c 
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Partially differentiating equat 


y respectively, we get 
du 


—=--ey x 
ax eY sin 


and » =e COS X 
Again, a = e COS X 
ov 
z= Ø sin 
and Jy sin X 
From (iii) and (vi), we get 
Qu àv 
Ox “dy 
From (iv) and (v), we get 


dy ^ ox 
The above equations (vii) and 
Riemann equations are not 
f(z) = € (cos x + i sin x). 
(viii). Given that 
fiz) = eX(cos y + i sin y) 


ions (i) and (ii) w. r. to x anq 
(iii) 

(iv) 

(v) 


(vi) 
(vii) 


(viii) 


(viii), show that the Cauchy- 
satisfied for the function 


=u + iv = e cos y + ie* sin y, wher, f(z) = u + iv 
Equating the real and imaginary parts, we get 


u=e*cosy 
andv=e*siny 


(i) 
(ii) 


Partíally differentiating equation (i) and (ii) w. r. to x and 


y respectively, we get 


du 
gx = € cosy 
Q2. E 
an y^^ € sin y 
Again, Ov _ exsiny 


ov — 
and Jy SE sy 


(iii) 


(iv) 
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From (iii) and (vi), we get 
3v 


du ov 
dx “Sy "i a von (vii) 
From (iv) and (v), we get 
Qu d 
dy. ox tee T eee (viii) 


The above equations (vii) and (viii) show that the Cauchy- 


Riemann equations are satisfied for the given function 
fa) = & (cos y + i sin y) 


(ix). Given that 
fiz) = sin x coshy + 1 cos x sinhy 
>u + İv = sin x coshy + | cos x sin hy, where flz) = u + fv 
Equating the real and imaginary parts, we get, 
u = sin x coshy ee z z (1) 
and v= cos x sinhy en - ^" (11) 


Partially differentiating equations (i) and (1i) w. r. to x and 
yrespectively, we get 


SL. = Cos x coshy zm U U (111) 
and » - sin x sinhy e vee oe (iv) 
Again, ov --sinxsinhy  -- e "re. oon 
: and 2 =cosxcoshy  -- -— RP ce (vi) 
From (iii) and (vi) we get 
gu ES " * e (vii) 
From (iv) and (v), we get 
puso . aee i - (viii) 


The above equations (vii) and (viii) show that the Cauchy- 
‘mann equations are satisfied for the given function 
)* sin x coshy + i cos x sinhy. 
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(x). Given that 
fiz) = 2? 

= u + iv = (x + iy^, where f(z) = u + iv and Z = x + iy 

>u +iv=x?-y? +i.2xy 
Equating the real and imaginary parts, we ge 

u =x -y * T" T (i 
and v= 2xy eee «Ve E un (ii) 
Partially differentiating equations (i) and (ii) w. r. to x and 

y respectively, we get’ . 


bs [II] ii 
ax = 2x bee œe (iii) 

du . 
and dy =-2y T" sec T (iv) 
Again, Ov ay xi "AE iis: (v) 
and A = 2x eas ase ees (vi) 


| From (iii) and (vi), we get "i 
(0 9u dv 
ax "y Ms mA T (vii) 


From (iv) and (v), we get 
'" Qu Qv 
dy ^" Ox T" , ses "TT (viii) 
N The above equations (vii) and (viii) show that the Cauchy- 
y Riemann equations are satisfied for the given function 


fiz) = z?. 

(xi). Given that 

fz) = (2? - 2) e? 
= u + iv = ((x + iy)? - 2} ety) 

where flz) = u + iv and z = x + iy 

=U + iv = [x*-y? +i.2xy-Q) ex, ey - 
=U + iv = [(x? - y? - 2) + i.2xy] ex, [cos y -isin y] 
—u-*iv-e"[(x? - y? - 2) cos y + i.2xy cos y 

-L(x* - y? - 2) sin y - 2, 2xy sin yl 

-Su tiv =e - y? - 2) cos y + 2xy sin y) 

+ i[2xy cos y - (x2- y? K 2) sin yll 
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gquating the real and imaginary parts, we get 
=e TW -y* -2) cos y + 2xy sin y] 
andv=€" Pxycosy-@2-y?_9cnyo = 0. (ii) 


; oh whee ns (i) and (ii) w. r. to x anc 


A = "2x cos y + 2y sin y] 


—— — ü ) 


a E" - y? 2) cos y + 2xy sin y] 
23 7€ l2x-x* «y? +2) œsy+2y(l-x) siny] -- (iii) 


+ 2x sin y + 2xy cos y] 


du 

and 5, = eL - y* - 2) sin y - 2y cos y 
QU ET 

> gy = € l2x-x' +y? + 2) sin y + 2yfx- 1)cosy] -— (iv) 


ov. 
Again, 5.- = €“[2y cos y - 2x sin y] 
- e"[2xy cos y - (x? - y? - 2) sin y] 


^ = €"[2y(1 - x) cos y - (2x - x? + y? + 2) sin y] 
|-»x7-*'D2yx-1)csy«(Qx-x?«y?«2)siny] -— — (v) 
and = e*[2x cos y - 2xy sin y 
| - (x? - y? - 2) cos y + 2y sin y] 
BY enax-xheytezcoyemü-xsnyb - qe) 


From (iii) and (vi), we get 
du əv 
wE 
From (iv) and (v), we get 
sue eee eee eee (viii) 
The above equations (vii) and (viii) show that the Cauchy- 
‘mann are satisfied for the given function flz) = (z? - 2) e. 
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(vii) 


b. 
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(xii). Given that 
fiz) = e?(sin x - i cos x) 
—u-civ-e*sinx- ie cos x, where d = u + iv 
"me n the real and imaginary per we e 
zesinx spé wa ü 
m. v=-e’ COS X A s (ii! 
Partially differentiating equation (i) and (ii) w. r. to x 
and y respectively we get 


Bras. < 2 - 
and » =-e sinx e M a (iv) 
Aain, ov - esinx oe - - (v) 
and Ed = eY cos x t T T (vi) 


From (iii) and (vi), we get 
du _ ov 
dx oy 
From (iv) and (v), we get 
Qu v 
dy Ox 
.The above equations (vii) and (viii) show that the 
Cauchy-Riemann equations are satisfled for the function 
k fiz) = e7 (sin x - ï cos x). 


(vii) 


(viii) 


(xiii). Given that 
fiz) = z^ 
=u + iv = (x + iy)” where f(z) = u + iv 
= u + iv = (re!) . and z= x + iy 
= r” eind D 
=u iv <= r'(cos n0 + i sin 0) yzrsinO 
Equating the real and "^Zz-rCOSO0-irsin 0 
imaginary parts, we get "s = rícos 0 + 1 sin 0) 
= reto 
u = r" cos n6 e e. els (i) 
and v =r" sin n0 oM — wee (ii) 
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rtially differentiating equation (i) and (fi) w. r. to r and 
tively, we get 
Tae 


X nr'*! cos nÀ o i et (111) 
and A -nr" sin n vne - Zn (1v) 
again, a =n). sin n8 

ov n 
-rar =- Nnr" sin ng aos H sa (v) 
and S nr” cos n0 
aim =nr™! cos n0 e$» T dep (vi) 
From (iii) and (vi), we get 
Qu 19v 
jr "r36 sis E ‘ss (vil) 
From (iv) and (v), wwe get 
du ov 
3077 T3r- "T T d (vill) 


The above equations (vii) and (viii) show that the Canchy- 


Nemann equations are satisfied for the given function 
f) = z^. 


(xiv). Given that 
fiz) = (y? - 3x2y) + 16 - 3xy? + 2) 
> u + iv = (y? - 3x2y) + ip? - 3xy? + 2), where fiz) = u + iv 
Equating the real and imaginary parts, we get 
u -y?- 3xly S eds vas (1) 

and v=x -3x +2 sas rho W ee (it) 
an jrtially differentiating equations (i) and (if), w. r. to x 

Y respectively, we get 


X--6y ra 4 55 œ TT 


Egy g m ^ ^ (v) 
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(vi) 


~ 
Š 
5 
S 
M 
"s 
S, 


and J= im 
From (iii) and (vi), we get 
ou L.X (vii) 
ox dy 
From (iv) arid (v), we get 
di e 2 - ae (viii) 
oy -3x 


(viii) show that the Cauchy- 


The above equations (vii) and 
r the given function 


Riemann equations are satisfied fo 
fiz) = (y? - 3xby) + iG? - any? +2) 
(xv). Given that 
fiz =z+1 
=utiv=x-lyt+l 
—u-iv- (x^ 1)- ly 


where f(z) = u + N and z =X + iy 


(i) 


=>u=x+l 
, andv=-y (ii) 
| —3x^ (iii) 
l dv 
ax = ás is. d ^ (v) 
Qu 
and dy ^O (vi) 
ðv 
and 5 =- 
From equation (iii) and (vi), we get 
Qu , Ov CM 
ax *3y T eee ene (vii) 
‘From equation (iv) and (v), we get 
oy” ET x E e (viii) 


The above equations (vii) and (viii) skow that the SA 
Riemann equations are not satisfied for the given function 


f(z) 2z * l. 
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(xvi). Given that i 

f(z) = inz 
u + iv = Iníx + Sy) where fiz) s u + tv and z= x «fy 
a utive In Nx? + y! 4 | tan! 7 
gquating the real and Imaginary parts, we get 

us In Nx? + y 

su =; In (x? + y?) ss S n (1) 

and v = tan! Y t - ove (11) 


partially differentiating equations (i) and (If) w, r, to x and 


respectively, we get 
P du - 1 


ox 2'x^4 y x 2x 
a5 P toe T ove (111) 


im Y eee m eee (iv) 


dv E ale "T y 
ie o $ (v) 


dy 1l ] 

and =~ = x 
dy T7 x 
v x 


KT. sè s oe (111) 


From (ii!) and (vi), we get 
" ov 1 


du 5 cn (vit) 
ox “Oy “ee 

From (iv) and (v), we get 
du — v i. L (viii) 
dy = ax ee 


The above equations (vil) and (vill) show that the Cauchy- 
tja pan equations are satisfied for the given function 
Z, 
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Ex-2 d a function v such that flz) = u + iv 4 
= Ts 
analytic itin terms of 2, ifu = Sy + 2X  - Y - 3 


(ii) Prove that the function u = 2x(1 - y) is harmonic. Fin . 

a function v such that fiz) = u + iv is analytic. Express 1(2) ip 
fz. [NUH-1996, 2001, 2014 

) Prove that the function u = x? - 3xy + 3x -3y «i 
satisfies Laplace's equation and determine the corresponding 
regular on u + iv. [NUH-98, 02(Old), 06, 12(Old), 13) 
: Sbów that ux. y) -3xty + 2x?- y?-2y is a harmonie 
funcHoi Find a function v{x, y) such that u + iv is an analytic 


function. Hence express u + iv in terms of z = x + ly. 
[NUH-2002! 
(v) Prove that y = Inl(x - 1)? + (y - 2)?] is harmonic in every 
region which does not include the point (1, 2), find a function 
6 such that 6 + iy is analytic and express 6 + iy as a function 
of z. [NUH-2009, DUH-1990| 


(vi) Show that yíx. y) = 3 In(x? + y?) is a harmonic in the 


region C - (0, 0}. Find the harmonic conjugate of this function 


such that IZ) = 6 + iy is analytic and also find f{z) in terms of z. 
[DUH-1986, 2004] 


Solution : (i) Given that 
u = 3xZy + 2x2 - y? - 2y? m T eee . (i) 
Partially differentiating equation (i) w. r. to x and y 
respectively, we get 
OU - Gxy e 4x ses — eee (ii) 
du 
and dy = 3x? - 3y? -4y , eee eee eee (iil) 
We know € from the theorem on total differentiation 
ov 
dv 73x dx toy dy 
=->=— dx tx dy [oy Cauchy-Riemann equations as 


Qu 9v — Qu. | 
ox. dy and jy 7 ox 


A 
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DN) 9. 
dv == (Sx x 3y* ~ 4y)dx + (Gxy + 4x) dy 
adv = (3y* *4y - 3x") dx + (Gxy + 4x) dy 
Here equation (iv) is an exact, so 
integrating equation (iv) with the help of the integrals " 


Im dx + J lOnly those terms of N free from xj dy 


constant. of the exact differentia! equation M dx 4 N dy = " 
Sym L (3y? 4 Ay - 3x”) dx + fo dy ^ 


4 
av = Sx + Axy - A ec 
ave Bxy’ + Axy -x «c 
Again, from the method of Milne Thomson, we have 
fg)sujz.0)-1u07,0 + " S v) 
du 
where uj(x, y) = 3x = 6xy + 4x [by (ii)) 
ve uz, 0) = 6z.0 + 4z 
= u,(z, 0) = 4z 
du 
and wlx, y) = 5, = 3x* - 3y” - 4y [by DU) 
+ uz, 0) = 32 -0-0 
= wlz, 0) = 3z? 
Putting the values of u;(z, 0) and uzíz, 0) in equation f»). 
We get 
f(z) = 4z -1.32 


| Integrating, we get 
3iz? 


11 =F +0 


=> fiz) = 22 - iz? + ci. 


(li). Given that, u =2x1 -y ~ i D 
du oe (ii) 
ad = 2(1 -y) 
Pu i : xe (4ii) 
i 9 57520 pee 
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Qu T e » liv) 
and oy =- 2x 


(v) 


which shows that the given function u is a harmonic 
function. 
We know that from the theorem on total differentiation 


=- i dx 2 dy [by Cauchy-Riemann equations] 


:. dv = 2x dx + 2(1 - y) dy 
Integrating, we get 


v-2 cay - E)«« 

V= Ty W LG 

Again, given that 

fiz) =u + iv 
= 2x(1 - y) + I(x? + 2y - EN 

= f(z) = 2x - 2xy + ix?  2yi - ty? + ic 
= tx +19) epa - Day —y4) + 
= 2(x + iy) + I(x? + 2ixy + iy?) + ic 
= 2(x + iy) + I(x + ly? +ic 

<. fz) = 2z + iz? + ic 

which is the required result. 

lil). Given that 


A ok 3xy? + 3x? - 3y? + 1 
E - 3y? + 6x ode ees . gee (1) 


"V 


SP cerco T ves eee (ii) 
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du - 
And ay = 6xy-6y (iii) 
QU. ans 
=-6x-6 ror is “a (iv) 
Adding (ii) and (iv), we get 


which shows that the given function u satisfies the 
Laplace s equation. 


We are that ne the theorem on total differential 


A bem 


eE 


vS ie 
2dvz- Jy dx + 3x dy [by Cauchy-Riemann equations] 


= dv = (6xy + 6y) dx + (3x? - 3y? + 6x) dy [by (i) and (m) 
This above equation is exact, so on integrating 


v= on (6xy + 6y) dx + fi-3y3ay +c 


zy. S. 6yx- L +¢ 
v=3xy+ 6xy - y? +c 
Which is the conjugate function of u 
Again, by Milne Thomson method, we have 


f(z) = me 0) - ulz. 0) " E (v) 
where uix, y) = SH = 332 - Sy? + 6x [by (i)] 


“^ ulz, 0) = 322 - 0 + Gz 
-ui(z, 0) = "RE kn 


and ujfx, y) = $e = - 6xy - 6 
“wke, 0)=-0-0=0 
Putting the values of u,(z, 0) and uo(z, 0) in (v) we get - 
 fad- (322 4 62) -10 
STR = 322 462 


bi, - ss * 
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Integrating, we get 


É iv). Given that 
ulx, y) = 3y + 2x* - y! -2y 
= = gar 4x — "TT (1) 


(ii) 
And 3s = Sx? - By? -4y " QT ve (ifi 
(iv) 


Adding (ii) and (iv), we get 


Which shows that given function u(x, y) satisfies the 
Laplace's equation. Thus u(x, y) is a harmonic function. 


We know that from the theorem on total differentiation 


Qv ov 
dv = Jx dx *3y dy 


d d 
| =- Jy dx += dy [by Cauchy-Riemann equation] 


= dv = -(3x? - 3y? - 4y) dx + (6xy + 4x) dy [by (i) and (1ii)] 
=> dv = (3y? + 4y - 3x?) dx + (6xy + 4x) dy 
Since above is exact, so on integrating we get 


Vs Laa = 32) dx + Jordy +c 
= v= Sysceaxy -SE ue | 


=v = 3xy* + 4xy-x +C 
Which is the required conjugate function v(x, y) of u(x, y). 
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Aga, We know that Dy Milne Thomson method 
PE) = ilz. A ~ ice. Q 


ay 


iv) 
where uix, v) = ` = AY AN, oy (U 
ame. Q s 6S0 + 4: 
z» uj. Q = Az 
and why) = Me mE 92 gy 
swt A= SP-0-0 
a Ug, O) = 3? 
Putting the values of ule, 0) and use, 0) tà lv) we get 
rd = 4z- i32? 
Integrating, we get : 
mT- ec 
SUFI = fz) = 22?- tS Lc 
which is the required result, 
(v). Given that 


w= Inl(x - 1)? + ty - 2] 


S99... 1x2(x- 1) | 
X (x= 1)? «(y -2) "o VQ EA U 


3 lix 70? «(y = 2) 1 = (- x Sl < 1) 
zl lix 1)? «ty - 27]? | 
la md 
= fy » Ally - 2 p^ (x to y) ait NAA XN | (11) 
axt {x = 1)? «ty - 2)? | 
d 


2— 2(y-2) Â y " 
E (x-1) vy - 27 ui 


lx - 1)? + (y -27).1- (y - 2) x 2ty =a] 
"a zs aap + ly - 22 | 


.2(x-1?-(-2?7] . áo n i 
E: lix - 1) + ty - 27 (tv) 


b. 
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Adding tt) and (iv), we get 


which shows that the given function w(x, y) satisfies th, 
Laplaces equation. Thus y(x, y) Is a harmonic function in 
every region which does not include the point (1, 2). 

We know that from the theorem on total differentiation 


= dġ = _ ow dx + L aay [by Cauchy-Riemann equations] 


sale alte 


- 2) 2(x - 1) 
1 db «(y -28 9* x1 «y -JY 


Since above equation is exact. So on integrating, we get 


É 2(x - 1) 
= Jo dx J am RTF ey cupro 


LC M 
N Pint". 
=>o=-2(x- 1). (x - oy tan TTG 
069 an 6 


which is the required conjugate function 6 of y. 


Again, we know that by Milne Thomson method 
[See art.2.14(b)] 


f (z) = i[v,(z, 0) - valz. 0)] b. sag = (v) 
oy _ 2(x - 1) 
where vil Nex TR - cy cag 
2(z - 1) 

= vlz, 0) = *&-17 «4 ove P we (vil) 

2ly - 2) 
and voix, y) = ste (x - 1) + (y - 2) 

ds o= m PT 
-4 

$. valz, 0) = z- 16-44 eee eee xad f (vii) 
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putting the values of y (7. 0) and valz. 0) in N we get 


fij i| 80 
(z - eae al 


2(z - 1) 


fg =- "IZ rath 1? +4 
integrating, we get 


"d dium 


l 
*iln[(z- I? + 4] + e 
=- 2tan-! 2 


L iln[(z — 1)? + 4] + e 


-a| In {(z - 1)? + 4j - L tan-! Z- Sla 


sa|} nie- 1)? + 4) 41 tan-! 7. d 
= 21 In(2 + i(z- 1)] + c, 


157 


|: In (x + iy) = 5 In(x? + y?) + i tan-! 4 


= 21 In [2 + iz — i] + c, 
= 21 In [i(z - 1) + 2] 4 c, 


aall 1221]. 


= 21 [Ini + In(z — 1 —21)] + C 
= 2i In(z - 1 = 21) + 21 In1 +c; 
lz) = 21 In(z - 1 — 2i) + c; 
which is the required result. 
(vi). Gvien that 


Vix. y) = 5 Ini? «y? 


(i) 


(ii) 
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dy | 
E ARES œ ax - (ii 


ay D CU T B (iv) 


Which shows that the given function w(x, y) satisfies the 
Laplace's equation. 


Thus yí(x, y) is harmonic in the region C - {0, 0)) 
We know that from theorem on total differentiation 


d= 52 ax ay 


= dọ = sv dx ~2¥ dy [by Cauchy-Riemann equations] 
x 4 
nd. iu y dx- 5 dy [by (i) and (ul 
Since above equation is exact, so on integrating, we get 
= Jo dx - Í x 
? J xeconstant X7 + y Wire 
— taney 
= ddn E R +e 
^ $--tantZ 4c 


which is the required conjugate function of y. 
Again, we know by the Milne Thomson method 


[See Art-2.14(b)l 
f(z) = livuz. 0) - iv(z, 0)] i " (v) 


where vix, y) = 2v = y [by (i)] 
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^ viz, 0) = 7 0 - 
and vo(x, y). ab EN y [by (ii)] 
-. Voz, 0) = 


Putting the values of v,(z, 0) and valz. 0) in (v), we get 


f= i - Lo] 


Integrating, we get 


fiz) z-ilnz*c . 
ithe required result. | CA » 


: Determine which of the following functions u are 
onic. For each harmonic function find the Conjugate 


harmonic function v and express u + iv as an analytic 


. (v) 


function of z. 
u = 2xy + 3xy? - 2y? , d». u = Xe* cos y — ye* sin y 

(iii) u- e?» sin - y?) «| v) ucze*(xsiny -y cos y) 

E | © [NUH-2011] 

uzx'-y!-2xy-2x«3y (vi u=e%" cos 2xy 

(vii) u =2x- x + 3xy? (viii) up 

(ix) uszne «y? Ñ u-92xy«y!- Sy 

(xi .u=ecosy (xii) u = (x- 1? - 3xy? + 3y? 


(xiii) u = sin x coshy + 2 cos x sinhy + x? - y? + 4xy 
(xiv) u = e*((x? — y?) cos y + 2xy sin y} 
» (xv) u=-x9 +3 +2y+1 


Solution : (i) Given that 


u- 2xy + Sxy” - 2y? 


> 3x AM iss 2o | sae (i) 
3u. | dot : 
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du 
And Jy = 2x + 6x - BY” 
oid a =D 


Adding (ii) and (iii), we was 
a ien cat = 6x - 12y | 


Which shows that the given function u does not Satish, 
the Laplace’s equation. Thus it i is nu a harmonic functio on, 


(ii). Given that - 
u = xe* cos y - ye* sin y 


ou f ff p } l s» TP "a 
= Jy 7 Xe” cos y e cos y - eX y sin y N oni 
Pu . Pee Ten 
= 5,3 = xe cosy +etcosy+escosy-etysiny , vx, 
"d = Xe cos y + 2e* cos y - ey sin y 5.0 
du | WES es | 
And Jy - - xe* sin y - ye* cos y - e* sin y aaee UH 


U... ; 
= 79 =- Xe* cos y + ye* sin y - e* cos y - e* cosy 


dy 
As exe cosy+ye*siny-2e*cosy ++ (fy) 
Adding (ii) and a we get | 


which shows that the given function u satisfies the 
Laplace's equation. Thus u is harmonic. 


We know that from the theorem on total differentiation. 


ov Ov. 
dv = ox dx + oy dy 
Qu du 


ER dx T a Jx dy [by Oah Riemann equations] 


.dv- (xe* sin y  ye* cos y + e* sin y) dx 
+ (xe* cos y + e* cos y ~ exy sin y) dy. [by (i) and (i) 
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i Since above equation is exact, so on integrating, we get 


COS y + ex sin dom + Jo dy *c 


sin y + ey 
E =V=xe" Sin y + ey 


| v= (xe* Sin y + yex ; 
| S y=const 


av xe* sin y — ex COS y + eX sin y. tc 
COS y +e 

which is the required conjugate function v of u. 
jd Again, we know that from the 


Milne Thomson method 
| gie fs S ulz, 0) ^ luj(z, 0) : 


(v) 
| where u(x, y) = ae 
| = uk, y) = xe* cos y * e* cos y - ey sin y [" (i)] 
| « ulz, 0) = = Ze cos 0'+ & cos 0- =O sino 
Lo ati zh 
| 
| and uk, y) ES 
| = uox, y) = -[xe* sin y + t yel COS y + eX sin y] 
^. ulz, 0) =- y sin 0 + 0  esin oj 

L > uo(z, 0) = 

Putting the values of ulz, 0) and Ugl2, 9 in f, we get 
| R - (e «e)-i0 | 
| . Integrating, we get 
E fiz) = ze^- e + e | vœ E din E 
E ^fi) = ze nb leac em | : Wu l 
a Which is the required analytic function Ia) = =u t iv. 
| (iii). Given that 
| | u Z ey sin K? -y3 
1 ai = entry coss? - y) (2x) + ey ry) sin. ey" 
L Br: | a zi eor 
3 D LU ib costa? yJ - y sin: = y’) qun eins) 
| Pu 
: > z= 2e ?w [cos (x? -yJ 2x sin(x?— y?): . 
L fn 2xy a ~ 


yl- Aye? [x cos(x? S jl y.sin(x? - y”)] 


E Ce Analysis-1 1 
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Sse = e?x(2 cos(x? - y?) - 4x? sing y» 

- 4xy cos{x? - y?) - 4xy saad. y’) + Ay, sing? - y^) 
vE. c 2y [2 cos(x? - yi- A(x? - y?) sin? - y?) 

- 8xy cos(x? - -y 2] (ii) 
Again, 5 9u = e cos(x? - y) dek + adane. ) 

dy 

=> a = -2e?X/x sin(x? - y’) +y enel -y’)] - , ii) 


2 | Fa 
= = =- 2e?9x cos(x? - y?) 2y) + cos? -y9 
M" 2y? sin(x? - y?)] + Axe-2y [x sin(x? - y?) + y cos(x? -y?j 
Pu = e29 [-2 cos(x? - y?) + 4xy cosh -y) — | 


is dy 
- 4y? sin(x? - y?) + 4x? sin(x? - y?) + 4xy cos(x? — y3] 
E 2 = aL cost - y) «4t? -y)sinbà sy) ^ — 
| + 8xy cos(x? - y?)].. : . Qv) 
Adding (ii) and (iv), we get ” 
Pu Puy 
ox? t327 mE i 


Which shows that the given function u satisfies the 


Laplace's equation. Thus u is harmonic. 
We know that from the theorem on total differentiation. 


Ov. W 
. dy = ox dx Ta ay dy 
du du : LONE 
dv=- Jy dx tx dy [by Cauchy-Riemann equations] 


= dv = 2e?v[x sin(x? - y?) + y cos(x? - yjdx 
+ 2e?x[x cos(x? - y?) - y sin(x? - y7)] dy [by (i) and (iii)] 


Since above equation is exact, so on integrating, we get 

ve L aa a -yì +y cost? - y dx 
yzconstant , 

B +o dy +c 
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— J | e?X[2x sin(x? - y?) dx 
yszconstant . 


t [ e?x([2y cos(x? - yJ] dx +c 
y=constant i 


= 


f .. e?9[2x sin(x? - y?) dx + 2y[cos(x? - (s r 
y=constant 


" f Esine? - y?) (2x). É y des c, 
l y=constan 
sve f —. e?w[2x sin(x? - y?) dx - e29 cos(x? — M 
y=constant 


$ f S La sin(x? - y?) dx] + c 
y=constan ; 


VEEL cos? -yJ +c 


which is the required conjugate function v of u. 


Again, we know that from the Milne Thomson method 
f(g)-ujz,0)-iuyz, 0) . -- Wa pris (y) 

é a à 
where u(x, y) = l i 


=> ulk, y) = Met cos(x? - y) = y sin(x? - » [by Qu 
“wie, 0) = 2z kad i 


and Ua, "T A 


> Wax, y) =- deals sin(x? - y?) +y cos(x? - y?)] 
= ulz, 0) =- 2z sin Z 


Putting the values of uuz. 0) and us(z, 0) in (v), we get 


f < 99 cos.Z? — i(-2z sin z) 


df(z 
= s. 2z cos 22 + i2z sin z? 


d 
s B = az one + asin 


‘=> d{f(z)} = cos z? 22. dz +i. sin 2, 2zdz 


= dífiz)) = cos 2? d(z2) + i. sin z? di 
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Integrating, we get 
fiz) = sin Z2 - icos Z2 «c 
= f(z) = - je L c 
Which is the required — Wna f(z) =u + iv. 
(iv). Given that 


u -e"(x sin y -y cos y). 


du es U 

= Jz = € "sin y) - e*(x sin y - y cos y) 
du . : 

=>, =e*|sin y - x sin y + y cos y] z e (i) 
Tu . ! Ñ | 

dt e*(-sin y) - e*[sin y - x sin y + y cos yl 

505 e*[-sin y-siny+xsiny-y cos y] 

| 39 = e* xsiny-2 siny-y cosy] z e (iii) 
n * -e*[xcosy-cosy«ysiny  - tr, (iii) 


>se iani E y EOS E 


2 
= 3 = e*[2 sin y + y cos y - x sin y] zn « — (iv) 


Adding (ii) and (iv), we get 
Qu Pu 
vu +33 -0 
Which shows that the given function u satisfies Laplace's. 
equation. Thus u is a harmonic function. 
We know that from the theorem on total differentiation 


ov ov 
dv 23. dx +5. dy 


= dv =- uem +> dy [by Cauchy-Riemann equations] 
= dv =-e* [x cos y - cos y + y sin yldx 


+ cldn y - x sin y + y cós Mid iby (i) and (iii) 
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Since above equation is exact, so on integrating we get 
v= | - &*[x cos y - cos y + y sin yl dx + [Ody + c 
y=constant : 


=>v=-cosy [xe dx - fy sin y —cos y)dx +c 

= v = — cos y [-xe* + e*] - (y sin y - cos y)x + c 

z. v=- (1 - x)je™*.cos y -xly sin y - cos y)+e 

which is the required conjugate function v of u. 

Again, we know that from the Milne Thomson method: 
f(z) = ulz, 0) - ius(z, O) zn EL et (v) 


where, u(x, y) = ou 


=> uj(x, y = e*[sin y - x sin y + y cos y] [by (i)] 


' => ulz, O) = e*[sin O -z sin O + O' cos 0] 
= uit, o = | 
and uox, y) = 3y | 
= uo(x, y) = e*[x cos y - cos y + y'sin y] [by (ii) 
= u2lz, O) = e*[z cos O - cos 0 -- O sin 0] 
=> ulz, 0) = e* [z - 1] 


-. uo(z, 0) = (z - Nex 
Putting the values of u,(z, O) and ulz, O) in (v), we get 
a à (z) = O -i(z— lje 
. Integrating, id get | 
fiz) = - ilz- 1) Ce? + e +c 
—f(zz--i[fl-z-lle* 
=> f{z) = i(z - 2) e* 
which the required analytic function f(z) = u + iv. 


(v). Given that 
,uzx?-y?-2xy - 2x + 3y 


ou - œ 
hl x T Kew oem xe UE 
9?u EI Sn a? oe E (ii) 
ud "inca 
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and os «-2y-2x43 s ar — di) 
Qu ; 
i772 E RAR as | Pays (iv) 
Adding, (ii) and (iv), we get 
Pu Fue 
adtxi70 . 


which shows that the given function u satisfies the 
Laplace's equation. Thus u is harmonic. 


. We know that from the theorem on total differentiation 
ov 


dv 
dv 73, dx tay dy 
| , 9u. 0 l 
ədv=- Jy dx*3.dy [by Cauchy-Riemann equations] 
=> dv = (2x + 2y - 3) dx + (2x - 2y - 2) dy 
=> dv = 2x dx + 2y dx + 2x dy - 2y dy - 3 dx - 2 dy 
= dv = 2x dx + 2[y dx + x dy) - 2y dy - 3 dx - 2 dy 
= dv = 2x dx + 2d(xy) - 2y dy - 3 dx - 2 dy 
Integrating, we. get 

veaa 2 e 
n v=x +2xy -y -3x-2y +c 
which is the required conjugate function v of u. 
Again, we know that from the Milne Thomson method 

f()-uj(z,0)-iugz 0)  - Z — — (v) 
where u(x, y) = S 
-Łuk y) = 2x- 2y - 2 [by (il 
= uz, 0) = 2z-0-2 
= uj(z, 0) = 22 -2 
Qu 

and udis. y) = By 

=> Ud(x, y)  - 2y - 2x +3 [by (ii)] 

=> wlz, 0) 2-0-2z2432 3-22 
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Putting the values of u;(z, 0) and us(z, 0) in (v) 
f (2) = (2z - 2) - i(3 - 22) 
Integrating, we get 
272 ( 272 
f(z) SA ` az= i sn ij 


= 22-92z- Biz + iz? 
Hal = (1 + i) 27 - (81+ 2) z l 
which is the required analytic function f(z) = u + iv. 
(vi) Given that | 
| u = eX? cos 2xy 


= au = ey? (2x) cos 2xy + ex y (-sin 2xy) (2y) 
2m. 2eX" [x cos 2xy - y sin 2xy] e d (i) 


= a = 2eX»* [cos 2xy - x sin 2xy. (2y) - y cos 2xy (2y)l 
+ 2e? (2x). [x cos 2xy - y "e 2xyl 
=> eu = 2eX [cos 2xy - 2xy sin 2xy — 2y? cos 2xy 
+ 2x? cos 2xy - 2xy sin 2xy] 


2 : 
u 
—327 denr". [cos 2xy + 2(x? - y?) cos 2xy - 4xy sin 2xyl 


d 
Again, Jy = ex y^coy) cos 2xy + e°? (-sin 2xy) (2x) 
Ju l 
—3y^-2e*» ly cos 2xy + x sin 2xy] e 00m] (ii) 


Qu P 

—37-2e^ cy [y cos 2xy + x sin 2xy] 
" - 2eX "(cos 2xy - y sin 2xy (2x) + x cos 2xy (2x)] 
ay? 


= -2eX"-Y*9y? cos 2xy — 2xy sin 2xy 
+ cos 2xy - 2xy sin 2xy + 2x? cos 2xy] 
g- -2ex^ "(cos 2xy + 2(x? - y?) cos 2xy: 


—- 4xy sin 2xy] ose (iv) 
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Adding (ii) and (iv), we get 


Which shows .that the given function u satisfies the 
Laplace's equation. Thus u is a harmonic function. 


We know that from the theorem on total differentiation. 


wv. Ov 
dv = ox dx. ‘yy | | 
dü - du. | 
= dv =~ dy dx d 3x iy [by Cauchy-Riemann equations] 


> dv 2 28? [y cos 2xy + x sin 2xy] dx 
4 2e»? [x cos 2xy - y sin 2xy] dy 


Since above equation is exact, so on integrating, we get 
‘ne. » de [y cos 2xy +x sin 2xy] dx « [o dy + c 
. y "constant l E : 
>v=2 { ey y cos Oxy dx . 
y=const 1 
+2 or x sin 2xy dx + c 
y= =const 


. ii) ales T E [ ECKE sen 
yum y. - 


E eg diay [ee 
-const 


=e onst 


V < il 2f ey, x sin 2xy dx - 
. e ey xanduyde- tC 
REES, À 
—vy2ey sin 2xy +C. 
Which is the required conjugate function v of u. 
Again, we know that from the Milne T hoinson method 
fw -iwe m (v). 
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ou 
where, m y- xc 


= uj(x, y) = 2e- Y" [x cos oxy - y: sin oxy iby HIR 


=> ulz, 0) = 2 [z cos 0 - 0] 
'= uz, 0) = 2ze7 


| E: 
And uglx, y) = a 


=> uox, y) = er" 


= wz, i -2e [o «01 


. oz, Q) = 


Putting the values of u, (z, 0) and us(z, 0) i in cid, we e get 


fg) = dec 16 
=f (2 = 2ze"" 
= Rp eae 


=> dffla)} = €”. 2z dz 
5, dial = e? az?) 
nese we get 
fz) = e+e 
which is the required S function fz) = 
(vii). Given that ' 
u-2x- x? 3xy? 


—3x^2-3x43y?  . 
Qu 
>g D 


l Again, E =6xy . 
UM 
l oy 
Adding (ii) and (iv), we get 


ou Pu 
$370. 


E ~5 = 6x 


u + iv. 
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(i) 
(ii) 


(ii) 


(iv) 
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which shows that the given function u satisfies the 
Laplace's equation. Thus u is a harmonic function. 
. We know that from the theorem on total differentiation 
Qv ov 
dy.- 3 dX toy Y 


=> dos = ES dx T a a dy [by Cauchy-Riemann equations] 


= dv = - 6xy dx + (2- 3x2 + 90 dy 

= dv = - 6xy dx + 2dy - 3x? dy + 3y? dý 
— dv = - 3[x2 dy + 2xy dx] + 2d" + 3y* dy . 
> dv = - 3[x? dy + yd(x?)] + 2dy + 3y? dy 
=> dv = - 3d(x)y) + 2dy + 3y? dy 
Integrating, we get | 


vi- Sy «ay Sae 
=v=y'+2y-3xy+e 


. . . Which is the required conjugate function v of u. 
Again, we know that from the Milne Thomson method 


T (@) = uj(z, 0) - iuo(z, 0). si = vis (v) 
where uii y= ax | | 


= uj(x, y) = 2-3 + 3y? [by (i) 
uz 0) 22-32 «0 


< UZ, 0) = 2- 32: 
Qu . 
and Ua. y) = Jy 


=> us(x, y) = 6xy [by (iii)] 
` => us(z, 0) = 6z.0 (8 
= ulz, 0) =0 l 
Putting the values of u,(z, 0) and uo(z, 0).in (v), we get 
| f (2) = 2 = 322-10 : 
= fiz) = 2z- ec 
which is the required analytic function f(z). 
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(viii). E that 


u- uiu 
Qu 
aI yP 
du |-2xy | 
—9x (x2 (x? + y?)? 
au KOR L x28 + y’).2x] 
223 =-25] "a TE 
bf ey et aye ae) 
=-2y| -+y 
_ 2ytx? + y?) (8x? - y) 
Gc y?) 
Qu 2y(3-y?) 
“Ox B 


du (x?4y?).1- y.2y 
Again By D 


ou. xy 
oy Oe +P 
: 62 +y ay 
E: Sé «yh Eo? «y) - 269 -yÜ 
~ dy? _ (x + y?)4 
NN -2y(3x? - y?) 
I 
Adding (ii) and (iv), we get 
ae MT d 


which shows that the given function u ‘salisfies the 
Laplace’s equation. Thus u is harmonic. 


171 


(i) 


(ii) 


. (iii) 


(iv) 


We know that fróm the theorem on total differentiation 


-2 ov 


a T Ce 
= dv=- Jy dx + ax dy [by Cauchy-Riemann equations] 


m ya xi "$. 2 l E i i 
= dv = Ga y" dx- A dy [by (i) and (ii)] 
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Since above equation is exact, so on integrating, we get 
= . x2 


= 
v= lL dx - fo dy +c 
onstant yT i 


-f E x ty Ja 
varni DE T B Ta + py ETE 


2y? ] 


= c 
L const (x? + (2 + y? = J. -const X UT G 


3 | X 
= v | = p dx- zl 
~ Jyzconst (x? + yl y kad y TR 


Putting x = y tan 0 0 = tan! < = dx - y sec% do 


y sec?0 d6 1 E 
=>V= nl c Jian’ + yl y = tan! y*t 
- L l aX, 
y* sec^0 yum a 
2 
^y [cose dé "y tan! Cre 
l X 
-; Ja TT cum yee 
M. sin 20] 1, |x 
ELE 2 | yq 
E E) 2 tan | dnd. 
(y 2'1«tamol y^ y 
1 = x/y ML Í 
E: aÉ, ET: 
Ja ž "Texel — tan y 
EIE Es ae 
y y x Ky: Yi 3y 
X 
g*C 
~ x2 £y? 


‘which is the required conjugate furiction v.of u. 


Again, we know from the Mime Thomson method 


fg : wb, 0) - iul, 0) ee "NR. 
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Analytic Function 


gu 
where uj(x. y) = ds 


-2xy T 
= uix, v) = gy m [by {i)} 


>ul. 0) = 

d uox, y 
and ua. y) = dy 
xX =y? 


> uo(x, y) = Eey 


[by (ii)] 
7. ulz, 0) = TUE (2 + 0)? 
=> > alz, Ul 2-5 
Putting the values of u,(z, 0) and us(z, O) in (v) we get 
/ 2l 
f(z) =O-i. 25 
Integrating, we get 


f(z) ive 


-. ft) = => +e 


‘which is the required analytic function f(z) = u + iv. 


Alternative method 
We have l 
u + iv = f(z) 
=U + iv => +C 
i 
= x*iy*t 
seda 8 
(x + iy) (x - iy) * . 
"-—usiv Pun yl £C . 
l xX +y 


y 
Surveys + 
Py pto 


Te M 
"x +y 
Equating the imaginary poe we get | 


v= 0818 


Which is the required conjugate function v of u. - 


[v 
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(ix). Given that 


usi noe «y) 
dul ls 
Ox "Bete ag | 
| Qu X | 
OTI a EE ü 
.9u (E + y2.1-x.2x 
Ox wey? 
Qu y'-x*. 
C» (2 hay? EL ME. (i 
Qu ] 1 


I -—— oy x n A ove | eee wee (iii 
mor (x?  y2.1 - y.2y 
y? G^ «yp 
Qu x-y E 
23y? hay» wes l seg ic (iv) 
Adding (ii) and (iii), we get | 


ax tay? 0 


Which shows that the given function u satisfies the 
Laplace's equation. thus u is harmonic . 


We know that from the theorem on total differentiation 


dv ov 
dv =7 dx *3- ay dy 
du ,9u 
=> dv = = ay & tax dy [by Cauchy- -Riemann equations) 


ii dv =- adta dy [by (i) a (ii)] 
Since above equation is exact. So on integrating, we get 


| vec [ x 5 dx+ [Ody «c 
y x a 


=constantX + y 


=>V=- l am! Ž+e 
"Wy Roy 


-tarl Ze 
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Which is the required corijugate function v of u. | 
Again, we know that from the Milne Thomson method. 


f = ulz, 0) - i.us(z, 0) e zm (v) 


where, uj, (x, y) = Ox 


cux y= se by Ol 
ane O= 75 


l 
os uj, 0) =z 


and uoíx, y) = dy 


> U(x, y) = z œ y, [by (iii)] 


0 
= ulz, 0) = at 
J. u9(z, 0) =0 
Putting the ncn of u,(z, 0) and uo(z, 0) in (v), we get 


. fg- 7-10 


gei s 
Integrating, we get 

| fz-inz-«c 
Which is the required analytic inci f(z) = u + iv. 
(x). Given that i 


u = 2xy + y? - 3x’y 


du | 
PIE 2y - 6xy | "rw 2d | (i) 
Pu | | iw m 
| md laal = . TP vde ` (ii) . 
and ay = 2x + Sy? - 3x? UI dl : Qr (iii) 
= ğu | "E E | 
= ay? = l ses vde. | eee liv) 
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Adding (ii) and (iv), we get 
d"u ou 
dx? ay! 
Which shows that the given function u satisfies the 
Laplace's equation. Thus u is harmonic. i 


We know that from the theorem on total differentiation 


wy 
dv = x dx + Jy Y 


= dy = ~ UN + de P" dy [by Cauchy-Riemann equations] 


e 
dy 
= dv = (3x? - 3y? - 2x) dx + (2y - 6xy) dy [by (i) and (iii)) 


Since above equation is exact, so on integrating, we get 
"L nes 
ih -constant 


x 2y 


~ ayx - 2 up*y te 


Syer Most 
Which is the required conjugate function v of u. 


Again, we know that from the Milne Thomson method 
fg = uj(z, 0) - ius(z, 0) e om (v) 
Where u(x, y) = ax 
= U(x, y) = 2y - 6xy [by (i)] 
=> u,(z, 0)20- 0 
a et = 0 
and ul. y) = 
— whx, y) = 2x + 88, 3x? 
=> ulz, 0) = 2z + 0 - 32 
^. Ug(z, 0) = 2z - 3z? 


Putting the values of uil, 0) and up(z, 0) in N, we get. 


rial < 0 - i(2z - 322) 
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Integrating, we get | 
222 32 
Z) = a(z- 2 3 SIE 
- f = ilz -z +c 
Which is the required analytic function f(z) 
(xi). Given that 


u=e*cosy 
= e COS y 
ru - 
= a2 ~ COS y $ 
and m- -e* sin y 
Pd =- cosy 
Adding (i) and (ii), we get 


177 


=U + iv. 


(i) 
(ii) 
(iii) 


(iv) 


Which shows that the given function u satisfies the 


Laplace's equation. Thus u is harmonic. 


We know that from the theorem on total differentiation 


ov ov 
dv = -9x dx *3y d ly 


=dv=- Jy 


— dv = eX sin y dx + e* cos y dy [by (i) and (ii)] 


=> dv = d(e sin y) 
Integrating, we get 


v= e siny+ e 


ou ou 
dx Ta 3x dy [by Cauchy-Riemann equations] 


Which is the required conjugate function v of u. 


Again, we know that from the Milne Thomson method. 


f(z) = uz, 0) - iul, 0) 


Complex Analysis—12 


(v) 
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ou 
where wbx. y) = Des 


=> uj(x. y) = e* cos y ]by (i)] 
= u,(z, 0) = e? cos 0 
> ulz, 0) ze 
_ du 
and uox, y) E: dy 
= Ug(x, y) =- e siny [by (ml 
= ulz, 0) = -e? sin 0 
RA uo(z, 0) =0 
Putting the values of u,(z, 0) and us(z, 0) in (v) we get 
f (2) = e-10 
A f'(z ze 
Integrating, we get 
fiz) =e +¢ l 
which is the required analytic function f(z) = u + iv 
(zii) Given that 
w= (x- 1P - 3xy? + 3y? 
3u l 
= 5 = 3k- 1)? - 3y? E see = (i) 
—327 6(x = 1) E woe: one k (ii) 


and j;e- 6p y o eom (iii) 


2M! --6(x- 1) € | oes E . (iv) 


Which shows that the given function u satisfies the 
Laplace's equation. Thus u is a harmonic function. 
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Analytic Function -179 
We know that from the theorem on total differentiation 


_ Ov ov 
dv = ax dx Oy dy 
= dx + A dy [by Cauchy-Riemann equations] 
= dv = (6xy - 6y) dx + [3 - 1)? - y] dy [by (i) and (ii 


Since above equation is exact, so on integrating, we get 


v- f (xy - 6y) dx+ Jes? 3 dy +c 


> dy =— 


y=cons 
3 
Op ar +3y +c 


Ve 3xy- 6xy-y) +3y +c 
Which is the required conjugate function V of u. 


Again, we know that form the Milne Thomson method 
fz)-ujz0)-iuyz O0)  - - (v) 


Where uil, y) =53 
> ukk, y) = 3x - 1? - 3y? [by nl 
uj(z0)-23(-1?-0 
-. uuz, 0) = 3 - 1)? 
And uglx, y) S | . "o 
= uolx, am =- 6xy+ 6y [by (iii)] 
—uof(z, 0) = 
` Putting the values of uuz, 0) nd unl 0) in TM we get 
| rg = 3 - 1-10 
Integrating, we get 
\3 
f(z) = 361r +C 


= f(z) = (z+ 1j £c 


Which is the required analytic function nd = u + iv. 
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(xiii). Given that 
u = sin x coshy + 2 cos x sinhy + x? - y^ + 4Xy 


-$E Z cos x coshy - 2 sin x sinhy + 2x + 4y “= (i) 
= 5,2 = ~ sin x coshy - 2 cos x sinhy + 2 we 7 (ii) 
XC 
and 5, = sin x sinhy + 2 cos x coshy - 2y + 4x o = (lii) 
348 Sin x coshy + 2 cos x sinhy - 2 s+ 089 (iv) 
Adding, (i) and (ii), we get 
Pu Puo 
ax? ay? 


Which shows that the given function u satisfies the 
Laplace's equation. Thus u is harmonic. 
We know that from the theorem on total differentiation 
ov ov 
dv = 3x dx T dy dy 
ou du ' 

= dv =- Jy dx + 5x Y [by Cauchy-Riemann equations] 

= dv = - [sin x sinhy + 2 cos x coshy - 2y + 4x] dx 
+ [cos x coshy - 2 sin x sinhy + 2x + 4y]dy 


Since above equation is exact, so on integrating we get 


v=- | [sin x sinhy + 2 cos x coshy - 2y + 4x] dx 
y=constant 


+ fay dy +c 
4x? 
=v =-| -cos x sinhy + 2 sin x coshy - 2xy + 757 
+ ay? C 
9 t 
“v= cos x sinhy - 2 sin x coshy + 2xy - 2x? + 2y? + c 
Which is the required conjugate function v of u. 
Again, we know that from the Milne Thonson method 


f(z) = ulz. 0) - iua(z. 0) e e (v) 
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where uj(x, y) = a 
= u; kx, y) = cos x coshy - 2 sin x sinhy + 2x + 4y [by (i)] 
> u,(z, 0) = cos z coshO - 2 sin 0 sinhO + 2z + 4.0 
= uj(z, 0) = cos z + 2z 
and uox. y) = » 
=> uo(x, y) = sin x sinhy + 2 cos x coshy - 2y - 4x [by (iii)] 
=> uo(z, 0) = sin z sinhO + 2 cos z coshO - 0 + 4z 
= uo(z, 0) = 2 cos Z + 4z 
Putting the values of u,(z, 0) and us(z, 0) in (v), we get : 
f (z) = (cos z + 2z) - i(2 cos z + 42) | | 
= (1 - 2i) cos z + 2(1 - 202 
f(z) = (1 - 2i) [cos z + 2z] 
Integrating, we get 
fiz) = (1 - 2i) [sin z + 2] + c 
Which is the required analytic function f(z) = u + iv. 
(xiv). Given that 
u = e*[(x? — y?) cos y + 2xy sin y] 
> ou = e*[2x cos y + 2y sin y] - e?[(x? - y?) cos y + 2xy sin yl 
= e*[2x cos y + 2y sin y - (x? - y?) cos y - 2xy sin y] 


du 
“ay = (2x x? +y’) cos y + (2y - 2xy) siny) — - (i) 


Ju ! 
= 9x2 = eD - 2x) cos y - 2y sin y] 
- e*((2x - x? + y?) cos y + (2y - 2xy) sin y] 


9?u 
> 3 €"l2 - 2x - 2x + x? - y?) cos y + (2xy - 2y - 2y) sin y] 


Pu E | 
= gy = E*U2 - 4x + x? - y’) cos y + (2xy - 4y) siny] = (ii) 
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| Again, * = e*[(x? - y?) (-sin y) - 2y cos y 
T 2xy cos y + 2x Sin v 
2u 
>37" “x{(2x - x? + y?) siny + (2xy - 2y) cos y] - — (iti 


K "((2x - x? + y?) cos y + 2y sin y 
+ (2xy - 2y) (-sin y) + (2x - 2) cos y 
ra e*([(2x - x^ + y? + 2x - 2) cos y + (2y - 2xy + 2y) sin y 


siint Ux 478-2) cosy + (Ay -29 si y am (iv) 


Adding (i) and (ii), we get. 


Which shows that the given function u satisfies the 
Laplace's equation. Thus u is harmonic.. 
We know that from the theorem on total differentiation 


ov Qv 
dv = ox dx toy 


d d 
=- Sax tik 0 x dy [by Cauchy-Riemann equations] 


dy 
= - e[(2x - x? + y?) sin y + (2xy - 2y) cos y] dx 
+ €* [(2x - x2 + y?) cos y + (2y - 2xy) sin y] dy 
[by (i) and (iii)] 


' Since above equation is exact. So on integrating 


dy 


v=- | e*{(2x - x? +y’) sin y 
y=constant 
+ (2xy - 2y) cos y] dx + fo dy +c 
>v=- Í | ex - x? +y”) sin y dx 
s y-const 


-2f e*(x - 1)y cos y dx +c 
y=const 
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=- f e%(2x - x?) sin y dx - ex y? sin y dx 
y-const ` . Jy=const 
| - 2y cos y [x - 1) Lei - e?] + c 
- - sin y[-e?) (2x - x?) - [ces (2 - 2x) dx] + e* y? sin y 
| + 2y cos y [x- 1 + 1)e?] G 
- - sin yl(x? - 2x)e* + {(2 = 2x) Ce?) + 2e] 
| * €* y? sin y + 2xye* cos y +c 
= e*[(2x - x^ + y?) sin y - (2x - 2 + 2) sin y + 2xy cos y] +c 
-e*[(y?-x)siny-2xycosyl4c ` 
which is the required conjugate function v of u. 
Again, we know that from the Milne Thomson method 
f2) = ul, 0) - iul, 0) z z (v) 


where uj(x, y) = ax 


uix, y) = e*[(2x - x? + y?) cos y + (2y - 2xy) sin y] [by ()] 
=> uuz, 0) = e? [2z - z?] 


and uar. y) = dy 


=> uo(x, y) = e* [(2x - x? + y?) sin y + (2xy - 2y) cos y] [by (iii)] 
= ulz, 0) = e [0 + 0] 
-. uo(z, 0) = 0 
Putting the values of u, (z, 0) and us(z, 0) in (v), we get 
f (2) = e*(2z - z?) - 1.0 
Integrating, we get 
fla) = (22. - 22) cea- [e - 22) cea dz 
= (2 -22) e* + {(2 - 22) Ce) - fea Le dz) 

= (z? - 2z)'e + {(2 - 22) Ce*) - 2-6) +C 

= (22-22-2222) e?4c 
fiz) = z7 eL C 
Which is the required analytic function f(z) = u * iv. 


196-1 CamScanner 


184 - Complex Analysis 


(xv). Given that 
uz-x + añ + 2y +1 
. = -—À vs as u (i) 


né had. | = | g si (ii) 
and M ii 
av > 6xy +2. - I e (iii) 


2D. | 
a" " - m (iv) 


Adding (ii) and (iv), we get 
Qu. Qu 
ac *ay?° 
which shows that the given function u satisfies the 
Laplace's equation. Thus u is harmonic. 


We know that from the theorem on total differentiation 


29v W 
av "gy dx 3, dy 


=> dv=- » dx A dy [by Cauchy-Riemann equations] 
= dv =- (6xy-+ 2) dx + (-3x? + 3y?) dy 
. 2» dv = 2dx - 3ly + 2x dx + x? dy] + 3y? dy 
= dv = 2dx - 3[lyd(x2) + x? dy] + 3y? dy 
= dv = 2dx - 3d(x°y)  3y? dy 
Integrating, we get 


y? 


v 22x - 3x + ue 


s v22x-3xy +y c. 
Which is the required conjugate function v of u. | 
Aegain, we know that from the Milne Thomson method 


f@=uy@, O)-iuge0 - v (v) 


where ux, y) = au 


=> uj(x, y) = - 3x? + 3y?. [by (Ù) 
-un0--32 50 0 
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Qu 
and uo(x. y) = oy | 
= uar, y) = 6xy + 2 [by (iii)] 
= ulz, 0 2042 
-. ug, 0) = 
Putting the values of uj(z, 0) and us(z; 0) in (v) we get 


f(z) 2-32 -i-2 


r-a ec i Wn 


Also from it show that 


E x +52) 112]? = 4If(2?. ~ INUH-1997, 2001] 


Proof : We know that 


LAR o? o . , 
x tay -Agrgz [by Arte 2.16 (ut) 


of 
SEL ur dd - EG aP 


TORA 


‘z ud 
uo far? 


^x ` 
= E (t2) ^^. tar" [where f(z) =f (2)). 
ae z lifter’? +5 P pen CEO 


agi 2 nains. EO TD 


= ap| É (9)?! + fe) °F 2A "d à 


CamScanner 


186 


Complex Analysis 


= p! tta TG Tg FO 

-PATE o TN 

-piei ISIS t z= [zl?] 
. =p? Me) |"? [ft]? 


E n sr. Pim mg 
e X5 IE i (Proved) 


* 


Putting * ly we fet 
d N 
E a zp) mar | fle) |? m VN 


Ox 
= Lá "s [t2]? < 4|f t]? (Proved) 
ox? dy” 
Ex-24. If f(z) be an analytic function. Then prove that 
o? . 
) E a+ a") Ia? - 09 P u-a004(o!d), 2012 


(ii) ($a rel Ra = 2f] 


Proof (i): We know that ` 


2 . ge 
c + a) =4 x [by Art-2.16 (viii)] 


ee 2_ 2 
"(2*3 Lol ^x 3z a gm 


9? ao nt ee 
- ‘eat L-I 
4 HT LH =F 
=4 diia [f(z) qa | 
=42 TO | 
= Alf (2) f (3) 
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- Alf t) fa) [7 fi) < hell 
-4lftal" 


9? " 2- 2 
(ae +8) (nd aitea|?. Proved. 


(ii). Let f(z) = u + iv e e (i) 
-= Where u = = Rule and v = Imlf(2)] 


= f(z) 2 u - iv 

= f(z) =u-iv e e e (ii) 
Adding (i) and (ii), we get 
>. fig) + f(z) = 2u 

u =z lfa « 102] 
1 — 

= R [ft] = 5 f + fz] e e (iii) 
We know that e 


P s. X 
(a2 T 37) =A ar oz 
o? 


Q^. 9 Io | 2 IE 


2 


sä ches [ira +£@) 

-4.4 dx, ac lo +0]? 

Eai | | 
ae CES 3 2 deme pal 


o? à SEDET, uoa 
= oz Oz [(f(z) T f(z)} {f(z) + HET V Z) +Z =Z + Zo] 


2 s 2 
= lg TSH M zA 
2 —" | 
R [f(z) + ell 


d -— 
Yaz y He) + fT. 
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' o 
= A T [f(z) + f 
3 sa 
=5, 2f2 + f(z) TO 
- 9f az [ftz) - f (2)] 
= 2f (2) $ f (2) 


= 2f (2) To 
= 2\f (2) |? Ls = Ps 


ax? 


o? 32 . . 
A ta) Ri |?=2)"@)|2. (Proved) 


Ex-25. If u(x, y) is a harmonic function, then show that 


Proof : Since u(x, y) is a harmonic function, so that we 


have 


Again, Z - z = iy 
1 = 
=y =5;] 2-72 


oy l 
= ae 2i 


oy =) 
and 7791 


(i) 


e erne eine n eee erne r e EE es 


But we have — 


u - u(x, y) 
Qu ðu Ox Qu 


—— ba +5 — 


.9y . 
— 0z OX oz dy "oz [by chain rule] 
du dul Qu 1 


— ZI e— 


= 7z ox 


Ju PE 
> Ae 2 

Qa aM Ou 
az 2 


Ox 


Ox 


Analytic Function 


2*oy-2i PY i) and (iv)] 
l ðu 
4g 


1-] 


Differentiating partially equation (vi) w. r. to Z. 


‘u 
dz oz 


“Oe oz 


d 


“az 


m 
GEO 


i 


[by (iii and. T 


189 


(vi) | 


Ex-26. If w = f(z) = u + ivis anv f(z) # O and dx. y) is is 
any function having differential co- -efficient of first and. 
second order, then prove that 


ox? 


toy? 


3o LS -( 


ao | d 
du” 


ai) far | 
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. Proof : Given that 
w = fiz) -u- iv e "is MEZ (i) 
>W = f(z) = u-iv gs sss vi (ii) 


Adding (i) and (ii), we get 


w+w=2u 
=u=5 (ww) = "e ii (iii) 
Qu | : 
=> Sw 79 eee TT ... (iv) 
du 1 | 
> Bw 2 T" T TT l (v) 


Subtracting (ii) from (i), we get 
W - W = 2iv 
1 = : l 
—V75 (w - w) esi ise sss (vi) 


ðv 1 
>3w "3i T" gr vee (vii) _ 


ðv -l1 
35731 ^ au ds m (viii) 


But we have ~ 


f = f(u, v) 
of of ðu dL ðv f 
S xw Su ow OV Ow [by Chain rule] 
af Of 1, df 1 
> Ow. ðu 2 dv 2i 


LEE 
= Ow 2|0u ov 


[by (iii) and (vii)] 


5-2 Q0 » (ix) 
Sow 334710 v| 707 — * 


Again, 


of of Qu of "m 
EE M E [by chain rule] 
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Analytic Function 


of of P of 3 
=> jw 9u2 tov "vi 


$ sS 32 


nt. "38 = = ow ow 
Again, we have from Art-2.16 (viii) 
F a 9? 
axe TR ^ az oz 
_, 99. 4329. 
o Oy? = 4 3z oz 
9 19.9 
dw Ow ðw dw 


(2.1 p 
iz Zal F @) 
1 o? 


i f(z) fü dz OZ 


» 
L 


at rud. A 
ðwðw If (2) [292 dZ 


[by (v) and (viii)] 


[as Art-2.16 (vii)] 


KÑ f(z) = w > {=a 
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(x) 


(xi) 


(xii) 
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> — do 


= Ow ow Ife If]? 0z 
4,29 1 07 


toy oN i : ^k 


duos | P9 
MUT SA: e 


fol "ue -  — (xiii) 


From (xii) and (xiii), we get 
do 9 , e. 
ox? dy? ^ 3w dw 

2 2 2 

A [e BY 

Iro]? 


Ifo]? 


ax? * oy? ^ dw aw T B (xiv) 
From (xi) and (xiv), we get 
E ; 2- 1 ES =] 
g 9 
du ov Ife f 117 ox? dy” 


$9 Po (9e 3X 
SR "i (à m 2j à ar Proved. 
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EXERCISE-2 
Quiz Questions 
Part-A (Brief Questions) 


1. Define differentiability of a complex function. 
Ans : Art-2.1 | 
2. Define analytic function ata point. 
- [NUH-2005, 2009, 2012] 
Ans : Art-2.4(a) 
3. Define of Analytic function. [NUH-2006, 2013] . 
Ans : Art-2.4. (b) | B 
4. Define of Entire function. 
Ans : Art-2.4. (c) 
5. What is singularity of a complex function? 


Ans : Art-2.5 
6. What is Laplacian? Write down the paplite equation in 
Polar form of complex number. [NUH-2013] 


Ans : Art-2.6(a) 


.7. What are the Laplace's equations in two dimension. 


Ans : Art-2.6. (b) 


8. Define of Harmonic function. Give an exams of 
harmonic function .— [NUH-2013] 


Ans : Art-2.6.(C) 
9. Define conjugate harmonic function of.a harmonic 


function - lanza 2012, 2014] 
Ans : Art-2.6. (D) | 
10. What are Cauchy-Riemann equations : ..  [NUH-2012] 
Ans : Art-2.7 | I a | 
11. State the necessary conditions for f): ‘to be: analytic. 
. Ans : Art-2.8(a) . 
12. State the sufficient conditions for f(z) to be Te 
DV Ans : : Art-2. 8(b) 


18. Show that the real and imaginary parts "T an analytic 


. function are harmonic functions. ^" [NUH-2001] 


Complex Analvsis-14 
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Part-B (Short Questions) 


Determine which of the following function u are 
harmonic. For each harmonic function find the 


conjugate harmonic function v. 


] us eY cosh? -y) 
2. u= cosxcoshy 

3. us 4xy+x+] 

4. us x'-exy'« y! 
9. u= cosxsinhy. 

6. u= 3xly-y)«4 

7, u= &-I v Mx. y 

8. u= x!-3xy +y 


9. u= e*siny | 
10. Iff(z) isa regular function of z, then show that 
(so "a |fz)|? = 4|f'(2]?. [NUH-2012] 
1l. State and prove the necessary conditions for a complex 
function to be analytic. [NUH-2001(Old), 2012] 
12. Show that Cauchy-Riemann equation in polar form are 


x =i z and -— [NUH-1997, 2014] 


13. Prove.that every differentiable function is continuous. 
14. Prove that any analytic function with constant modulus 
. isconstant. — | 


15. Let fiz) = [z|?, show that fiz) is continuous in the whole 
complex. plane but is not differentiable in C except 


origin. - | =, INUH(Old)-2004] 
16. Prove that f(z) - z is continuous everywhere but not 


differentiable except at the origin. ^  [NUH-2007| 
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State and prove the Cauchy-Riemann equation in polar 
form. [NUH-2010, 2012(Old)} 


Show that the function f(z) = 15 analytic atz = 1 + i. 


Show that an analytic function with constant modulus 
is constant. [NUH-20] 1] 


*  Part-C (Broad Questions) 


Prove that w = f(z) = u(x, y) + iv(x, y) is a analytic function 
l age QU 

in a given region iff ax oy and dy = 3x 

Prove that the analyticity of a function at a point implies 

that the continuity of the function at the point. 


Give an example to show that the converse is not 
necessarily true. [NUH-2014] 


State the necessary and sufficient conditions for a 
functions f(z) to be analytic in a region. [NUH-1996] 


Show that Cauchy-Riemann equation in polar form are 


à lə ð la | 
Or roo tar rae: [NUH-1997, 2003] 


Find the necessary and sufficient conditions for f(z) to be 
regular. Here z = x + iy, x and y both are real. [NUH-1998] 


Define an analytic function. State and prove the 


necessary conditions for f(z) to be analytic. 


. [NUH-2000, 2012(Old)] 
_ x3(1 + i) -y?l - i) i 
= —H y 
and f(0) - O is not analytic at the origin although it 
satisfies the Cauchy-Riemann equations at the origin. 


[NUH-2011] 


Show that the, function f(z) z#0 
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State and prove a set of sufficient conditions for < 
function to be analytic in a region. [NUH-2001| 


What do you mean by saying that a complex function (i) jg 
differentiable at 29? (ii) is analytic at zo? State and prove 
necessary conditions for f(z) to be analytic at zo. Show 
that the function f(z) = |z|? is differentiable at 
z = 0, but not analytic at that point. [NUH-2009) 
Determine which of the following function v are 
harmonic. For each harmonic function find the 
conjugate harmonic function u and express u + iv an 
analytic function. 


(i) | y= Bxy2 + Ay? Lx) (ii) v=e(xsiny +y cos y) 


X 
(i) Y < eA" sn2xy (iv) vo 


x+y 
(v) . v< anc (vi) v= 3x°y - xy - y? 


| (vii) v = cos x sinhy - 2 sin x coshy + 2xy - 2x? + Dy? 


_ (viii) v= e% [(y? - x’) sin y + 2xy cos y] 


11. 


(ix) v= 2y- 3xy «y? 


If f(z) be an analytic function, then prove that 


2 2 
8) (atap) far enia? ifa | 


and hence show that 


|? 2 . 
(jat v ita^ -era| 19 


(ii) (mre y IR. fi} "= nln - | Re[f(z)] | ? ifi? 


and.hence show that . 


Z 232: T 
(zate) stat nifi 
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14. 


15. 


16. 


D g y WNB 
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If f(z) is an analytic function such that r (z) + 0, then 
2 2 


d d 
prove that (a2 + y in if (2)| = 


Determine which of the following function u are 
harmonic. For each harmonic function find the 
conjugate harmonic function v and express u + iv as an 
analytic function of z. 


(i) u=e*(xksiny-ycos y) [NUH-2011] 
(ii) u=x8- Pad + 3x2 = 3y?4+1 [NUH-2012(Old)] 
(iii) u(x, y) = x? - y2 + 2e* sin y. |. [NUH-2012] 


Prove that y = In[(x — 1)? + (y - 27] is harmonic in every 
region which does not include the point (1, 2), find a 
function $ such that + iy is analytic and express 6 + iy 
as a function of z.. | [NUH-2009, DUH-1990] 
Find a function v such that f(z) = u + iv is aes and 
express it in terms of z, if u = 3x?y + 2x? - y? - 2y?. 
[NUMSc(Pre)-1995] 
Prove that, if f(z) is differentiable at a point, then it is 
continuous there. But the converse is not necessarily 
true. [NUH-2014] 


ANSWER-2 
Part-B (Short Questions) 
v =e sin(x? - y3; f(z) = -je 
v =- sin x sinhy; f(z) = cos z 
v=- 2x? + 2y? + y; f(z) 2z- 2iz2 
v = 4xy(x? - y?); fz) = | 
v =- sin x coshy : fiz) --isinz 
v = 3xy? - x3; fiz) =-iz8 ` 
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Part-C (Broad Questions) 


1O(i vis not harmonic. 
(ii) u= e'ix cos y - y siny); fiz) = ze 
(iii) ^ use?» cos 2xy; fiz) 2e 
(v) uss: N =; 
() usg In? «y? fle) = tr 
(vi). u=x -3xy? - 3x? + 3y^ fiz) = 23 - 322 
(vii) u = sin x coshy + 2 cos x sinhy + x? - y? + Axy; 
fz) = (1 - 2i) [z2 + sin 2] 
(viii) u=e*{(x2-y?) cos y - 2xy sin y]; f(z) = z2 ez 
| (ix) u = 2x - x3 + 3xy?; fiz) = 2z - 23 
13() v= e*(1 - x) cosy, IZ) =- ize* 
(ii) ^ uis not harmonic. | 


(iii)  v2-2xy-2e*cosy, fiz) =z? + 2ie* 
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C PTER-3 
COMPLEX INTEGRATION 


3.1. Line integration over rectifiable curves : 
Here, first we have to know that what is rectifiable curve. 


Let us consider the equations of the arc of a plane curve be 
x =(t) and y = w(t), where a «t < b. 

Now we subdivide the interval [a, b] into n subintervals by 
points to, ti. t», ---, t, and let po, pi. Po, =» p, be the points on the 
curve corresponding to these values of t. The length of the 
polygonal line popip» --- p, is the sum of the lines Popi, pip». 
P2P3: ^^: Pn-1Pn- 

Let Zo. Z1, Za, es Zn be the points on the arc which 
correspond to the values to, tı; t». ond tn 


then the opm of the polygorral arc PoPiP2 ` Pn 


cÀ lAr tel 


"a 


= > | + iy) - (x; + NU) 
r=l l 
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CHAPTER-3 
COMPLEX INTEGRATION 


3.1. Line integration over rectifiable curves : 

Here, first we have to know that what is rectifiable curve. 

Let us consider the equations of the arc of a plane curve be 
x = Olt) and y = w(t), where a < t < b. 

Now we subdivide the interval [a, b] into n subintervals by 
points to. ti. to. =, t, and let po. pi. Da, ^ Pn be the points on the 
curve corresponding to these values of t. The length of the 
polygonal line PoPiP2 ** Pn is the sum of the lines PoP1. P1P2: 
popa. ^7 Pn-1Pn- 

Let Zo. Z1. Z2. ***+ Zn be the points on the arc which 


correspond to the values to. tis te, 7 Us. 


then the length of the polygonal arc popiP2 ` Pn 


n 
=>) |z- Zl 
rl 
n 
= > [6 + ty) 708a + Y] 
rl 
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3.3. Theorem : 


If w(t) be a complex valued function, which is Integrapi. 
la. b], then € On 


| f w(t) dt} < f. | w(t) | dt 


Proof : In the closed interval [a, b]. Let a < b then it is clea 


` 


that the value of f w(t) dt is non-zero. 
Let the value of the integral 
S 10 
Í w(t) dt 2 ro e? 
a (i) 
1 b 
T = z0 j w(t) dt 


— OG - 
e ŘŘĖĖ 
a 


-i09 " 
>To =e w(t) dt 
a 


T f P TH wit) dt (i) 
. We have | Rele“° wit)] | < Je??w(t)| Ee HR] < |z|] | 
| 
= |e] | wit)| | 
< 1. | wit) | 
- [Rele w(t] | < | wit) | (iii) 


Since ro is a real positive number, the real part of ro will be 
itself. Which implies that 
b -i9 
Iro] = I Rele” ° w(t)] dt | 
d | 


b 
= Jro] < f Rele" w(9)| at 


b 
ll s lL lwg) at toy ti) 


: b 
= [ro e*o| < f | w(t) | dt 
a 


f w(t) dt 


b 
< f | w(t) | dt [by (i)] [Hence proved] 


Complex Integration 


203 
Similarly, we can prove the inequality 


| N w(t) dt 


3.4. The winding number : 


s f | wtt) | at. 


[NUH-04, 08, 09, 20 12(Old)) 
Definition : Let y be a closed path in the complex plane € 


and let z be a point, which does not lie on the path y. Then the 
winding number or (the index) of y with respect to z indicates 
how many time y winds around the point z. and is given by 


l l f 
A | M — dw, which is denoted by ny. z). 


l 
—z dw. 


l 
-. nly, z) = Oni f - 


Note :(i) n(y, z) will be positive of y winds 
counterclockwise around z. 


Z 


(ii) n(y, z) will be negative if y winds clockwise around Z. 
(iii) n(y, z) will be zero if z lies outside y. 
Example : 


T *Z| n(y, z) = 1 
nly. zı) 2 O 
Y nly, Z) 2- 1 
nY, zi) =O 

e Zi 

nly, Z) - 2 

D nY. zı) = 1 

nly, Zo) zo 

"2 


i the winding number : 
Hot Eget [NUH-2004, 2008, 2009, 2012(O1d)] 
ame initial 
(a) Let y; and yo be closed paths having the same initia 
points, then 
ü) n(y,..22-nCwv.2.vV2ze€m 
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(ii) ny; + Y2. Z) = n(yi. Z) + nwa, 2. V Z € Yı U y3. 


(b) Let y, and y2 be 

n(y;. z) = n(ya. Z), 

3.4.2. Theorem : 
that V z æ y. then 


homotopic closed paths in C 


7 (a. The 
h 


y zE yi U Y2- 


l dw 


= a an integer. 
nly. 2) = 241 Q WEG 8 


Proof : Let y be a differentiable function. We defin, 
complex valued function F(t) on [O. 1] by F(0 : [O, 1] — c, where 


niic. 2: 
W= J, yal —z x 
=> F(0) = 0 " T m W 

eL yw 

. dw 
F1) = E an e. ess (iii) 
| [by putting w = (uj 
1 

dw dw [by the definition of contour integral] 


‘Jy W-Z Jow-Zz 


Also, we have 
a, d. 
F(t) — y(t) — z (iv) 


where O<t<1 
Let us consider the derivative of the function 
e-F [y(t) — z] 


d 
^at eTO (y(t) — z) 
= eT [Y (t)] + [eFt e F(t) {y(t) — z)] 


= e Y(t) — F^(t) tv(t) — z}] 


= em| f — y(t) — 
Y (t) YT — z} Y (0 - z} | [by (iv)] 


If y be a closed path and z be a Point | 
Such 


C 
omplex Integration 
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^ jc P9 ty) = Zi = 0 
teg! ating., We get 
er (t) - z} =A, 
T ru where A is an integrat 
s" _z= Ae "(0 ating constant. 
since Y is a closed path, so we have (v) 
y(0) = y(1) 
putting L = O and t = 1 in (v), we get (vi) 
y0 - 2 = Aef 
a (1) - 2 = Ae" C 
Again. {i-z = Aer) " í + (vii) [by (vil 
From (vii) and (viii), we get Z n (viii) 
AeFO = AeFU) 
= eF(0) = eF) 
LS eFO « e2nik = EFM L e2nik = 1] 
FP M ism where k is any integer 
« F(1) = F(O) + 2nik 
dw 
e E. -— a [by (ii) and (ii) 
=> 2nik aw 
w-Z 
[Hence Proved] 


= 
i k= E — 
Note : (i) Let y be a clo 


dw 
v is continuous function of z 
Y Ts Z 


(ii) Let y be a closed path. let 5 be 


sed path. Then for z € y. the function 


Z— 
a connected set not 


inte dw œ 
rsecting y. Then the function zZz > E at is constant for 
Y 


zin 8. 


If 8 is unbounded, then this constant is zero. 


1 


206 Complex Analysis 


(i) Jordan arc : A curve or 
arc C is called a Jordan arc or 
(Simple curve) if it does not 
intersect itself, that is z(t,) * 

Z(t;) if ty Ft, 7 te fa, b], as 
shown in adjacent figure. 

(ii) Jordan curve : A closed curve 
is said to be simple closed curve or 
Jordan curve if z(t;) = z(t;) > t; = t2- 

y te la. b] as shown in adjacent 
figure. 

Note : If the curve intersect 
itself but not closed is called a 
non-simple curve. as shown in 
figure. F 

(iii) Smooth arc : A smooth arc C is one for which ZI is 
continuous. 

(iv) Contour : A Contour is an arc consisting of a finite 
number of connected smooth arcs. That is a contour is a piece 
wise smooth arc. when the initial and the terminal points ofa 
curve coincides then ít is called simple closed contour. 

(v) Jordan Contour: A simple closed contour is called a 
Jordan Contour. 

(vi) Contour integral : Let f(z) be a piece wise continuous 
function defined on a contour y = x(t) + iy(t), a < t < b. Then the 
integral of f(z) along y = y(t) is defined 


b , , 
[ a= f f(y(t)) y(t) dt: where z = y(t) = dz = Y (0 & 
Y a 


it is 


3.5. Some Basic Definition : 
| 


In general it depends on ti(z) and the contour y. Thus 
really a line integral in the xy plane. 

(vii) Simply and Multiply connected domains : 

A domain D is said to be simply connected if every simpl 
closed contour in D contains only the points of D. 


Co 


set of interior points to a simpl 207 
e 


point^ of a circle or an iann curve and a set of 

"m una io" domains. hama or à rectangle are 

TZ 3 is also simply connected imate infinite strip 
^ domain which is not 

" wtiply connected domain. 


The annular region between two conc 
multiply connected domain. ncentric circles is a 
Note ; [he annular domain iz - 1 E zl " 3 
connected. but the domain {z : 1 < |z| a | is multiply 
simply connected. » Rez) € (1, 3)) is 


si 
mply connected is called 


(viii) Jordan curve theorem : 
wo regions cae dies. en babies curve divides into 
region which is bounded [that is. if i the: prone A ire 

] : points satisfy the 

inequality |z| < M, where M is some positive constant] is 
called the interior or inside of the curve, while the other 
region is called the exterior or outside of the curve 

(ix) Connected region : A region is said to be connected 
region if any two points of the region R can be connected by a 
curve which lies entirely within the region. 

(x) ML-Inequality : Let f(z) be continuous function on à 
contour C. Then 


| f. f(z) dz 


Where L is the length of C and Mi 
|ftz)| on C. 

(xi) Entire function : 
finite region of a complex P 
Integral function. 

The functions e. sin Z, COS 


An entire function can be repre 
which has an infinite radius of convergen 
Power series has an infinite radius 9 
represents an entire function. 


< ML 


s an upper bound for 


A function which is analytic in every 


lane iS called an Entire function or 


z are entire functions. 

sented by a Taylor series 
ce. Conversely if a 
f convergence it 


| 
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(xii) Meromorphic function : A function which is analyy, 

ite complex plane except a finite numbe 

T 


every where in the fin 
: function. 


of poles ts called a Meromorphic 
( is meromor ; 
en Phic in the 


œ " , "ecc L r - 
Such as tan 7, cot Zs Aa Ze and COBELy are 


entire complex plane. 
all meromorphic functions. 


`Z hic function in the entire comple, 


à l 
(b) 7 is a meromorp 


plane. 


(c) The function ain, is meromorphic in the entire 


complex plane. The only singularities are simple poles a, 
z=nn, {n=0,+ 1, +2, --} 

Note :(1) By definition every analytic function is 
meromorphic but the converse is not true. 

(2) A meromorphic function does not have essential 
singularity. 

(xiii) Cauchy's Inequality : If f(z) is analytic inside and on 
a circle C of radius r and centre at z = a, then 


M 
| (a) | e. 0-0 1.2, 8, 


where M is a constant such that |f(z)| < M. 

3.6. Different types of singularities :[NUH-2008, 2011] 

We recall that a point zo is said to be a singular point or 
singularity of f(z) if f(z) is not differentiable at Zo but it is 
analytic at some point in every neighbourhood of Zo. If the 
function f(z) is differentiable at every point of a domain except 
at a finite number of exceptional points the function f(z) is 
Said to be analytic in the domain. Then these exceptional 


points at which f(z) does not exist are called singularities of 
the function f(z). 


Singularities are divided into two types : 
(1) Isolated singularity. 
(2) Nonisolated singularity. 
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Isolated singularity : A point zo is said to be 
singularity of a function fz) i 
neighbourhood of zo tz 
ğa) is analytic. 


an isolated 
there exists a deleted 
: 0 « [g- Zal < Š} in which the function 


As for example : (a) The function fiz) = S : 2 has an isolated 
singularity at the point z 


= 2, since fiz) is analytic in the open 
discO < |z-2| <R R»O. 


l 
(b) The function g(z) = (z-1 z- 3j has an isolated 


singularity at the points z = 1 and z = 2; since g(z) is analytic in 
the annular domain 1 < |z} <2. 


Non-Isolated Singularity : A singularity which is not 
isolated is called non-isolated singularity. 


As for example : (a) The function fiz) = inz, has a non- 


isolated singularity at the point z = O. But (-<, O] is the set of 
all nonisolated singularities of the function f(z). 
. . l l 
(b) The function g(z) = sin(1/z where z = nx > He I. [the set 
of integers] has the singular points, while O is the non- 


isolated singularity since each neighbounhood of origin 
contains a singularity. 


But the isolated singularity are divided into three types : 
(1) Removable singularity 


(2) Pole and (3) Essential singularity. 


If Za is an isolated singularity of the function flz) then in 
some deleted neighborhood of za the function HZ) is analytic 
and hence its Laurent expansion exists as 


oo 
a) a. 
R= >, shore Sci dile 
n=0 
_ Sy € a 
(z - Zp)" 
The first series on the right hand side of the above Laurent 
expansion is the Regular part [Called Taylor series], While = 
series with negative powers of (Z — zo) is called the doran 
Part. Here, R is the distance from zo to the nearest "me 
of f(z) other than zo. If Z is an only singular point, then | 


.0« |z- zol <R 


Complex Analysis—14 


^ 
— — Zl 4 
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Removable singularity : im some SW 9s 
isolated singularity Zo of a fonemen Aala he 
expansion of f(z) has no principal put o is Calle 
removable singularity. — 

As for example : (a) The function f(z) = 77-7, Which ts 
undefined at z = 0. But it has a removable singularity atz. 
due to the absence of the principal part in its Laurent 
expansion 
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Uren; 
da 


sin Z 
o ERE 
l z = z d O< Izl <œ 
-e is TAM , | | 
z^ 6 
f=1-i5 tip + ^*^ 


Also, we have Lt = ], then the above series 
z—0 s 
converges to 1 at z= O and the function f(z) becomes analytic at 
this point. 
2 
-1 
(b) The function f(z) = ECT 1 has removable singularity at 


2 
M 
<_—_ = 2. Which is finite that is f(z) exists 


z= 1, because Lt 
z— 1 

every where in the complex plane. 

Note : If Lt f(z) exists finitely, then Z = Zp is a removable 

Z— Zo 

singularity. 

Pole : [NUH-2003, 2006] 

If, in the Laurent expansion of the function f(z) has some 
deleted neighbourhood of zo, the principal part contains 2 
finite number of terms then the singularity zo is called 
a pole. 

In the Laurent expansion, we have 


fiz) = IZ — n _ a-m . 
P Zo) + 2. GAS 


If am * O and 9-(m«1) = Agn+2) = =- = O. 


Then the point Zo is called a pole of order m of f(z). If m = A 
then Zo is called simple pole or pole of order 1. 
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> z? is 
As for example : (a) The function flz) >. has a simple 


at z - 2. 
pole l) 


(b) The function fiz) "IM 


has a pole of order 2 or double 
pole at 2 = l. 

(c) The function fla) = x has a pole of order 3 or triple 
pole at 2 = 2. 


(d) The function fiz) = ——,—. has two simple poles at 


+z+2 


MICI 


(e) The function flz) = ——*—; has a simple pole at z = 1 Ina. 


Essential Singularity : If the principal part of the 
Laurent expansion of a function f(z) in some deleted 
neighbourhood of Zo contains infinitely many terms, then zo 
is called an essential singularity of f(z). 

As for example : The function flz) = e'/* has an essential 


singularity at z = O since 
l 1 l l 
Iz. L MÀ... 
e Du sus" di A ,O« |z| «. 
l 
Singularity at infinity : If we put z = ņ in HZ). we obtain the 
new function F(w). Then the nature of the singularity at z = æ 


is defined to be the same as the singularity of F(w) at w = 0. 
As for example : The function flz) = z? has a pole of order 3 


at z = æ, since Fiw) = -s . has a pole of order 3 at w = 0. 


3.7. Some Selected Theorem : 


(a) Cauchy-Goursat theorem : 
Statement : If a function fiz) is analytic in a domain D, 


then f fiz) dz = O, for every simple closed contour C in D. 


We prove this above theorem in three stages. 


(1) Domain is a triangle in the Complex plane. 
(2) Domain is any convex polygon in the complex plane. 


(3) Domain is any simple open connected set. 


BEEN UN 


Q4 T reme: da t af f h )b ne ina ac lomai | 
Sinne: tris . Let aa be the basa of the tri ria; 
a ais > * f Bae: 


taire 1 "2 E» § 


Me) dz = 0 


p 

ViProsf:: Let: x, y, z be the vertices of Aitand x’, de. 
ia of the sides [yz], [zx] and [xy] respectively. v 
| the midpoints of the sides, then we get the four cong d "n 
$ triangles. Let us consider the triangles AT KR ms KS LA ^ 
are formed by the ordered triplets (x. z.: y) CUN Zy, ru 
(x. Y. z’) as shown in figure- l 


t E 


Since the integrals for the sides of the triangle (x', y', z) 
being in opposite direction, cancel out in pairs. We have 
(dA denotes the boundary of A) 


~$ f dz = yay P d + ite ae f. n - i We 
Taking modulus on both sides, we get 
$ fo) a4 = | "LL L. poaz E 
| n L. f(z) dz + $ is fu) di 
=> lL f(z) a < DN f(z) a + he f(z) az| + | bao adi. 
* L. f) az| : of e E wal r 


NI TT. 


VU quii mos edu CON 


the pen 


X 
Ea integra ^on 


wr. "m ra G 
"NS n E > so L - 
Jo abia ii, 


Further, we subdivide the triangle A; as before on select a 


triangle A9 of subdivision with | 
$ made omae] - 0-0 c 0 
“0A, 9^9 


-From (2) and (3), we get í 


IL fle) az| <42 |f. ft) a^ 2 xL. .. BN 


If we continue this process, we get a sequence of triangles 
Aj Aa, s Such that --- A2 C A, C A and 


r f(z) dz < 4n n=1, 2,3, e (5) 


Now, let l be the mM of the boundary of A, then the path 
h l 


= 
9^, has the length lı = 5 , the path ms has the length l = 4 


| etc. Clearly, the length of 9A, is |, = 3 l i NE (6) 
Let zo be the point that belongs to each of above these 
| triangles. But given that f(z) to be analytic at zo, for every € > O, 
38» 0, such that 
f(z) — f(zo) 
pa) = vo) 2 Í dco — f (Zo) 
| => | f(z) - fzo) — Z — zo) f (Zo) | «€ |z-zo|.whenever -- (7) 


< €, whenever |z-2o| <5 


Iz-2zo| <3 
Hence >. Afta) - fzo - (z — Zo) f'(zg)] dz 


7% f(z) dz - L fzo) dz 


- 


rp. zo facie Loo d sii 


be analytic in D\{a} and continuous on D. Then L fiz) dz C 


, heorem we conclt 
rft TY f ^X. 5 
'Cauchvs t a K gros ! 


mehr hand eof (ae L | 
HE j 


aY T 


So, we can write 


m. ft) az| = | $s, Fite) fale tae -zo Fa a 


Y. 


Œ | f(z) — fizo) - (Z - Zo) f'(zo) | lan. 


< $ e |z-zol |dz| bym — j | 
dg, U 


when n is so large, then A, C (z : |z -al < 8). Us n; 
inequality, we can write | VON 


| b f(z) dz 


«e in. In=e In? Yves E 


Using (6) and (9). we get from (5) 
Boge 
IN dz «4^ eza! 


= |$ az| <e l—>O0Oase 50 
But |$ f) dz «o 

SIE flz) dz - 

=> $ fla) dz = o 


Hence proved the theorem. 


2nd stage : Statement : Let D is a convex open set. Let fl 


where C is a simple closed:.contour contained in 
domain D. 


f 
ESL. o RE G a 
R point z of the de k 
pe defined as | 


: 2 a 
Fiz) = L fs) ds 


Zo be any arbitrary but fixed point in die domain D. If 


Let 
zo lies in D. as shown in 


Ze D, 


figure- 
Using (i) we can write 


Fo) = [^09 ds 


From (i) and (ii) we get 
F(z) - Fo) = | f ds- [^n az 


F(z) - F(Zo) = i fis) ds + T f(z) dz 
a Zo 


e by the proof of 1st stage 


the triangle with vertices a, Z, 


(ii) 


But we hav 


r f(z) dz = O 
=|. ft) dz + [°° f(z). dz + L na dz - 0 


d nada s+ L wo L f(z) dz 


RT e T nace f, n 


= L fls) ds + L- fis) ds = fis f(s) ds "mu 


en A 
U j 


at: 


Ç QE - no 


E Zo. 


_, F2 - Fleo) =e) = 


T" 2-29 


L ELEM fed = 5 TT If) - flc] ds 


Taking modulus on both sides, we get 


dash fzo) -|x L te) - fo) "n ^ 
Fla) = Flea) _ fzo) *Tz- CO lna fab Id]. 
*1z- m T 
[as f is continuous | f(s) - fed E 
1 
P a 
= E€ | 
, F0 60 fizo) « e when IZ zo] «9 


when Z > Zo, then F"'(zo) = f(zo) 
| ! | —F'(zz-f(2.VzeD 


So, f(z has an antiderivative, then by the 
theorem, we can write 


mine 


L f(z) dz= 0. Hence proved the theorem. 


[Let a function f(z) is continuous in a domain I Di 
féllbwing Brewmente are T 


4 4 (z) has antiderivative F(z inp 
fay V l) " 1 T 

4» integrals of f(z) between any two ux 
endent of path. ee 
T (c) The integral of f(z) along every 
J | | 
3rd stage : Statement : Let f(z) be analytic ina a 


p. Then b f(z) dz = O, where C is the simple closed contour 
ntained in the domain. 
co 


N -— 


‘a 
"c 


closed contour in D i " 


b 


proof : Let C be the simple closed curve in D. Let us 
construct a closed polygon P in D, with vertices, Zi Z2, Za, ---. Zn 


2 79 and each U = 1. 2. ---, n) lying on C. as shown in figure- 
ZO =Zn " z 
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Pu RUP Pis 
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r LPT DP gn 
WEN WEN wA 
4 3 4 X xn 
AEN Me NL, 
du ai UR VUA 
Z WOW ANON A, 
2 P ac o 
OIN NUN NU 
APA ntl LI £e 
EE A E UR 5 
OA S Sd Cz 
PSP OES eine T 
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PN a uhi SEE 
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By the condition, f(z) is analytic within and on C and " 9 
hence every ze C. 3a6»0 such that f(z) is analytic on the 
closed disc |z — Zo| < 8. Thus, f(z) is analytic on a closed set 
D; C D. Where D, contains all the closed discs. Moreover f(z) : 

l O an 
uniformly continuous on D,.-S0 that for given a= 


sufficiently large n, we have 


€ “=. 3,- n 
|flz) - Heul «2; "= 1? 


d lis the 
where z is on the line segment [Zk-1* zl an 
boundary of C. 

Further, 

n N 

= dz 

$ t2 az = pn L f(z) 

k=1 k-1 


ms da j 


= 
= N l Aen 
L^. 7 *1 < , i k ; 
indin n ia 


2-1 


me i a xg ia- -ftagl dz 2 


Zk-1 
that if f(z) iS analytic 


But we know RR 1ain 
continuous on D. Then 
undary of a plane tria 


Where af is the m bo 
contained in D. 
From (1) and (2). we get 


rn n z 
2 tea te al Z. [ K ed ail de 
k-1 *?k-1 


ou modulus on both sides, we get 


» = * Ted - fz) dz 


5 f(zy) [zx — Zi] 
k-1 


- I If — flz)| dz] " 
= Zk-—] 5 t 


n 
DI evl [zx Zel 
k=] 


n 
P evl [Zk — zii 


2r. dz - Lt d & 
(2) and (3), we get | " 


cee 
pat |$, ad «0 
-l$ f(z) az =O 


= f fæ dz = 0 
Hence proved the theorem. 
(b) Cauchy's Theorem : ! [NUH-2004 2009 2011] 
Statement : If f(z) is analytic function of z and f'(z) is 
continuous at each point within and on a closed contour C, 


then > fiz) dz = O. 
- L 
Proof : Yo prove this theorem we have to apply the green's 2 d 
theorem and the Cauchy-Riemann equations. 2 
Green's theorem states that if P(x, y), Q(x, y). s 231 2g E | 
us functions within a domain D and if C is any 


all continuo 
closed contour in D, then 


esos - [[(B-E)me i @ 
D 


Again, the Cauchy-Riemann equations state that if 


fiz) = u(x, y) + iv(x, y) is analytic, then i m P 
au _w d ðu d ov m (2) 1 
ax gy PC gy — Ox 


/ we 2- d 4 yoke 


iri c Fo 
=> dzz dx + idy f. Poss "Sa "T. 
| Now, b fiz) dz = b E cM ) (dx ag hy © and a) 


e 


-$ u dx + iv dx + iu dy- v dy | sft H 

=f udx- vdy+i $ vdxeudy. s i | 
|o messe m 

SLA gy) axdy +i JJ (se 3x) dx dy 0 yy a 

MEE 0 dx dy | i 


of f(z) dz = O. Hence Proved the theorem. 


(c) Cauchy’s Integral Formula : 
[NUH-2004, 2004(Old), 2005, 2006, 2007, 201204) 


Statement : If f(z) is. analytic within and on a closed 
contour C and if ‘a’ is any point within C. then 
s | Hel 
| 4a = 22. 
| i Proof : Let us draw a circle C, with radius r and centro at 
'a' which lies entirely within C 


C 


J A» dens En | 
$. Z--a GZ X sis ! 3 > m 
where C and C, are traversed in the ant clock R T 


direction. 
ET. i x a- f, die L nic? spi 1a og 
Sv PUN a L cie KL TEO d D 
. Since r is the radius "E. ais the EP of the circle Cı, So 


that the equation of the circle C, is 
lz-a| =r 
—z-a-ré?,whenOsx0sx2n 
—z2a-re? 
— dz = rie? dé 
=> |dz| = | rie? dO | 
= |r| lil lel 100) 
*[dz| 2rde Í- ji] = 1 and leal = 1] 


Now $. Eau 


2n 1 
= À Rs rie? do 
[6] reo 


2n 
=i do 
0 
-i[e] 
= i[21 - 0] = 2ni. 
1 
pigs dac ni 
From (1) and (2). we get (8771 wt fx 


D uo NECEM 
$. z-a dz — f(a). 2ni L Gy r a ufi nao THEE 


=€ [2nx-O0]- 27e 
103 az — 2ni fa) | «2e —Oase 90 


io dz — 2ni nal <0 
C 


But | $ itz) a dz — 2ni nal xO 


$ RCM = dz - 2ni pr 
Eo 


= > fü 4 dz - 2ni fla) = 
C 


z- 
f 
=> 2ni fla = $ ta dz 
f 
<. fla) = =55 j.z 2. 4 dz. Hence T the theorem. - 


(d) Cauchy's Integral formula for the derivative e 
an analytic function : [NUH-2003, 2! 


Statement : If a function f(z) is analytic in a “ior 
then its derivative of ws point z = a of D is also ana tic 3 
and is given by f(a) = f(z) dz Wh C is 2 M 

ni c (z= a)? ` ere = 
contour in D surrounding the point z = a. 


Co 


Co 


Sy 


-— 


ien by Cauchy negra formal weh 


* Md f(z) dz 
fla) = 2ni 4 z-a C 
œ f(z) dz : 
and fla + h) = xi E d AH | Sb nes o (2) 


Substracting (1) ac (2), we get 


i fiz dz 1 f nal az 
fla + h) de a cZ-a-h 2mijec z-a 


EP esae oni Lshp zr | na az 


E Z-a-Ztath 
= Sri $. IER ath |ia ae 


ON T AIE, ooa, 
2520. (z— a - h) (z - aj Hl dz 
{fla + h) — f(a) 1 
h 725i $. Veri h) (z - aj 2 dz 
f(a + h) - f(a) f(z) dz 


— Lt — Pe EE n a E S E 
S o0 h hoo ^ $. (z—-a-Hh)íz-a) 


—f(a)75- i$. De Hence proved the theorem. 


(e) Cauchy's Integral formula for the higher order 
derivative of an analytic function : 
Statement : If a function f(z) is analytic in a region D, 
then f(z) has at any point z = a of D, derivative of all order, all 
of which are again analytic function in D. Then their values 
are given by 
f(z) dz 
ral 725 $ iz ain 
where C is any closed contour in D surrounding the point 
Z=a. 
Proof : We know that the Cauchy's Integral formula is 


1 f(z) dz y TS ws 1 
fla) = oni T z—a | =% 


"E TN >. 
m. 


ui 


E» Aa ' jn 4 n for ` ‘a’ in (1), we get t = 
l EN Z= a -H ix 
), we get 


œ Substracting (1) from (2 


: 1 1 T T lnd a 
P L [aon zaj E. 
1 h | 
= fla +h) - fa) =z j. (za - h) (z- aj Hel dz 


h) - f(a) _ _ f(z) dz 
Sti anf, Ra NRT 
f(a + h) — fla) lof ti 2h dz 
=> Lt = = LL 2ni Jc (z - a- h) (z- a) 
h0 h—0 : 
1 f(z) dz. = S EK | 
= fla) = oni L (z — a)” 
Again, replacing ‘a + h’ for ‘a’ in (3), we get l 
1 f(z) dz | 
Fa *h) 72.1 b Du at n = sa 4) 
Substracting (3) from (4), we get 


1 1 
f(a + h) - f(a) = meat. m f(z) dz 


— L 3 2 | F " 
= f'(a +h) - f(a) = sh IZ al - (z ~a - h)’ Hel de 


(z — a - h}? (z - a)? K 

= f(a +h) — f'(a) sj em d 

-zuf (Z-a+z-a- h) @-a-z+arh) fd - 

| PEL Jc -a-h z-a) 2 
| SPR Pa = g Jis 91 bL < bie) dz M 


Xu C (z= 25-— h)? (z x a)? 


Bessere [2(z — a) — h] f(z) dz 

2ni Jc (za — h)? (z — a)? 
C YUM f(a'* h)- f(aj- lop I26-2)- ner 
o 25i $- (z-a- LU -A 


— 
JH 


po: ^ 
E c (z- 3 
f(z)dz ERU 
“(a) = = s z-a)? T PI MA. m 
sit raor Hail 
gquations (3) and (5) show that the ma 
Tw eorem is true 
nzlandn=2. eec 
pet us consider that the theorem be true for n = m. 


e [m f(z) dz 
fa) = oni c (Z anr e EJ s (6) 


E f(z) d 
Ta + h) = 2ni $. ia ae ee ee ase (7) : y 


x Substracting (6) from (7), we get l H z w: | 4 


P A 


SUA 


Pa +h) - f(a) = 22 L) 1 


1 
Qri (z-—a—h)™1 CERE f(z) dz 


“2ni $ f(z) s E L 
C 8 GS alm) {1 e zu (z a) 1 


-m gp . f(z) | wap 
2ni J. (2—a)™*1||1~ z-a -1|dz i 


-m L f(z) 


^ 2mi (z—2a)ym-*! 


m Neo 


m +1) (m+2) h? 
i2 ‘gap tile 
=, Ma + h) - f(a) _ im opo  f(z— EE 
h “2ni Jc (z- amr [z- a , 
(m + 1) (m + 2?* h ru 
ES I2 (z-ay ja A 


l = rt fla + h) - mma) a um f(z) de 


= Oni 9$. (z - a)m*! 
E hoo h h-02H J8 c (z- a)" 


m , Un + 1) (m + 2)h : 
" pa idenéid A] 


- 


m ww a = 
ae — 
"n K^ K E 


f(z) 
eel c (z- pu 


EOM EE Z 
Mi (Z alm »X- 


Which shows that the theorem is true for n 2 m +1. _ 
JJ Xf we put m = 2, 3, 4, ---, then we see that the theo m 
forn = 3, 4, 5, 6, --- that is, we conclude that the theo em is. 
for any positive CE ri 


Thus we can write 


in f(z) dz 


Ma) = 5zi " (z- aj Hence Proved the theorem, 


(f) Fundamental theorem of algebra : 

Statement : Any polynomial P(z) = ao + aıZ + agz? + ..., 
anz”, (a, * O) of degree n (n = 1) has at least one zero. That is, 
there exists one point Za in the complex such that P(zj) = 0. 

Proof : Let P(z) = ag + az + agz? + --- + a,z", a, * Oand n21. 
Let us assume that P(z) has no zero in the complex pes that 
is, P(z) + O for all z. 


Let us consider es new function, such that 
Q(z) = "Pi asa ae a (1) 


Since P(z) is a polynomial of degree n, so it is a non- 
constant entire function. Which is analytic on the whole 
complex plane. 


Now, we can write 


an. | AME: Ue 1 T 
P = + n-l ge n "EN US ao + 
(z) = az (s eL daas a. A s EZ 
By tbs: 5 
n T $ 2 
= P(z) (1 + Z + Z. aie 2e - 


Bere. we see that ha is large when |z| is largoi 
2 


E = Ñ FETL 


T b l E k X c id RES -— Eis 
E. L AS e 1221| -y0 as |z| >. sé us : 
‘which follows that there is a number R > 0 
joo! «11€ Iz] >R Exo J 

But Q(z) is continuous and is bounded in |z| < R. Thus we 
conclude that Q(z) is bounded everywhere. 

So that, by Liouville’s theorem Q(z) must be constant. It 
follows that P(z) is constant. Which contradicts our . 
assumption. that is there exists a point zo in which P(Zo) = oO. 
Hence the theorem is proved. 

(3) Liouville's theorem : [NUH-2004(Old), 2011] 

Statement : If a function f(z) is analytic for all finite 
| values of z and is bounded, f(z) is constant. 

OR 
' A bounded entire function is constant. 


— 


| Proof : Let z; and zz be two points of the z-plane. Let us 
choose the closed contour C to be a large circle of radius R 
centred at origin and containing the points z, and Z5. 
Therefore, we have |z| =R, |zi| « Rand |z| « R. 
Also as f(z) is bounded there exists a positive constant M, 
such that |f(z)| < M, for all z in the complex plane. 


Then by Cauchy's integral formula, we have 


1 f(z) dz 
HZ1 = Oni b P ey vine ake : (1) 
f(z) dz = d ke. 2) 


and fla) = i T z-z 
Substracting (2) from (1), we get | 
l 1 
f(z;) — f(Z2) -2h f (z5- z= 1) sa 


1 E ME 
- 2ni Jc EE Fig za) pe 


si Curzi 
=> fz) - Heal = 2:4 (z - ee 


R 


"D. E 
V 
"t 


E aking modulu sE E < 
F es ERE E | be TI, i | s 
ned - Hed m L (z - S (z - Z2 [E zb 


2ni 
psi L |z- ^ | - m e 
1 


Iz —22]M 
ame, 


cage rage Z, | ie Con Z| 
na z) | <Mand | 


gi al vcram 
L Het œ Se, TTS 


-7l = Vail = a 
=> Boo lnzalM g a un 
x: R 


CE FN , get 


orem Hr 
= filz) - fizə) = 0 | cR 
: > fz) = He) ^ i "i rg 


z= 


every closed contour C in the domain D. $ f(z) dz = O, then f(z) 
c 
is analytic within D. 


inside the domain D, then by antiderivative theorem the 


value of the integral ie f(z) dz is independent of the curve 
Z 
[6] s 


joining zo to Z and is a function of the upper limit z. 


— — 


“But Iten- nel) Pr 


= which shows that f(z) has the same value at the poma 
zı and Z = z2. So we conclude that f(z) is constant. _ 


(h) Morera's theorem : | [NUH-2003] 


Statement : If f(z) is continuous in a domain D and if for : 


Proof : Let zo be a fixed point and z is a variable point 


Therefore, we can write 


F(z) = f ft) dt a & Cs (1) 


0 
Taking the variable of integrae as t. 


= F(z +h) = ag Y dt " . 1 
Substracting (1) from (2), we get 
z+h Z 
BG HA Ei Í ft) dt — f f(t) dt 
Zo Zo 
z+h Zo 
= Fi +h)- Fe) = Í qo at + f f(t) dt 
Zo IZ 


LI 


z«h 
= Fee +h) - Fw) < [| f(t) dt < ^ 


aes Ay Se ee 1 
= E 7 e ? E P 


MH. 


=i 
eis D - 


FO gj-l[^"'mo-modat -— 


As f(t) is continuous at z, therefore ve» 0,38» 0.: I 
^— |Rf()-f(|«e- |t-z] <5. Now. let us: chosen ct 
|h| <5, so that the relation |f(t) - f(2]| < € is satisfied for Or ev 
point t on the line segment joining z to Z + h. r 

Now taking modulus on both sides of (4), we get 


F 
| F(z + h) — F(z) 1 (zh 4 
| BE [Ee t DIE) qo zz [^ qu - ft at 
| B |t) - f2] at ^ 
Hu z+h Me us - 
eur) e |dt| | 
mE z*h 
= Th] [Itl]; 
E 


lzeh-z| Lle als Jal - izl 


.|F +h) - F) $ 
2 h = <e>Oast>0 


put F2 +h) - Fe) 


-no| O 


F(z + h) - F 
O r9 lo 
; F(z-h)-F 
i PETA 


ZR = S 13 
va v down 

T- CE 7 bns | y won "a 
1 ) "A 
eos de that F’(z) exists for all values Pe Rw ence | 
J F(z) is analytic in D. Also we know that the derivative of an 
analytic function is analytic. So F'(z) = f(z) is analytic in D. 

Hence the theorem is proved. 

Note : This theorem is converse of Cauchy' s Goursat 
theorem. 


(i) Taylor’s torem : [NUH-2008, 2009, 2012(Old)] 
Statement : If f(z) is analytic inside a circle C with centre 
at ‘a’, then for all z inside C. 


hi 


f^(a) f^" (a) 
(2 i3 

Proof : Let z be any point inside the circle C. Let us draw a 

circle C, with centre at ‘a’ containing z. Then by Cauchy's 


integral formula, we have 


f(z) = ES fw) daw ate we e (1) 


f(z) = fla) + f(a) (z ^a) + 


(z-a)* + (z - a)? + 


APO — a) — (2 + a) 
1 


> roO eem E 
(w -a {1 - (25) 
ee. h +a y -a NS 
UN — a w-atlw-a] *iw-a 
x29 VY wu. xm 1 
T ISO L n TW a E 
i w- 


[by actual division] 


ho udo una re a)? z-a? T" 
7w-z w-a (w- jm Ce aj (w- WM 


Fe ees W 7:8] Wm 


TL w 
ror Bi fo, no» 


UI roe da nor aig: Gayl e m 
n ss N esa EN m 


E f i f ‘(a) f ^ a) 3 E 
= HZ) = fla) + e-a (z-a)? < i2 i: (z- a7 2 
Be fn-1(a) 
- + (z-a) “= a 
[by the cauchy's integral formula for nth derivative 
| in f(z) | 
| PO) oni 3. (z - ay az] 


| Ld z-aYy f(w) 


Taking modulus on both sides of (4), we get 
NT z-aY f(w). 
E RAS vp aY 


—aY f(w) 
—aJ (w -z) 


" f(w) 


Iw-z 


[Un | 


STORM es 


=o R 


CENE ES SEINE 


| dw | [by Art-3.3] 


| | dw] 


-g | 1 
Ie 


[as |f(w)| < M, where M is a constant and = —a 


It is clear that in figure— |z-aļ < |w- 


n f ————— [ 
+ @ Mies S I 
s m "s B e T u * 


p SK 
Em ut — = "RN 
2 [Un *2nl|w-al - Iz-a[) $. Idw| 1 
l EO YM eo EN 
ee ae ER 
=> |Un| 2m (ri — |z- al) e Idw| |. | 
S'S) DSPONENS * nere n 


P TU ca 
put we have |w-a| =r; E 
—w-a-rneS0s0son. . OE 
| Jr "3093 irar cO NN 


—» W-a-tr,j elo l 
! K ne o mort , 


=> dw = rji e? do 
=> |dw| = lri e? do| i i es 
= |dw| =r, dO [. |i] = 1 and je] 2 1 


EX E> SS yh = aaa 
if |Unl on fr, — |z-alļ} 5 rı d8 
C Y MEL E e E 
Zdr = ize aj 1 

Y. Mr, on 


Saar, = 22a 


Y Mri; | 
= |U,| Pr iz ah Pu E 


= |U,]| SO 

But |U,| «O 

EMILI-O 

EU-0 

Then equation (3) becomes 

f(z) = fla) I2 (z a) Se (z—a)? + e aP + = (9) 


Hence proved the theorem. 
The series is known as the Taylor series of f(z) abous the 
point a. N 


Note : The Taylor's S€ 
the origin i. e. a = O is call 
f(z). then equation (5) becomes 


analytic function about 


f an ; 
t s expansion of . 


ed Maclaurin serie 


Sow f 


pe M &1— "s 


G) Laurents Theorem : | |. of . 

Statement : If f(z) is analytic inside and Kea bo 
of ringshaped region R bounded by two "-—9— 
and Ca with centre at ‘a’ and respective radii rı and ra (r; < 
then for all z in R, 3 


fiz) = £s a,(z - a)" + vi i2 CALI 


.Proof : By Cauchy's integral formula for doubly connected | 
region, we have 

| mer f(w) 
| f) = oni c,w-Z 


UU 


Now. = z (w-a)- (z- a) 


t | 


cee Spe E by aon 
wea a : 


A-- AO LÁ. S l e at 
woz w-a'(w-af' (w- apt emu 
z-2 1 c eR 
qt |w-z E 33 E n 


Multiplying equation (2) by 2» 


tu w within the contour C}. 


“Oni c, Ww ZY Oni c; a 


and then integrating w. r. 


dw 


f(w) 


f(w) 
INCEST Dade sauf, su apt 


1 f(w) | de 2-a) ac dz 
ZIEL IN MC oY ami f, (we DEZ 


dz = ag + ay(z - a) + aoz - a)? + 


> Oni EUM IS 


T An-1(Z Ed aj E Un 
E 


where, ao = Jri $. w e 
1 f(w) 
dw 
Ai = Oni L (w - a)? 
1 f(w) 
ani 7 Oni $c, (w - a)” 3 
n few). 
dw 
= zi $ wa "e 


C w-z z-a z-a nZ- 
I (w-a)™!: (wa) ^1 
(z - a)" V z-u Z- W 


f(w) 


I Multiplying equation (4) by and then integrating w a 


| 27i 

| to w within the contour C5 ang 
| 1 f(w) p oW 1 1" 
| ~ 2ni o w- 27 a~an fw) dw + o send 


aa ied ie 
$ (w — a) flw) dw + --- + G-a Oni A (w — a)"-! fiw) dw i 


Co . 


1 f(w) a. 1 a» a_n 
2ni c, W—2 z-bg- aj Wee 


ji 
wherea ,- Ori L f(w) dw 
2 


1 : 
83 7 ani A (w — a) f(w) dw 


1 
an = ggf, w ay! ftw) dw 


K " f 
— z d x 


| 
m d Oni Jc. 


S Y and (5). we get. EN 
Gn a) * a»(z — a)? +. "E 


aL ee po a ~ P. 
*[z-a"* tz- a£ cR. aj" | * Un * V a 
modulus on both sides of equation (A), we bes : 


1 z—a\" f(w) c E En - 
E" wt wee c -V 
1 LT) | 
| E {oni ES | |w - zj Il 
z-ai|ltl ftw) | 
w-a | [(w-a) - (i-a) | 


2 1 I 
pepe al - Iz- ali 


EC 
E s 


|dw| as |flw)| M. 


nM 
iN TESUERIL 
-lw-al 2n -—— 
| | KT 
— dw = r; ie? do 
=> | dw | =T] de] 


n 


| vip capat 
TOn fe! iri - z-al 


_-> y Mr; - 2n 


=) y MEI s 
-2mir, - Iz- al! 


y" Mri 
ry- [z-al 


= Ua] s0 
| But |U,| «0 
3 ESSE 
V eU 
Again, taking modulus on both sid 


EE [C3] fw) aw 
2ni jc, [2-8 ZI 


es of equation (E) Ys 


[Val] = 
1 w-aY| L jaw 
< Tail fe (251) pov 
2 7 VEL PE 
<an k. |z-a- waT 9l 


| as | flw) | < m and [za 


-——— 


k?^m 


1 kem 
os L—————————— idw 
sas l |jz—a] H Iw- aT ! | 
$. ,uz- al - rai 


|dw| 


-- |w-al] = rz in the circle, — 
=>w-a=roe®,0<6<2n D. 
= dw = ra ie'? dé 
= |dw| =r d0 
k"m 
aerate 


nm 


zc me. 0127 
2nl|z — a| — To} [ lo 


ES Em 
2n(|z — a | ral ^m 
k"m 


ee iai 
|z- a| — I9 


= 


G 


A~ K 
Kore ay |: 


© E MON NS i 
w os K 
md 
"ww. CLE 
oo anc 
d - 
í 


"S. E. il L | 
In E 


M [X 
À N Fs — 
mE \2~ 81 — %a 
c > J 


> Vn 2E 
putting the values of U, and V, in (6), we get 


| = {ap + a12—- a) + ws NF a A a. a 30 - 
P EX "t KK eban + 


= n =- n _ an &— 


Hence Proved the theorem. D 


Note : The Laurent series can be written in unified form 


Replacing n by - n in the second sum on R. H. S of the above. 


series, we get | 


co 


f(z) = UM a,(z — a)", where 


n=-co 
ues f(w) 
an 7 27i >. (w — a)n*! dw. 
nces of Cauchy's theorem. 


Some Conseque 
tic in a simply-Connected regio 


Let f(z) be analy 
following theorems hold. 
are any two points in R, then 


n R. The 


3 : 
(a) If ‘a’ and 'Z [ f(z) dz is 
joining ‘a’ and ‘z’. 


independent of the path in R 
Zz 
in Rand G(2 = [ f(z) dz. 


(b) If ‘a’ and ‘z’ are any two points 


two points in R and F'(z) = f2). then 


(c) If ‘a’ and ‘b’ are any 


E f(z) dz = Fb) - Fla) 


‘closed curves C and C,, where C; lies ir 
| figure and on these curves. Then 


EXCEL L n dz 


| where C and C, both are traversed in the 
direction. ' ed 


(ra 


overlapping simple closed curves C, Ci, C5, C3, ---, Ca: W 


a Ci.. Co. C3, rees C, lie inside C as shown in figure and on the N 
| 1c 
. curves. Then 
| y 
i 
| 
j 
O 


L f(z) dz = L f(z) dz + Es fiz) dz + +++ + L naei 


1 


- » EA d 

E ^5. 
|: Eva uate I 
pes 0 


E 


La 


Let u$ choose two paths C, 


and C» as shown in the fj "s 5 K 
B(1 + i) 


Ci 


A(1, O) 
First, we consider the path C, 


1 1 
«f. (Z-2dz- J. (x? + x) dx + f [(1 + iy)? + (1 + iy)li dy | 
L on x-axis z = x and on the line AB z = 1 + iy = dz = idy] ^" 


3 2 1 1 3 : 27l 
i d + CAE, i | 
e712 | 5i > Sarees 


ED | i+)? Oe T Ee 
Bee aa 3i 2i vonlsi 753 
EMT OD 1-30143242 1420€ 
EU — 3. ni eee 
_2i-3+1 
l — E 


.2i-2 
E 3 +i 


Complex Analysis—16 


d 


K T 


pu s. ' T! 
x arem e con: 


otoit Mn eh p. 
“Ke dde f ta ome 1 


emm 
Tua 


E 


sase f, (ase star 
EU + i)? ami] 


„a r[(t5*-3)-0] 


(+i? +i? 
L CE TD. 


14314 317+  14+2i1+f 
21—1^98  — NEN 


2 
2i-2 2i 
ECL Ng 
=o 2 
E: we 
5i 2 
(+2 dz=3-3 


Co 
From (1) and (2), we get in different path the even 
has the same value. . Pro 
S Ex-2 : Evaluate fz 2 dz along (i) the line segmen! t join 
the points (1, 1) and (2, 4), (ii) the curve x = t, y = t? jo 
points (1, 1) and (2, 4). 
Solution : (i) The given integral is fa dz. 


The equation of line joining the points (1, 1) and (2, 4 
oe RE; See 
ee 


M Lis pue 1 
E pov 


—-—ytl-z-3x-«3 
=> 3x-y=2 
=>y=3x-2 


m. UE » Le e 
id d» x . 
& a= 


Baen cx 


and Z2 = (x + iy)? 
= x? —y” + 2ixy 
= x2 — (3x — 2)? + 2ix(3x - 2) 
= x? — (9x? — 12x + 4) + Gix? — 4ix 
| s =— 8x? + 12x — 4 + < — Aix 
z2 = (6i— 8) x? + (12-4i)x-4 
| Now | .7 = Ae [((6i — 8)x? + (12 — 4i)x — 4] (3i + 1) dx 
2 


- (3i 4 1) [tei - ey «a2- an T - 4x] | 


H 
= (3i + n| 6i - 8) (5-5) 08 an (5-5 -4Q-1| 
- ! 
= (31+ Ula - 8x45*52- 4i)— 4 4| 
141-95 18 - ei - 4] 


3. 


24i — 56+ = d 
3 


= (3i + ul si “a oS + 14| 


9 f LU MIT 48 s NERA 
Bua K kd 


4 "m b ce 241-14 


-1 Fac-i5 ^ — 4, 


sæ P ` 
f. z dz=-6i-“s , ^w 
Again, along the arc AB. Let Z = tae, i<t<2 
-. dz = (1 + 2it) dt 


= [ zdz- i (t + i2)? (1 + 2it) dt 
Arc AB 1 


i 2 2 az= f^ « «ie? at + ic) 
» Arc AB 1 


x, Z + it2)3 I 
9x 


(2 + 419 — (1 3] 


3 
-lis. 48i + 96? + 641° - 1-31- 3/7 oa 
1 L 
= [8 + 48i- 96- 64i-1-3i+3+]] 
. ms 
3 [-86 - 18i] 
Hug 


Which shows that the value of the given integral along th! 
two different paths joining (1, 1) and (2, 4) is the same. | 


Ex-3 : Find the value of the integral 


z 2 
m 1: z dz, where C is the right-hand half of the ¢ 
|z| = 
Solution : The given integral is 
l c 


4 


Then (1) becomes 


1/2 
-I- E e «21 el? do 


Ex-4 : Let C denotes the square whose sides lie along the 
lines x = + 2, y = + 2, described in the posi sense. Determine j 


| the E integrals | 


l : 1 
i n Hi NS ae Do in a D 
© c zga A ee | 
| [NUH-1996, 2012] 
Solution : Given that square is described by the sides 


| enced te ce xri ye 221 
Let nd eats "which is analytic inside 
by Cauchy-Goursat theorem, we have —— 

| J, 1242-0 : | si E 


E: 
Ak g.gd4-0. 
; 1 
(ii) Given S is f- zz + 9) 2549 dz 


| | i then the given integral can be written as 

| e f(z) 

] ; t Z ee 

: f(z) PUR. | = 

| Ta L L 
i ç 5 f. z—-—O dz H | 
= 2mni f(O) [by Cauchy's integral formula] 
E. HE 1 [. the point z = O lies inside m 

n y = 2ni x 9 p aas 


zr dz . 2 
| tol. aro 9: 
| iii) Given integral i uer oup HE 
(iii) iven egral is <4 a 


1 
PE? Tak + 9 
then the given integral can be written as 
Í dz F f f(z) dz 
c (z? + 1) (27 +9) Je 2741 
f(z) dz 


c z?- i? 


- f. f(z) dz 
Ziv) =i) 


vaL: T T MER. 
aber ipn BB 
ci) ^CTERNEE 


d 
d x 2mi f(-i) 


| {since both the points z = + i lie inside ine square C and 
(hen by Cauchy's integral formula] 


ET TT 1 
E234 (2 +A) (2+9) "(8 -n(g)=0 


| by equation (1), f(i) = 2 - 9^ à and f(-i) = 1 4 


T 
PLAS 


z7+9° 8 
ge. sug 
J: (z2 + 1) (z2 +9) 
Ex-5 : Using Cauchy’s integral formula evaluate 
z dz 
T (9-22) (z + i)’ where C is the circle |z| = 2 described in 
the.positive sense. [NUH-1997, 2001] 
Solution : The CURE integral is 


f (9-2) (+i) E +)” where C is the circle |z| = 2, described in 
IO 


the positive sense. 


Let fiz) = CER 


m 


which is —— inside and on the circle C. 


< A Z —-— L keh w G. f 
cM € 
S Er 1 A 3 ~ 


e oni [zy K 
^ [since the point z--ilies in the circle C a and t 
ieu ud s integral formula] 


D i ae 
P Ete 
& En 
"UU 
es 


A Pe R 
"Je (9-z(z+i) 5' , E 
Ex-6 : Evaluate the value of $ z_ zi’ Where Cisa curve 3 
(0 |z-1|24, (i) |z- 2] + ]z* 2] * 6 ET: 


Solution : (i) Given integral is $ a 
Where C isa curve |z- 1| =4 
Let f(z) = e* s 35» BU 
Which is analytic inside and on a curve C. Also the poi E 
Z = Ti lies inside the curve C. 
The given integral can be written as 
bem fos 
= 2nif(ri [by Cauchy’s integral formula] 
= 2ni* e?" [by (1), firi) = e3ni] 
= 2ni * [cos 3n + i sin 3n] 
= 2ni [-1 + i-0] 
= — 2ni 


nf zu dz =- on. 


a k pi 
dis 


bo i1 Miei gut A is 
y Z- ^ 


E 
*. 


E 2-2) + |z+2|=6. 


>. 5 ex "croir e x ^n PER... 
Let fU z-mi LES ste KC a 
x 4 tos 
which is analytic inside and 
on aicarve tt Sin dd the cim 


foci at (2, O) 
pse with and (-2, 0). Also given that the length 
of major axis is 6. So that the point z = ni lies outsid: the curve 
c. Thus by Cauchy- -Goursat theorem we have 9 
l T 


f f2 dz = 0 


— 21 : 


| G 
Ex-7 : Using Cauchy's integral formula evaluate 


dz 
| zi - ay , where .C is the' circle 12199 1, described 


| counterclockwise. [NUH-2002] 
. Solution : Given inte i f "E 
gral is | 27-4) where C is the 


circle |z| = 1 described counter clock wise. 


1 
| | Let f(z) = iz Ap (1) 


which is analytic inside and on a circle C. Then the given 


| integral can be written as 


f f(z) dz 
C 


z-O0 


2ni f(O) [~ the point Z = 
then by Cauchy's in 


O lies inside C and 
tegral formula] 


MM 


| | px» 
= 2ni x Lea. f(0) = (5 4)? = 75] 


| ae) om 
c z(z - 4? 8" 


2 didi - 77 NP « 
g Tu Ww v 
ak — cY 


"a^ 


périg 
lution ; The given integral is 


Ses ae a sleet AN 


where C is ib circle |z| = 
- Let f(z) = ?; which is E». inside and on circle |; 


Also the point Z — — 1 lies inside the circle |z| = 3. So tha 
-Cauchy's integral formula for n-th derivative, we E. E 


aos —— pde 
$615 $ u- cnr 


ex œ 1 a 
= $ ZA NA i3 


TM 


But we have f(z)- 


- f'(z) = 2e* 
' =» fo = 4e* 
= f" (2) = ge2 


« f" C1) = 8e? 
Putting the value of f (-1) in (1), we get 


ez 8e? 
L gie vC 


E P. 

Ex-9 : Show that 57; Xu b c " za dz= n z et. where Cis 

any simple closed curve enclosing z = - 1 and t > O j 
Solution : The given integral is 


"X^ ncque 


I 
X 


where C is any simple closed curve enclosing the po 


(z--1 
Let f(z) — } | 


Complex Integration 


251 | 


which is analytic inside and on C. Also the point z = — l 
lies inside the closed curve C. So by Cauchy's integral formula 


for nth derivative, we have 

2ni c (z + 1)? 2ni Jc (z+ 1 
1.2 

HIS 2xi 


pe 


f(z) 
(za Dee 


1 ze ^O as 
Oni L (z + TT ut 


From (1), we have 
Z) = ze? 
=> f(z) 
> f"(z) = tize? + t + ez] + te? 
= (2 ze + te? + tet - 
= f’(z) = (t?z + 2t) ev 
=. f'C1) = [t? * C1) 2t et 
= f’(-1) s (2t - t?) et 
Putting the value of f^(-1) in (ii), we get 


1 ze' 
2ni C E + 1 


= zeizz.t-et'7 


(z-195^ dz- - (2t — t?) et 


A 
2 
2 


= (: a Ej et. Hence Proved. 


Ex-10 : Show that ( — a" e% 
= : Show at (in| 


Oni C In gn*l 
Solution : Let 


wal L ae 
2ni Jc |n zn) 


n 
œ 2ni R [n zn+1 dz 
= a" l1 f(z) 
^in 2mi b zgn*l dz, where Z) = 


dz. 


(2) 


[CUH-1990] 


(i) 


252 Complex Analysis 
ANE. f ee 
“in 2nmi Jc (z - 0) 
a" 1 In f(z) cs 
"|n in 2zi Jo (z- On*t1 77. 
a" 
-——3 *f"(0) 
[7n ^f! 


(iji 


[by Cauchy's integral formula for nth deriva. 


From (1), we have 
f(z) = 
= f(z) = aez 
= f’(z) = a? ex 
= f"(z) = a" ex 
^. PO] = a” e? = an 
iim" the value of TIO) in (ii), we get 


“ih ine R. 


any? 

aie Id 
an? 1 a” EP. 

iS) Oni $ mu [n zn«i dz. TREE 


Ex-11: Show that pm 7 dz = AN ain t, where C is the 


circle |z| = 3 and t » 0. main, 2004(Old), 2007, 2011] 
Solution : The given integral is 
tz 


oF e 
$2 *1 dz 
Where C is the circle vals 
Let f(z) = etz 
. L f(z) dz 


L _ f(z) dz 
~ Je (z- 1) (z + i) 


1 
"az zn) 


(i) 


| 


Complex Integration 


.1l|f fe) dz f(z) dz 
"HH 8-3 dz - b 291 


l 
7 9, [27i fli) - 2ni f(-1)] 


253 


[Since i and -i both lie inside the circle C and then by 
Cauchy's integral formula.] 


e | 
a$ ay dz = nif) - A) 2 0 - ne (4) 
From (1), we have 
fli) = et and f(-i) = evt 
-. f(i) — f(-i) = eit — et 
. = (cost + i sin t) - (cos t ~ i sin t) 
n f0) - fi) = 2isint ^. - i S (iii) 
From (ii) and (iii), we get 


etz 
$ 5) dz = m x 2isint 
cz L L 


. elz 
22, $ 3 dz-2misint. Hence proved. 
cz +1 


Ex-12 : With the help of the Cauchy’s. integral formula, 
evaluate the integral . 


f | cos(2n Z) az 


aar (22 - 1)  - 3) 
where |z| = 1 is a positively oriented circle. 
Solution : Let 


cos(2mz) - 
» L Qz-1(-3) 9 

where |z| = 1 is a positively oriented circle. 

C cm WN HL B H 
Iz L z- 1/2) dz; wheref(z =9(7 - 3) . 

LT - 2 (ii) 

= 1=2nif(5) e. | : 
Since the point z — 5 lies inside the circle |z| = 1 and then 


by Cauchy's integral formula. 
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bY 4508 UR * 1/2) 
From (1), we have ié -= 2 (1/2-3) 
_cosm_-1_1 
-— 5 “<5 5 
1 
Putting the value of 13 in (ii), we get 
2ni 
luy a 


Ex-13 : Let C be the arc of the circle |z| «2 from z - 
z = 2i. Without evaluating the integral, show that to 


Solution : Let I = Í. a ec POM lr: 
Where C is the arc of the circle |z| = 2 from z = 2 to z - 9i 


which lies in the 1st quadrant. 
Taking modulus on both sides of (1), we get 


f dz 


E. 

75 2 do | da xe diea 

n |dz] = |2ie'? q0| 
1 |dz| = 2d0 


Complex Integration | 255 


Ex-14 : (i) Find the singular points of the function f(z) 


2 l 
Z 
=+ 1? sin E = c and determine their nature. | [NUH-2000] 
(ii) Determine and classify all the singularities of the 
function f(z) = TE VS [NUH-2001(O1d)] 
Solution : (i) Given that 


2 
Z . T 
Hera d ann L - r) 

Singularities of f(z) are given. by putting the denominator 
equal to zero. 

thatis (z + 1? =0 >z+1=0 

PE d 

Obviously, Z = — -lisa pole of order two or double pole. 

Again, we have | 
l. 1 1 1 


sin ae | Ca "ce D' ge-r E r ege- eZ Ds i 


1 
Here we see that in the expansion of the sinz d there are 


infinite number of terms in the negative powers of (z - 1) or in 
other words there are infinite number of terms in principal 


part of Laurent expansion of sin 7 —1- 


Hence by definition Z = ] is.an isolated essential 


1 
singularity of the function sin 7 So, we conclude that the 


given function f(z) has an isolated essential singularity at 
z= 1. 


— (ii) Given that 


1 
f = e - 1) 
Singularities of f(z) are obtained by z(e* - 1) 7 U 
—z=Oande*—-1=0 


—e-1l 


€ 
\ 
Complex Analysis W 
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= eœ = cos O + i sin O 
— e? = cos 2nī + i sin 2nn 
— e = emm 
=> z= 2nni, wherenz0O,rt 1, + E sas 
Obviously, z = O and Z = 2nni are two Simple poles. 
Ex-15.1 : Find Laurent series about the ing, 
singularity for each of the following functions. Na Categ 
singularity in each case and give the region of convergen, the 
each series. P Cof 
(a) fiz)= @—-1p°2> 1 
t NE 
(b) f2) = (z - 3) sin [7-5 3 z=-2 
— si mE 
d f2-*—35"5:7-9 
Z s s 
W TU grande 
— 1 - 
(e) f(z) = zZi(z-3g/2-73 
Solution : (a) Given that 
iet 
^s (z= 1°27! [Putting z- 1 =u >2=1+u] 
e?(1*u) 
f + u) = o 
_ €?e e2u 
ps 
e? 2 | ! 
EE + 24 + Qu , Qu? , Qu* Ba 
(2 |3 l4 
el Z 
e| a ee Gre ] 
fiz) = —© 
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(b) Given that 


1 
f(z) = (z — 3) sin z242527-2 [Putting Z*2zu-5zzu-2] 


~» fu = 2) = (u- 5) sin 


_ 


S13 uw iB. aM 


LqaB. i d s af m5 
u [au 3 we su bet 
5 1 1 l 5 
= 2z) = 1- — e r t oea —— 4 
= 2-2 |3 “(2+2)? B («2p 


1 TAr B 


+ — e m — — = e. 
5 (+2)* 15 @+2)/° 
Which is required Laurent series it has infinite number of 


terms of negative power. So that the given function f(z) has an 
isolated essential singularity at z = — 2. 


The series converges for all values of z in+the complex 
plane except at the point z = — 2. 


(c) Given that 


f(z) = 


„i £-EE--] 
2s O IZ 


which is the required Laurent series, without principal 
part. So the given function has a removable singularity at 
z = O. The series is convergent for all values of z. 
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(d) Given that 


Z d "p da an ^ = — 
merge eee a 
u-2 b 
“fu -2 =G- u) 
W 2 


-(u- IM (u- l)u 


.»1:2..2:42 
u-l u-1l u 
db d 
u-l u 

"7 
u l-u 

-2.ü-un 
2 


flu 2) -7 4 Yide un xxr eet 


-1-(24-2)-(-2?-(242)?24 


Bis Tra 


which is the required Laurent series. It has a simple pole 
atz--2. That is z = — 2 is a simple pole. The series is 
convergent for all values of z in the region O < |z + 2 d < i. 


(e) Given that 


i , E 
Hel < gt  [Putingz-3- uz-u «3l 
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"Uu E: 
flu + 3) = 9.2 27u*27 243+" 
L 2 1 4(z-3) 


——» m ——— HH RII 


—fi752-39 27@-3)*27- 243 *^ 


which is the required Laurent series. It has a pole of order 
gatz= 3, that is, Z = 3 is a double pole or pole of order 2. This 
series is convergent foro € |z-«3] «3. 


Ex-15.2 : Locate and classify the nature of the singularity 
of the following functions 


@ f= soa (i) ft) = 2 SE) 
(iii) flàüscoz . . (v) f= eta 
(v) fi) = sec G ONE fae E 
(vi) fie) =257 snz (vii) f) = tan T 
(dx) g-e CS 9 fü-cosecz. 


= Solution : (i) Given that 
=Z i i 
f(z) m (z n 2)* 
e2*e2-*e7?: 
"i. 
; e (2-2) 
ETT ou 
-9 '(z-2f 


(4 
1 (z - 2) w= 2) _ 2-22, 2-2] 
seze z|- WET 3 4 
1 TOU du UI 
=> fl) ze? leap" emm I2 zag" 
| 1 1 AT X -3*-| 
MCNAOOIOER INI OM 


Since f(z) has the finite number of terms of iis 
powers, so that f(z) has a pole at z = 2 of order 4. that is Z — 
pole of order 4. E 
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2 


(ii) Given that 
z — sin(z — 1) 


f(z) = (z = 1) 

1 uU ak aic 
-uiylz- |e- »- 123 [5 | 

Z 7D d nre rr T tn 
"z-i tig (z 1) I5 

1 

pze dete T e(z- 1)* + -- 
1 L | LII 
ATS e Ip BT 1P 6 * (z— 1)* + 


l 0,1 iil vi. 134. s. 
fi); tig Z- ^ -ig e e- t+ 


Since f(z) has a only one term of negative power, so f(z) has 
a simple pole at z = 1. That is z = 1 is a simple pole of fiz). 


(iii) Given that 


f(z) = cot z 
cos z 
f(z) = sin z 


singularity of f(z) is obtained by putting the denominator 
of f(z) is equal to zero. That is sin z = QO 

-. Sin Z = sin nī 

=> Z = nr, where n =Q, + j E a A 

Hence z = nr is a simple pole of f(z). On the other hand, 
obviously z = *» is the limit point of the sequence of these 
poles. 

Hence z = is a non-isolated essential singularity : 

(iv) Given that 


cot z 
ee 
Z 
COS z 
=> f(z) = 2 — 
z“ sinz 


Singularities of f(z) . 
are obtaj the 
denominator is equal to zero. a 8 nd N 
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-.Z^sinz-zO0 
—2?-0,sinz-0 
—z220.0 
and z = nī, where n = O, +1, + 2, .- 


So that HZ) has a pole of order two at z = 0 and z = nr isa 
simple pole. 


is the limit point of the sequence of poles 
z = nī, So that Z = œ is non-isolated essential singularity. 
(v) Given that 


fiz) = sec (z) 
f(z) = —ÀL 
| r^ 

IE 


Singularity of f(z) is obtained by putting the denominator 
is equal to zero. So cos i =O ‘7 TT 


Also, since Z = co 


i T 
— cos; = COS5 


1 $a 
= cos 7; = cos (2nn. + 2) 


| i n 
€" = cos (4n + 1)5 e 
1 T 
“7 = (4n + US . 


| 1 
>Zz= 


(4n + U 2 


—~2"(4n + In’ Wheren=0,+1,+2, e 


2 
Hence z = (4n + 1) IS a Simple pole of f(z). 


Also, since z = O the limit point of the sequence of these 
poles, so that z = O is a non-isolated essential singularity. 
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(vi) Given that 


1 
tsi =e 2 
1 
=> f(z) = ^ 
ez 


Poles of f(z) are obtained by putting the denominator jg 
equal to zero. So that e!/7? = O, but it is quite impossible for 
any value of z. So f(z) has no any singularity. 


(vii) Given that 
f(z) — 2 


z2 
- _ n3 — 1)5 Seay 
z SergE 13 , (2-105 (2-1) < 


Z 


3 sin(z - 1) 


gaps i3 [5 V; 
Poles of f(z) are obtained by putting the denominator is 
equal to zero..So that z? = 0 => z = 0. O. 


<- -—.Z-0isa double pole of (2).. 


(viii) Given that 
f(z) = tan E 
sin = 

f(z) = Y lsameas(v] |... 


COS z 


(ix) f(z) = sin 7273 


"MP a eae k 1 
f2"1-z ig^'ü-zP*iB'ü-z$-7 


Here f(z) has a infinite number of terms of negative 
powers. So that z = 1 is a essential singularity of f(z). 
(x) Given that 


1 
f(z) = cosec S 


f(z) = 


l 
sin z 


Complex Integration 263 


Poles of f(z) are obtained by putting the denominator is 


equal to zero. SO that 


sin 7 =O 

zi St. F sin n7t 
l 

-—=nt 
Z 


1 
-—— .wheren =U. tł e 
—Z7nm n20.t1.t£2. 


Here. z = O iS the limit point of the sequence of these poles. 


Hence z = Ois a non-isolated essential singularity of HZ). 


l 
Ex-16 : Expand f2) = g*1G-3 
EA < 3. (b) lZ) > 3, (c) O< Iz + l | < 2 and 
[MSc(Pre)-1995. NUH-1998, 2003, 2005] 


in a Laurent series 


valid for (a) 1 « 
(d |z| < 1- 
Solution : Given that f(z) = z+ +3) 


EU TENE 
z "gig 4 z43 
1 1 1 l-a 
=f2)=5°74+122+3 |. * "f (i) 


(a) Given that the condition 
1<|z| <3 
= x< |z| and |z| <3 


IZ 


1 


L z 
S < land 3 «1 


=> 


From (1), we get 
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2'" 8 
1 S 4^ Z 
1 1 ] l faali aa + | 
dK DT 6 o~ < 27 
lo. de 
= fiz) (32 222 223 2z4 22 
Ne Won 7 
“(6 18 54 162* ) 
1 1 l 1...1 l.z g“ z 


<. fz) =- t3- 571 +53 2 2z 6 18 54 l6" 

which is the required Laurent series valid for the region 
Fe <3. 

(b) Given that the condition |z| > 3 = |z| » 1 


3 1 
Sea ES l LA em 
=> Jz] and > Jz] 


<1 


Z 


Z 


< E= 
From (i) we have 


242 8 2% g 
ial aaa 22] 
.1. 4,13 
Mora m uu IR Nx 
2 
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(c) Given that the condition, 0 < LEST 
«2 


=O< |z « 1], 


ag Ze 2] Iz+ 1) <2 


Given that the function 


LM EN 
f2) = + 1) +3) 
sic Taa Z 
"(z-* 1) {(z + 1) + 2} 
1 | 


geayi L 
ai 1 [| Zl k 


VEMM b CY: zi» 

2(z + 1) m. vla 0719]. 
1 (z+1) (e+ 1)? | | 
LI = a A 


Hel Gaz CDT 8 16 
urent series valid for the region 


which is the required La 
0« |z+1| «2. 


(d) Given condition is Isi «12 |z| <3 


lS 1 


7 
x Z Ç 
« [s] « 


From (1), we have 
1 1 1 1 
KE +z 2 2+3 
1 1 
=5(1 +2)'-5°3(1 + 2/9) 


=5(1-2+2- = .425-2 4-1] 
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2 2 z3 z3 
in a eX -(Ẹ 7 837) - 
2 8z 262 802,. 
—fi2-6-18* 54 6.27 


266 


1 4 
=> HZ) = 3 R 
which is the required Laurent series without principa; 


part valid for the region |z| « 1. This is called Taylor's series. 


Ex-17 : Expand f(z) = —3 in a Laurent series valid for 
(a) |z| «3. (b) |z| >3 [DUH-1991J 


Solution : Given that 


1 ; 
fg (i) 
(a) Given condition |z| « 3 
lz} 
=B <1 
Z 
=š H 22.4. 


From (i), we have 


fla) = 7L 


NN TAE: 
.-8 (1 -z/3) 
1 
=i) --51-2/78) 


ud Z z z3 z4 
T dope. | 
l Z z2 z3 z4 


— the required Laurent series without principal 
part vaild for the region |z] < 3. this is called Taylor's series. 


Complex Integration 
(b) Given condition Iz] >3 u 


—1» a 
|z| 


Ha œ 


_1 a .9 27 81 
-li dx tonto e.g op 
1l 3 80 27 Bl 
f(z) "ETIUONT ON a 
which is the gO Laurent series. Valid for the region 
izi » 3. 


Ex-18 : Expand f(z) = ail Goa in a Laurent series 


valid for (a) |z| < 1. (b) 1 < |z| <2. (c) |z| »2, (d) |z- 1| > 1. 
| | [DUH-1992] 


(e) O< |z-2| « 1. 
Solution : Given that 


Z 
fi2-z-10-2 
z—1-41 
2f2-g-1)2-2 


(z - 1) MON Rm 
- (z - 1) 2-2 z- 1) (2 — 2) 


L 1 1 
sked T ) 
1 2 > 
rla R 
Iz| «2 


(a) Given condition is -|z| < 1 > 
= 5 <i 


(i) 


«1 


sdl 
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From (i), we have 


l 
f(z) AES z) 20 - 2/2) 


-1 
Z 
= fiz) =- (1 -gy! «(i e S) 


2 3 4 
Z \ 
--üszeZe2ez2s (1 d wn te te Fw] 


eR: RT 


z 32 72 15z* 


which is the required Laurent series without principal 
part valid for the region |z| < 1. This is called Taylor series. 
(b) Given condition is 1 « |z| « 2 


=1<|z|; |z| «2 


EX] 
e. Tc 
= 171, <b lo] <1 
From (i), we have 
1 2 
l TT 
=> f(z) = =a 2 


| 
NI 
OMEN EM celis" | ON 
— 
| 
) N lra p 
bs 
Gle, P 
PEEN, 
TÓJ 
| 
N| 
een 
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a unes o za M": ud hr L n à S : 
which is the required Laurent series valid for the reg 
i4 1z| <2 PION 

(c) Given condition is |z| > 2 = |z| > 1 


l 
19x» 
|z| |z] 


ZS 


l 

Z 

From (i), we have 
1 


2 
fa si “See 


1 4 L Sny L 
-—f()--—2- = A + 2 z "s oz + ++ 
s v 19 
hal s a 
Which is the required Laurent series valid for the region 
|z| »2. 

(d) Given condition is |z - 1] > ! 

Letüu-z-1 

i qu m 


l 
u |. 


Complex Analysis 


270 
From (i), we have 
l 2 
TT ET 
E E 2 
z-1 z-2 
EN EM VER 
"z-elj i—-1)-]1 
1 1 
"u^ n-T 
1 1 
“u "Ga IAA 


u u^ iu 
=- T us u? ul eT 
1 2 mM 2 2 
J Set oy to uum ta tee Ki a 
f(z) ES (z — 1)? z-195*(G-18*gG-mps* | 


which is the required Laurent series. Valid for the region 
foe hl > i 
(e) Given that O< |z-2] <1 
= |z-2| » O and |z-2| «1 


From (i), we have 


TEN 2 
Hel = — i W PS 


(1-(z-2) -32 
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E 2 
zíl-4 (z — 2)} ; -2-92 
-(-(€-2)*(G-2?-(G-2?«G-2*--1- : 
Z 


+ 1-(-2) + T - @- 2) + L al 


2 
—f2-";-2 
which is the required Laurent series valid for the region 
0< \z-2| <1. 

Ex-19 : Expand f(z) = AL 2) 
(a) O < \z| <2, (b) |z| > 2. 


, 1 
Solution : Given that f(z) = zz — 2) 


1| di ^ d | x 
=> f(z) -i| 4- i ens ges (i) 


(a) Given condition is O « jz] «2 
= |z| » 0 and lz| <2 


in a Laurent series valid for 


[DUH-1993] 


=> 


e <1 


2. 
2 


From (i), we have . 


1 1 1 
f(z) = "E ü-z/2. d 


1 
f(z -——— ——  — —À —Ó— — SF 
27 4 8 16 32 — 
Which is the required Laurent series, valid for the re 
O< lz] «2, 


gion 
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(b) Given condition is |z| » 2 


2 
= p 7-7 
|z| 
? | <1 
dL 
Given that 
l 
f2) = 72-2) 
l1 
z^(1-2/z) 
1 g x 
"2-2 
A. -FE 4% 
"i Ae. ) 
1 2 4 8 
fiz) = <3 ttc tte 


which is the required Laurent series valid for the region 
Iz] > 2. . 
l 
Ex-20 : Expand f(z) = z- 29 in a Laurent series valid for 
(a) |z| <2, (b) |z| » 2. | | [NUH-1995] 
Solution : Given that 


7 1 
f(z) = (z — 2)? 


(a) Given condition is |z| «2 


{z| 


mai «1 
= S <1 
From (i), we have 
T— T 
na E 2)“ 
=- = l = 
(-2(1 - z/2)}? 


"E zv 
"A 


Complex Integration 


"E Z z^ E 
-i142 %43. 2442, l 
l 3 1 
F H | 
~1,2,3 1 

fl <T TG *g2 *- 


which is the required Laurent series without principal 
part valid for the region |z| < 2. This is called Taylor's series. 


(b) Given condition is |z| > 2 


"o 1» I 
=<] > z 
= S) -1 
From (i) we have . E 
| | l 
2 = z — 9)? 
E 1 
HL 2/2) 


which is the required Laurent series valid for the region 


lel »2. 
Ex-21.: Let f(z) = Int + Z 
which has the value zero when z = O 
(a) Expand f(z) in Taylor series about Z = m 
(b) Determine the region of convergence for the series in (a) 


O. 


), where we consider that branch 


O 


(c) Expand In b = z) in Taylor series about Z = 
-Z 


Complex Analysis-18 


Amm M MÀ — E ———————— 
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Solution : Given that f(z) = In(1 + z) 


We know that the Taylor series about z = a is 


y, 


f(e f(a) ; 

f(z) = fla) + TS a) (z-—a) + E (z-a)? € e (z-a)? 4... (i) 
Here f(z) = In(1 + z) ME NO) = in 1 s0 
Sfory L f(O) 2 1 
> f(z) = PEE, -. f'(0) 2 - 

4? l < 77 e" s 
>f =) S> 57 Z8 ~. f^"(0 22-2 

iv "T EE ED " Vi RT — 
=> f(z) = dn (-2) (-3) (14 z) <. YO) 2-62-13 
Putting a = O in (1), we get 
f(z) = f(O) IB, + ro 2 4 f" 3^ ——— 734 TA za (2) 


Again, putting the values of HO), f'(O), "O, f “O) etc. in (2), 
we get 


1.: "l &.i4 
fi)-O-*-2-15 Zt ge 
e P 
a. = B T 


which is the required Taylor series. 
(b) The series in (a) can be written as 


oo 


fas DLS 


n=l 


Here, the nth term of f(z) is 


(-1j* zn 
a 
. - ]jse l gil 
^ Mgmt ei 
1n „n+l 
= Un = ae 


n+l 


Co 
mplex Integration 


, ped, a CU gan n 
'U i 141 Ta 275 
n n+ ] (-1)n-! zn 
— 7 1 
^ ns«l' 
Uns l 


U. '—. 1^2 
i uc 


n 
U 
—Lt UL Tt ( : 
n 1 
n 


By ratio test the series converges for |z| < 1. which can be 
proved to converge for |z| = 1 except for z = - 1. Which follows 
from the fact that the series converges in a circle which 
extends to the nearest singularity at z = — 1 of f(z). 


(c) From (a). we have 
= In(1 T zz a ^ | ses a (1) 
f(z) = n(l1+z)=Z 2*3 

Replacing - Z for Z 


(2) 


Above both series are convergent for lel <1 
Subtracting (2) from (1), we get 


3 z5 
ind «2- in -2-2(z* zc) 


I. 

3 
NNI NAM c 
ny a Azt * 
which is convergent for |z| < l 


at this series converges for jz] = 1 


We can also prove th 
except the points z = + 1. 


es 
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Ex-22 : Expand f(z) = sin z in a Taylor series about z = n 
[NUH-2007, 2010, 2012(01qyj 
Solution : Given that, 
e(a) n4 MC 
= si = flz]2sinzg-^-— 
fiz) = sin Z A a 
n T 
f(z) = cos Z >f (3) = esi 715 
, [T _ 1 1 

f’(z) = — sin Z >f Slama" 2 

. . 77 TL 

PTS 2-—cosz =f (5) =- cos 7- 3 


f" (z) = sin z =f" (3)=sin35 
| AE CU CN 
and so on. 


L the Taylor series about z — 4 is 


vR 59 eg E eg 


4 p 3 
BE 
“Jat e-4) ye" = Cas)" à Cus) 
. ==) (1), 
E V2 


Which is the required Taylor series. 
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Ex-23 : Find the Laurent expansion of the function 
l 
fz) = a+) (2 3 1) at the region 1 < |z| «2 and lzi »2. 
[NUH-2005, 201 1] 


. l 
Solution : Given that f(z) = Esp 


1 1 z-2 


1 
Hal 6619 Ban T U 


Given condition (i) 1 < |z| <2 

 —1«|z| and Iz| «2 
l NZI 

adi 7 e que. eie <1 
1 Z 

> [z| < 1 ana =<) 


From (i), we get 


l 1 i z-2 
HS) 7-5* ZN 5 z2+1 
2(1+5 


1 z 2 2 Zz l z-2 
(1-3 BE J-8 zu 


Which is the required Laurent's expansion. 
Again, given condition (ii) 


—|«1 
Z 


2 
Iz) >2>1>]2, > 


From (i), we get 
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1 2s 12-2 
~ 5z (15) ~ 5°72 +1 
1 2.4 8 16 |] z-2 
"sz Z? z% z^ D 2+ 1l 
l- 2,4 8B 16 |) 1,2-2 
t2 = (57-52 *& "Ren * 525 Ber 1 
Which is the required Laurent expansion. 
Ex-24 : Find the Laurent series expansions of 
= ia f z, valid in the regi 
f(z) z2-z-gz£5in powers of Z 3 gion 
fi) O<|z| <1, i) 1< |z| <2, (ii) |z] >2. [NUH-1996] 
Solution : Given that 
3 
f(z) |» 2(2 —z— 2?) 
AME NEN 
~2(2* 42 -— 2) 
Es 3 
~ -z(z + 2) (z - 1) 
li 1 
z|z-1l 2+2 
ER: l = | 
f(z) 45-4] (i) 


(i) Given condition is 0 < Iz] <1 
= |z|<1=>|z| <2 


121.1 


2 


Z 
= 15] <1 


1 1 


From (i), we have 
2(1 + z/2) T i 


{z= 5| 


.1|l zY' 
-— 2 15) UTE) 
mE z3 
fea +2427 479 + z* + ---) 
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aE g 3z " 922 1523 - 
Z 2 “4 8 ds 16 E e 
_3 {3,9 LR 
4f75;*4"8 "16 *^ 
Which is required Laurent series valid for the region 
Q« |z| « .- 


Ix fel <2 
« Sle lz}: [z]-«2 
1 {z| 
zd r1 «lI = |% <1 


From (i), we have 


1i 1 Li] 
f2-7712:22 z-1 


A - aroa 
"z|20-2/2 zü-1/2 
26 «2)--26-2) | 
[16-8 2-28) ede] 
(5-48 Ree) ern) 
2 


— 3 z 4 Z 
z2 2 z2 2z 4 8 16 32 

2 a3 
D 1 1 1 1,2 Z,Z . 
lair al 8 9274 8 16 32 


Which is the required Laurent series valid for the region 


l< |z| «2. 
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(iii) Given that the condition |z| > 2 


= bep m = 1 


2 
=] > lz[ and ^2» iz] 
2 1| 4 
=< P B. S mad P < 
= Ve «1 


From (i), we have 


S 2 


reri uu Du 
BZ 1373 * 0 1/2) 
1} 1 
T UT 
1 2 4 ,i 1 1 
1 2 1 4 1 8 1 
SLES- GE. l 
1 3 3 9 
2030-2À|-9.$-2. | 
3.3 9 
fe) =~ 73 +74 zt 


which is the required Laurent series valid for the 
condition |z| > 2. 

Ex-25 E Find the Laurent expansion of the function 

Z 

ta = @— 1) e- 

(D lezi «2 

(ii) O< |z| < 1 INUH-2001, 2001(Old), 2004, 2004(Old), 2008] 

Solution : Given that 

x 
M2) = 0 
2-141 
^ (z- 1) &- 2) 


2) in each of the regions 


Complex Inte 


Li fe A 
S Z. ee | 
"-—4 Z-—9 mw] 
z-2-3 l | 
= ; + - 
Eg 2 Z o mer 
WS CS NFNE l 
E a z—2 Z—45 X] 
4 1 


f2-21*T2 9 4-1 

(i) Given region is 1 < |z| <2 
= 1< lel and lel <2 
< r JS) 
mil r a Ug 


— Z 


pa s Tel =) 
From (i), we have 


4 l1 
Slt Se 21 
d 1 
=l -2/2 SIT 172) 


l 
1 l 1 l 
— — + +- + 
dg* Jti wx 
9 3 m. 
Z Z 2 
A TNE Sa MS OE SE ee ee 
oe 2] zs = 5- 3 -5 œ 9 
=Z Z Z Z 


h e ‘ 1 x 3 the 


region ] < P zo 
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(ii) Given region O< |z| « 1 


zIz| <1 = |z| <2 
ley 
= fel <1 = 5 < 
Z 
= |% el 


From (i), we have 
4 1 
f2-1*7-2^z-1 
4 et 
atta- L -2 


= | 
. =1-2(1 E +(1-z)" 


l 2 33 
siegha Za gayi LL +Z 4.) 


-(- 1-2-5 -F-a EZEZ +Z +e) 


which is the required Laurent expansion without 
principal part valid for the region O > |z| < 1. This is called 
Taylor's series. 
z-1 


Ex-26 : Find the Laurent expansion of f(z) = C + 2) (z+ 3) 


in each of the following region 
G |z| «2. ()2-]|z| <3, (üii) lz] »3 


| [NUH-2002, 2002(01d)] 
Solution : Given that 
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2.1042) 3 

(z + 2) (z +3) (z + 2) (z + 3) 
E %.. 3 l : l 
ZS "|z-2 z-43 


| 1 3,3 
~g+3 z42 2+3 
fi2-7.,3 z«2 


(i) Given region 


(1) 


lel <2 = |z| «3 
izl Iz 
p, A zZ 

— |5 «1 — 3 «1 


From (i), we have  - 
1 1 
f2-4*7.,3-9742 


1 1 
=4°3(1 + 2/3) °° 20 + z/2) 


_4(,_ 2,2 2 Jf m EN 
< ED ud mw aa La a a 
3 


8 
4 83 3 4 4 3 + 
-($- 5) +(4- 3)2+(a7- 3)2+( qe - aes x 
l L «i 49 179 
^f--6$*367-2167 *12967 " 
which is required Laurent expansion without principal 
part valid for |z| « 2. This is called Taylor's series. 
(ii) Given region 


2< |2| «3 
s2 « |z| and |z| «3 
2 |z| 
ms f 
N <1 = 3 «1 
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From (i), we have 


1 1 
f-24*:713-3'242 
1 y 
-4*3-*z/3 3'zü + 2/2) 


4 4z | 42? 42° 3.6 12. 24. 
"I4 9.97 Bi” Z 2 Z Z 
v Bi 12,6 3,4 42,42? 47, 
^ Hd La ur z z 3 9 27 81 


which is the required Laurent expansion valid for the 
region 2 « |z| « 3. 


(iii) Given region |z| » 3 = [z| »2 


BE 3 2 
=> l] > `r —124—r 
Iz| 


aita 


We have from (i) . 


1 l 
d T al 9 


1 1 
nhac (Y? 3/z) -3° z0 + 2/z) 


-437-03 | 
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4^ 4 6 12 36. 12 4 10 
DUAE GM An LB 1 36.12 (2 8 
X E EE SDE EID PE 


Which is the required Laurent expansion valid for the 
region |z| > 3- 
Ex-27. Locate all the singularities of the function 
z8--z*-2 
f(z) = z- I}? (3z + 2)2 and ascertain their nature. 
LE [NUH-2008] 
2842542 
Solution : Given that | f(z) = (z- 19 (3z + 2)? -«- (i) 


dei 
We put z= in (i) 


1 8 4 : 
NEUE OBL 
Then t()- 1 EI 1 S. 
i l s - 1) (5.2) 
1+ w* + 2w® 
Fo eee; Paes 
~(1-w)? (8+ 2w)? 
w3 W | 
(5) 1 2w9 -w*-41 


w| w3'(1- w)? (3 + 2w)? 


Singularities are obtained by putting 
WL — w)? (3 + 2w)? =O 
-AwW-0, (1-w) 20, (3 + 2w)?=0 


l 
Putting w = z then we get 


z =O=Z=00—= l >z= land z "79.4778 


l 
4 Z 7, 


E M MAN 2, . 
Z .Z=1,z= -3 are the Singularities of f(z). 
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: 8 +7449 
Now, (i) Lt (z-1BfsLt @- Voom 
z—1 | z1 (z - D? (32 + 2p 
2 z28 42542 
=u (3z + 2)? 
—1 
14:142 4 


<. z = 1 is a pole of order of f(z). 
" 2? 2842542 
E. (2+3) (z— 1)? (8z + 2) 
Pe 2Y* 16x16 . 16 


too +2 


E ge -2 is a pole of order 2 of f(z). 


^] Qw8+wte 1 

"ced EN 3.— es 
Again, LL (w- OP * 3*1 —w)3 (3 + 2w)? 

w-0 

rr Qw8 + w^x1l 

- Pa 3 2 

bal H w)?(342w)^ | 

_O+0+1_1 

- 01.3 ^9 


l 
w= z =0 =z = % is a pole of order 3 of fl2). 


13. 


14. 


EXERCISE-3 
Quiz Questions 


Part-A (Brief Questions) 


Define line integral over rectifiable curves. 

Ans : Art-3.1 

What is complex line integral. 

Ans : Art-3.1 

Define winding number with examples. 
[NUH-2004, 2008, 2009] 

Ans : Art-3.4. 

Discuss down the oropsrties of the winding number. 
[NUH-2004, 2008, 2009] 

Ans : Art-3.4.1. 

Define Jordan Curve. 

Ans : Art-3.5(ii) 

Define singular point of a complex function. 

Ans : Art-3.6 

Define Contour integral. 

Ans : Art-3.5(iv) | 

Define simply connected region. 

Ans : Art-3.5(vii) 

Define multiply connected region 

Ans : Art-3.5(vii) 

Define Connected region 

Ans : Art-3.5(ix) j 


- What is ML-Inequality. 


Ans : Art-3.5(x) 

Define Entire function and Meromorphic function with 
examples. 

Ans : Art-3.5(xi) 

Define Meromorphic function. 

Ans : Art-3.5(xii) 

What is Cauchy's Inequality . 

Ans : Art-3.5(xiii) 
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20. 
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Define pole of a complex function. 
Ans : Art—3.6(B)(2) 

Define isolated singularity. 

Ans : Art-3.6(1) 

Define nonisolated singularity. 
Ans : Art-3.6(2) 

Define essential singularity. 

Ans : Art-3.6(B)(3) 

Define singularity at infinity. 
Ans : Art-3.6 

When the winding number is zero? | 
Ans : Art-3.4(Note) 


Part-B (Short Questions) 


What do you mean by winding number? Discuss the 
properties of winding number. [NUH-2012(Old)] 
Discuss different types of Singularities with examples of 
a complex function. 

Evaluate the following integrals. 


2 
(i) f- J dt 


n/6 . 
(ii) r ett dt 
0 


M * A LLE 3 
(iii) f e2t+in/4 qt. (iy) T E + 7 dt 
EF : 
Evaluate the integrals of (i) f(z) = Z, (ii) g(z) = Z over each of 
the following contours through the origin to the point 
1+i— 
(a) C, : the straight line segment from O to 1 +i 
(D) C5: the horizontal line segment from O to 1 
followed by the vertical line segment 1 to 1 « i. 


Evaluate Í T s . - 
c Zz dz for each of the following contours 


r C is the semicircle |z| 2 2e?, 00 c n 
) C is * NT p e 
is the semicircle |z| = 2e, «9 < 2n 
C is the circle Iz| 22 


10. 


TOS 


12. 


a K 5 


14. 


Let C be the circle |z — i| 


REC < 7 — re — c-- 
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Let C be the arc of the circle |z| = 2 from z = 2 to z = 2i 
without evaluating the integral, show that D 


f xz. 
z? -— 1 


Apply Cauchy's theorem to show that L f(z) dz = O, where 


= 


C is the circle |z| = 1 (traversed in either direction) and (i) 
2 


1 " Z 
Hel 772.2242 Gi) l= 727-6 
723. l 


(iii) f(z) = Te Ñ 
State and prove Cauchy's Integral Formula. 


[NUH-2012(O1d)] 

Lefa 67 Us TA . . 
Show that mi SR E dz - sin t, where c 1S the circle 
[NUH-201 1] 


|z| 2 3andt» O. 


` Let C denote the positive oriented boundary of the square 


bounded by the x = £2andy-t 2. Evaluate 


z dz COS Z nop: 
(i) EX wf waa” Gi) [ Sa ae 


(iv) f G8 dz [NUH-2012] 


Find the value of the integral of f(z) around the circle 
Ilz-i| 22in the positive sense, where 


’ 1 1 
W f= aq w fl) = 2 aj? 
= 3 in the positive sense and 


277 a 
g{w) = $ — dz, where |w| #3. Show that g(2) = 8ni, 


what is the value of g(w), when | w|»3. 
If C is the positively oriented unit circle |z}. = 
z 
f(z) = e?^, then evaluate $ E nm 
C 


1] and 
Z 


l 
Identify the singularities of f(z) = G "T à [NUH-2012] 
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Part-C (Broad Questions) 


Locate and classify the singularities of the following 
functions 


N. 89-7 77*: Gg H< pei Be 

(ii) f(z) = S (iv) fiz) = sec 5 [NUH-1995] 
(v)  f(z) = cosec?z (vi) f2-7g2,7)93 

(vii) f2) = d m (sl » 0. <argz <, 

(vii) iger 2 üx) fiz) = cm z) 

A f(z) = AR - f(z) = m 

(xii) f(z) = sin 1 | (xiii) f(2 = - 


2 uh! ; 
(xiv) f(z) = ae sir [zu . [NUH-1995; 2000] 


(1 Zl 
(xv) nel “er = [NUH-1995] 
1 
Find the Laurent expansion of f(z) = 52-729 in each of 
the domains : 
1 
Find the Laurent expansion of f(z) = > = in each 


z(z* — 3z + 2) 
of the follow-ing domains : (i) O < |z| < 1, (ii) 1 < |z| < 2 
(iii) |z| 2 2 


Derive the Laurent series of the functions 


(i) f(z) = z? cosh i (ii) f(z) = 


Gi) fz) = Te -5 (v nal < 


me NM 
z*(1 - z) 


l 
(z — 1) (2-2) 


10, 


. Establish Taylor's theorem for a com 
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l 
(v) f(z) = z? sin (22) (vi) fiz) = z = ra 
) f(z) = Z L l (vii Y 
(vii) EIE ul viii) f(z) = 225 
aie. ae ! 
(ix) . f2) >ras Tb lal «Ibl ` 
PIENE pu B 1 
(x) Hel = z2(z - 1) (xi. f(27( 1.22 (z+ 2) 
ud. M uinea fiz) =) 


| 4z43 | ; _ 1 
(xiv) fl) 7@—3) @ + 2) (xv) =g- &- 3) 
1 
c egg eu dE Dea 


1 
(xviii) fiz) = Z3) (xix) - f(z) = (z — 2)? 


s Z 
(xx) fiz) - e*? 
State and prove Cauch 
integrable along a curve 


on C then I f(z) dz < ML. 


y's theorem. Prove that if f(z) is 
C having length L and |f(z)| < M 


[NUH-201 1] 


Expand f(z) = sin zin a Taylor series about Z = 3 i 

\ 

[NUH-2007. 2010, 2012(Old)] 

Find the Laurent expansion of the function 
ipsu emn each of the regions : 

(z + 1) (z- 2) gions |; 
Ñ 1 < |z] <2, (ii) O< IS <1 [NUH-2012] 
plex function. 

[NUH-2012(Old)] 
Branch point? Prove that f(z) = nz 
[NUH-2007] 


tion az" = e? has n roots 


[NUH-2012(Old)] 


What do you mean by 
has a branch point at z = O. 

A a>e then show that the equa 
inside the circle |z| = 1. 


292. 


eL 


32-3 
O fl2- 07-1) (z-2) 


12. 


13. 


14. 


15. 


16. 
17. 


ll. 


13. 
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Find the Loiret expansion of the function 
(a Zl < aera is each of the region 

(i) 2«]|z|«3. (ü) |z| «2. (iii) |z| > 3 INUH-2006, 2010) 
is each of the region- 


()|z| «1 and ii) |z| >1. 

in Laurent series for the 

region 1 « |z| «2. [NUH-2005(Old)] 

Find the nature and location of the singularities of the 
: | [NUH-2005(Old)} 


l 
Expand f(z) = z+2) 2+1) 


. function f(z) = zie? -T ? 


Locatė all singularities of the function 
l Z8 + zł +2 l | pibe. 
f(z).- @=1P Ge + 2 and ascertain their nature. 


[NUH-2006(Old)| 


If f(z) is analytic inside and on the boundary C of a 
Wis connected region R, then prove that- 


f(z | 
f(a) = pe) T l La dz. => . [NUH-2003, 2010, 2012] 
State and prove Rouche's theorem. [NUH-2012] 
State and prove Liouville's theorem. [NUH-201 1] 
ANSWER-3 
Part-B (Short Questions) 
x2 


1 e E iS 
(i) - 9 ~ (n2)i, UH 2 , (iii) a (e?" — 1) (iv) ps - 4i 


(a) (i) i and (ii) -i (b) (i) i and (ii) — i 
(a) -4 + 2ri, (b) 44 21d, (c) 4ni 


ee i 
>. wF (uo 
sy; Ib 

(05. 0 T6 


8 * 
37 


Complex Integration 
Part-C (Broad Questions) 


2 O0. removable singularity. 


fi) 77 l 
(ii) z= O. Pole of order 5 
(iii) Z < O. Pole of order 4 


(iv) Z^(4n + ln’ n € I, simple Poles. 


(v) Z= D Pole of order 2. 
(vi z= O and z = - 1, Pole of order 3 


(vii) z < * L. Poles of order 2 


(vii) z = 0. z=- l, Poles of order 1, one simple Poles 


(ix) z = O. essential singularity 

(x) z= 0O, Pole of order 4, z — € 1, simple Poles 
(xi) z=% is an isolated essential singularity 
(xii) z = O is an essential singularity 

(xiii) z = œ is non-isolated essential singularity 
(xiv) z = 1 is one essential singularity. 

(xv) z = O, Pole of order 2. 


1.1 .8 B s 
(fl292—5*432-87 +162 - 


1 1 1 1 Z z Zz 


l a. 15 
012-37*2*87*167 + 


(i) f) --*75*74*7,3*2,2 22 4 B8B 16. 
— añ PE 
(iii) vi lads L L 


;0< |z| «ee 
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| 
| 
| 
1 
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(iii) f(z) = - 


1 3z 722 152 | 
na =- 3] 1+ ZTE ie an iz| « i 
l.21,.Ll.1,.2. 
(iv) o at tet 5 tt St zede) <2 
1.3 7 
fie) = -| 5+ 34% «Jia >2 
1. yeu" 
(v) fJ=1+ 2.2542 sani O< |z| «e 


i] = E © 1 1 
in mam 3] $t. evisos e 
n= 


(vii) f(221-2 >, 2 |z| «1andft)-1«2 X -4:1<]z| <= 
.. el 


n=O 
fiz) = 2. Cn! 221 «7:0«]z| «1 
ina n=O | 
(viii) . ig. a l 
(-1)n* 
f(z) = 2. Zur: le |z| «e 
1 n=] 


+1 


1 s Z — an | 
a-fe) Z -pmt 2 z^ fiat < 121 < p 


: » d S a z bn*! 
(ix) f(z) "sis| Z zarr + >. » } IST > |b] 


n=0 n=1 
- l i n l l n 
f(z) Es (-1) [e m) | |z| < lal 


A E Ka K 


. Ç ze d "de 
28 |. 
L^ 


= eds 
mss z5* ERE 


. adi 


- , 
N L f 


eit c ges 
É- 1)" 279; (sl <1 


e ($) :«1«|z| <3 
3 oo n oo n 
f= 1+ > cm(2) o 


a y 5 + à 
pus G1!" 22a BHZES 
: n=0 n=0 


(xiii) 


15.5 uf | 
> eo h-i (za 

3,2 « 41,9 > (2), 

E a se 2 +e zz) drm 


S 


co 1 ` 
f(z) = EN jd grt geet] 0< Hal et 
inal 
1 g 
xi TA TR E TE - EST 2«|z| «3 zi 
EI X f(z) = — 5- Z 2 cn L 8 Zo d 


oo 1 bx - J 
: - H E ES ER ee Tw » (£y: EA! >3 
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ZEE 1), 
f(z) = 5 IU gut) 2 0< ei 
n= 
l l | xe T 4X. 
(xv) f(z) 2-6 > (&) -z D(z) 1» 1a 9 
n=O n=O 
l oo 
fiz) 7 5 2. G^- D zer: z| >3 
n= 
< 1 
f(z) — 2 - ges] 25 Sl < 1 l 
n= 
i (L x fav odo Ay 
(xvi) fecun 2, (5) -E (iu. Iz] «2 
n=O n=0 | 
| GENE 1 
f(z) = Z Un cd geen? 2h 2 
n= 
| 2 23 
ia -- [24 82 Ee] ad ea 
| I:1:541:4 z ug 
(xvii) Histor L ar la LLE <2 
Tr G A JR to 
E E Iz] $32 
zd QUE OBS. 
(xviii) uds udi SE 
TEE m . 
! Hal 5944 "3 *3138* nizi «2 
1.4 12 32 
Si € + eet ay toe + IS) >2 
zZ 27 g Z 
(xix) APPS E 
fz2-4*4*t16*8* z| «2 
(xx) CEDE NE RN = t NE FX 
"ue-2'icz-2?»'iac-25*"[ 


UE THEOREM AND ITS. "PLIC/ 


j E A A ai à* 
1.1 its of Residue : ‘ai UH-200 


us suppose that the complex RUE 
singular point at Z = a. SAP 
R ta nw Laurent series in some deleted neighbourhood 


e- 


f(z) 
Where an ^ u$ (z — aj i dz n= O, ESS 


m- 71 f(z) 
and an 7 2xi $. (z ay ?*1 yo dz n=41; 2,83 e - (2) 
| and C is any positively oriented closed contour interior to 
the annular domain O < |z- al < R containing the point ‘a’. 


If we put n = 1 in (2), then we get a. = 3 b f(z) dz 


H 
| which is the Co-efficient of 7 —1 in the Laurent expansion 


(1). This Co-efficient a. , is called the residue of f(z) at the point 
z-a. 


l 4.1.2. Residue at a simple pole : 
(a) If z = a be a simple pole of f(z), then the Laurent 


Econ of f(z) is given by 


= a_ 
f(z) = E a zZ m: a)? =- E ES ase . << (1) 
Multiplying equation (1) by (z - a), we get 


(z-a)fiz = >, aal AIL +aı as Mee (2) 
n=O Ñ 
| Taking limit z — a on equation (2), we get 


Lt (z-a)fiz2 -Lt 2, a4(z- ar! * a4 
| Za z= a n= 
mea lt (z-a) H) 
Za 


S CN M". Jm -aà 
Um E You 75. sa $ 
! 7 


NS When ae function f(z) is of the form v 2 Le. 


wherew)-Obutéa)eO. ———— » ; 
Ne know that the residue of f(z) ata simple Peleg 
 (z- a) fiz) 
za 
E o(2) _ 9(z) 
su ea [no a 


Krr (E-a) + R 9 Sl wn) o a 4 
za  lwía)- (z-a) v'(a)  --.] Wa 


Sa allele) OREA 
W la) + +) 


=t 
za (z - a) v'(a) + 


gia 12 — a): 9 (a) + Ye 

= LI kanann 
x (Z-—a) , 

za w(a)* 75 v (a) +- 


_ 9(a) 
v" (a) 


* The residue of f(z) = E atz- , ota) | b 
v "(a) ig) 
4.1.3. Residue of f(z) at a pole of order m. T. 


[NUH-2000, 2002, 2005, mE" l 
| Theorem-1 : Statement : If f(z) be analytic inside and D1 
a simple closed curve C except at a pole of order m insidaj G 
then the residue of fz ata 1s 

1 m-1 


d 
a= m-1 {(z - a)™ f(z)) 
Za um - 1 1 dz dzm-1 


D K 


E a roof ; Let the function f(z) has a pole of order m ratz 
EM 1 the Eno expansion of f(z) is 


Ye) ~ 


+ auz - alm) 4 a(z- aima 4 berr. X 
ch is the T Series ab N Ae 

m | of pt 
ction f(z). iin UD 
| pifferenting (m — 1) times equation x. resp ioc 
| we get R Lax 
| 2 dz Tale- RES oar lam + Ams (z- a) + 


+ a(z- aml 4 ao(z — a)m + az — a)m* + <<< | 


v 


dm-! : 
| = dzmi € - a)™ f] = a. im - 1 va Tea "n | 


lm +1 
ay: - D 


| (z — a)? pide 

Taking limit z — a on both sides, we get | 

| qm} itag 
pt dzm-i [z —a)"f(2]-Lt fa, lm—1 *ao.Im (z- a3) - ---] 


za za 
: dm-! 
| —Lt ee 
| za | 
| uod -odm 
auc lt We 2 IZ — a)" fz]. Hence Proved. 


| za 
| 
| 4.1.4. Residue of f(z) at a pole z = a of any order (Simple or 
of order m). fish: 
| Let the function f(z) has a pole 
| A Laurent expansion of f(z) about z = a is | 
| < a- 29-2. . 8a-m |... 

Where by definition a., is the residue of f(z) at a pole z= a 
| for simple pole or pole of order m. aye 8 

are pütz= a= tsz i a iiher e , 


| . (1) becomes 


z = a of order m. then the 


BG L E XN eo + ym 
| . n=O . 


Bar ^ ainan, U ta; [the re idue C 7 
ofr in the expansion (2). | 
| How we get the residue. - 
- First. We putz = a + t in f(z) 
Second. We expand fiz) = f(a + t) in powers of t. 


1 
Third. We equate the Co-efficient of t 


The Co-efliciezit of 1 is the residue of f{z) at a polez-a 


4.1.5. Definition of the residue at infinity : S l 
In article (4.1.1) we defined that the residue of f(z) at a Dole 


06 3 
Z-alS5ri b f(z) dz. 


Where C is the closed curve such that f(z) is analytic 
everywhere within it except at Z = a. 
According to the above definition, we proceed to define the | 
residue of f(z) at infinity. 
If f(z) has an isolated singularity at infinity or is analytic _ 
there and if C is a large circle which enclosed all the finite — 
singularities of f(z), then the residue of f(z) at z = œ is given by 


1 
ani h. f(2 dz 


the integration taken round C in Clockwise direction | 
which is negative with respect to the interior C, but is positive 
with respect to exterior C. Provided that this integral has a 
definite value. nro ^ 
That is the residue of f(z) at z = œ is — i j f(z) dz the 

C 
integration taken round C in anti-clockwise direction. | 


4.1.6. Definition of Branch Points: . [NUH-O04, 06, 09] 

If f(z) be a multiple-valued function. Then the branch oz) 
of the function f(z) is any single-valued function that is 
analytic in some domain at each point z of which the value 
(2) is one of the values of the function f(z). A point z = a is 
called a branch point of f(z) if the branches of f(z) are 
interchanged when z describes a closed path about z = à 
The branch points are singular points. Taylor's theorem 


. €an be applied in each b i 
. function f(z). ranch point of a multiple-y 


1e° 
AIL V 
"ug 


4 1 


focs ER pot s CASA. s anal 
S Then the single-walled function qti ie c 
nch of f(z). x 
E 0 . example, Let us Ten f(z) = oe? be mid tple-vat T» | 
T ere -= - z!/2 = (rei)1/2. r > 0. 04 <0<6, Ton ^os ede. T TEENAGE ERN 
= u(r, 9) + iv(r, 9) = Vr ei0/2. m 
= ulr, 9) + iv(r, 0) = Vr (cos 3 + isin 2) 
= utr. 0) - Yr cos 3 and vír, 0) = Vr sin S 


| The components u(r, 6) and v(r, 9) are single- -valued and 
continuous function on |z| > 0,0, «0 «0, + 2r. 

| Evidently, the function in (1) is not continuous on the line 
0-031 as there are points arbitrarily close to z at which the 


| - 0 
values of v(r, 8) one nearer to Vr sin (2) as also points such 


| that the values of ví(r, 0) nearer to — Vr sin (8) Here we see that 


the function (1) is not only continuous but also analytic in the 
specified domain as the first order partial derivatives of u and 

| v are continuous in this domain and also satisfy the Cauchy- 
Riemann equations in polar form. 


Since = cos 2 
| ear 
Cos E FN 
o8 7 J sn 5 
0v 1 9 
or ENT 2 
mou. Nr 8 
a epe: 
po . From (i), we have 4 = EN ed 
—u = 9 Porky ET E MC CARD 112 
X od: 3 TOL 


n B. ——- œ 
R on É 4 ^ ; Fa 


hi Pi 


ty i La 
.. From (i), we have 2-1. 2 


, 
ALY L 


"X S ^ 


œ — m — — 


Equations (v) and (vi) are Cauchy-Riemann equations 
polar form. 

XE ehh acre 

Further, dz (z = 221/2 

In this foregoing discussion we have seen that the ke Hor 

in (1) is a branch of the multi-valued function z /*. The 

function z!/2 = Vre®, |z| > 0, «0 «n is called Prin 

branch of the multi-valued function z!/?. 


Branch Cut : A branch cut is a portion of a line or cui e, 
which is introduced in order to define the branch of a multi- 


valued function. 


. For the function w = f(z) = z!/2, the restricting region of z to 
be the open or cut plane as shown in figure. For this purpose 
the real positive axis in the z-plane is cut out. The values of 

z-20andz = ee are also deleted. 


The function w = f(z) = z!/? is now continuous in the cu 
plane that is an open region. The semi axis Re(z) »0—x»0is 
referred to as a branch cut. 1 


Branch point : A point is a branch point if the mult 
valued function w(z) is discontinuous upon traversing a Si na 
circuit around this point. The point z = œ is a bran h poi it 
the function z'/?. If we use the transformation z = 1, t. Wh 
maps Z = œ to t = O. Using this argument, we see that t = 
branch point of the function t-!/2 so z = œ is a branch poi 


ints» 


- 


B3 


LEE 


` asa 
3 : 
( & 


NE) 3 Z) alue. .— , 

Z7 chus the point z = 0 and z= are only branch point: o fiib" 

function z1/2. | 
Alternative definition of branch point :A multi- È 
ued function w = f(z) defined on S is said to have a branch 
int at ‘a’ in C if, when z describes and arbitrary small circle 

about ‘a’, then for every branch ọ(z) of f(z), oz) does not return | 

to its original value. | 

Thus z = O is the branch point of z!/2, When moving from 
any point z = re? about z = O, the origin. One complete circuit to 
reach again at z. We have changed arg(z) by 27 = 


For original position z = ren. we have 


Dd Lu P F 


| w= rei®/2 and after one complete circuit 


| ow=vr eil6+2n)/2 = fr [ei(6/2«0] 

= Vr | cos (a +$) +i sin (x +2)| 
| q -vr |- cos 5 - i sin 9| 

- - VF (cos +1 sin $) 


r ei0/2 


| That is, w has not returned to its original value. Since a 


complete circuit about z = O changed the branch of the 


function w = f(z). So z = O is a branch point. 

Geometrically, a point common to all branc 
recognized as a branch point of multi-valued function. 

Example : Let f(z) = (22 + 1)}/2 bea multi-valued function. 
Find its branch points, branch line and show that a complete . 
circuit around these points produces no change in the. 
branches of the function. — 

` Solution : Given that 
| w = fz) = (22+ V2 ^" ^: 
wea { +i) zi 

An +. i)!/2 (z - He 


h cuts is 


ris 


s Songs MM er. 5 (2122 por 
Kn pete mn RN G1 TOME 


meaning engin preted ga Mar 
—— 


= Change in arg w = 3 IChange 


i5 ! [Change in arg (z — U) 


Let C be a circuit enclosing the point i bu 


as shown in figure— 
The point z goes once counterclockwise aroun 


t not the point -i, 


| d C and for 
this reason. 
Chang in arg(z - i) is 27 
and Change in arg (z + i) is O F 


Therefore, by (2) Change in arg w — 5 . 2n *3 .O 4 


bs 
(“nN 


-—i is outside the circuit ] 


on 

Hence w does not return to its Re value, that i 

change in branch has occurred. ^ lera 

! mc the closed circuit about z = i iit the e» T 

unction, so that z = i is branch point. Similarly, if C b 

niar enclosing z = — i, but not z = i, then we can ‘SHOW! 

í Ee s Rnother branch point. Finally, z = i and z 2 — i € r 
L of the given function ue 9 < (sh EL hi 


E». n X rt rye f the y- 


= 


= 28 


a 


due theore 


circuit enclosing both the points z = 1 


* 


T7 
E 


fie ure. 


en 
Change in arg (z - i) = 2x 
Change in arg (z + i) = 2x 

So, from (2). we have 


l 1 
Change.in arg (w) = 2- 2n t3- 2n 
| zt 
Which shows that a complete circuit around both the 


pranch point does not change the branch of the given 


function. 
4.1.7. Cauchy's Residue theorem: | [NUH-2006, 2011] 


Statement -: If f(z) is analytic inside and on a simple 
closed curve C except at a finite number of points a, b, € =- 
inside C at which the residues are a, b j, €, -*- respectively, 


then | 
$ f(z) dz = 2ri [la ; +b c, --] 
^n 

| = 2ni D Residues. 


Proof : Let us draw the circles C;, C2, Ca --- with centres at 
‘a’, ‘b’, ‘c’ --- which lie entirely inside C as shown in figure- 


tk But we know that, if f(z) be analytic in a region bounded by 
€ non-overlapping simple closed curves C, C}, C2, Cg `: 


Ehe Ci, Ca, C4 --- lie inside C as shown in figure] and on, — 
ese curves. Then ware 


^ L fiz) dz = L fiz) dz + p fiz) dz + x Kz) xe + - p 
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Also, by definition, 
simple pole Z = a inside the close 


we know that the residue of f(z) a, 5 
d curve C, is 


f(z) dz = 2ni au (2) 
Cy 
Similarly, we have 
l 
ba =g L fu dz (3) 
(4) 


1 
Ci T L f(z) dz 


Using (2). (3), (4), e We get from (1) 
$. f(z) dz = 2ni aı + Oni b. + Oni Cyt 


= 2ri(a_.) + by + Cı + «d 
= 2ni (sum of residues) | 
= 2ni 2. Residues proved. | 


4.1.8. Two Important Theorem: 
Theorem-1 : If f(z) is analytic within and on a closed 
contour C except at a finite number of poles and does not 


vanish on C, then 


21g TA P 
Zii Jo Tel  - 

Where N is the number of zeros and P is the number of 
poles of f(z) which lie inside C. Both zeros and poles being 
counted according to their multiplicity. 

Theorem-2 : [Argument principle] 
fa function f(z) is analytic within and on a positively 
M simple closed contour C and does not vanish on C, 
n 


l1 
N - P = Ac arg f(z)] 
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N is the number of zeros ; . 

where "irish. He Toke: C ros and P is the number of 
a of f(z) c and Ac denotes the variation of 


ent around C. 


qultiplicity- u 

4.1.9. Definition of zeros of an analytic function : 

A function f(z) which is analytic in |z - al < R is said to 
zero of order m [Natural number] at the point ‘a’ if 

fla) = f(a) = f'(a) = --- f™ a) =O 
if f(a) + O, for m = 1, then ‘a’ is called simple zero of f(z). 
4.1.10. Rouche's Theorem : 
[NUH-2004, 2007, 2009, 2012] 

Statement : If f(z) and gí(z) are analytic inside and on a 


simple closed contour C and if |g(z)| < |f(z)| on C, then f(z) + g@ 
and f(z) have the same number of zeros inside C. 


Proof : Since on the closed contour C 


have 


| g(z)| < Ift 

Ig | 

gz) 
=> f(z) «1 
=> | f(z) | #0 see l s eee X (i) 
= |F| « 1. where F(z) = £2 om - - (ii) 


Also, we have 

| fiz) + glz)| » Ift] - 1g2] +O. since Ig] < |fl2)| 

= | fiz) + g(2| «0 

=> f(z) + g(z) +O one — (iii) 

Hence neither f(z) nor [f(z) + g(z)] has a zero on the closed 
contour C. 

Let N, and N, be the number of zeros of [f(z) + £21 and LZ) 
respectively inside C and by hypothesis both the functions 
(f(z) + g(z)] and f(z) do not have any poles inside C. therefore [by 
theorem-1, Art-4.1.8] 

1 f(z) 


N-P-zzi i.t 
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| rz) + gz ..b5 
We have N, -0= 57; $ f(z) + gz) dz [. P= 0] 
Ment: a " " " | 
“Noni to ftg (iv) 


Similarly, we have 


1 f ‘ of ce. 
N2 = oni b do E (v) 


Subtracting (v) from (iv), we get 


RE He = a 
Again, we have 
P = pa 
=> g{z) = f(z) F(z) 
= gd | a (vii) 
=> g'(z) = f (2) FZ) + f(z) F'(z) 
=> -ÍfF-fF' (viii) 


Using (vii) and (viii), we get from (vi) 


-l p(f*fF*fF f^... 
Ni -N2 = 37 $. f4 F -f]9 


1 fF’ 
= Ne * T $ fa +h @ 


l F 
=> N z> p : 
17 NA = Oni $ IF dz ed - iss (ix) 


= Since |F(z)| < 1 on C, so that, we have 1 + F(z) < O. Also we 
Ow that the derivative of an analytic function is analytic. 


and since F(z) is analytic on C, so F'(z) is also analytic on C. 


"d uM X C cC DE 
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, 
L—— is an ane i i " 
Hence i 4r! analytic function on C. Then by Cauchy's 
iheorem we have from (ix) 


E o| - d F’ 
Mj Ns “ 2mi L 1«F92*0 
sN, =Ne. Hence proved the theorem. 


4.1.11. Theorem : [Maximum Modulus Principle] 
Statement : If f(z) be analytic inside and on a simple 
closed curve C, then the point giving the maximum value of 
|flz) | can lie on the boundary C but not inside C. 
Proof : Since f(z) is analytic inside and on the closed 
curve C. So it is continuous there. Therefore it has a 
maximum value M (upper bound) inside or on the boundary C. 
If possible, let us suppose that |f(z)| has its maximum 
value M at a point 'O', which lies inside C but not on the 
boundary C. then |f{a)| = M — Em - (1) 
We draw a small circle C, with centre at ‘a’. Therefore 
ye >O, Il sM-e for all z on the circle C4. 
Again, since f(z) is i p 
analytic inside and on the 
boundary C, and "a isa point 
lies inside Cı, so that by 
Cauchy's integral formula, 
we have 


1 f(z) 
fla) = 251 $ z-a® 
C 1 HZ). 4. 
= |fla)| = |zzi L z-a% 


Soe g US 
s L B hu 


e |z-al =F 
= reiñ. O< 0 > ZT 


[dig] = Ie oP 
|dz| =r dO 
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- [fal] ss LTE a0 
=. . (M - €) [e]5" 
= 5 (M - €) . [22 - O] 
=M-e 
-. laji < M-e 


=M <M -e [by (1)], where e > O 

Which shows that a number is less than a lesser number. 
which is absurd. So our assumption is wrong. Hence the 
maximum value of |f(z)| is not reached inside C but on the 


boundary C. Proved. 


WOHKOUT EXAMPLES 


1. Find the poles and the residues of the following 
functions in the finite plane. 


Zz? — 2z 


O f=; pý; IDUH-1989] 
(iv) f(z) -27 (v) f(z) = sechz 
(vi) fiz) = cot z (vi) ft) = FS 5 
(viii) 2-259577 (ix) fiz) =2 +? 
x) f= arij ^ (xi). f(z) = tanhz 

Gi) fo) = ZPO, (xiii) fz) = Go 

Gi) ft) = akor (xv) nal < SS? 
Uv H < as 

(xvii) fz) = z^ 


- 1)? @-2)@-3) 
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| Iniz + 2) 
(xviii) f(z E Ur 1 
el 
gi f: P+ 1) [DUH-1989] 
Solution : (i) Given that f(z) = 22-22 


(z + 1)? (2? + 4) 

To determine the poles of f(z). 
[Poles of f(z) are obtained from] 

(œ+ 15 4 40 = 
—(z-1?20 or 2244-20 
—z4120,24-120,z22--4 

g=-l1,-l, z=t 2i 

. fZ) has the simple poles at z - 2i and z - - 2i. Also f(z) has 

a double pole at Z =- l. 

To determine the cesiduns of f(z). 


The residue of f(z) at z = 2iis 
dE (z — 2i) f(2) 


| z2i 
. z-2z | 
d m (z- 2i) - œ+ 1)? @ +4) 
Z s 
. z-2z 
=Lt (z - Zi) s zeie (4 2i) (z— Zi) 
m (z + 12 (z + 2) (z - Z1 
| Qi?-22i . Ai? — 4i 
- (2i + 1)? (2i + 21) — (Ai? + 4i + 1). 
i- 1 i- 1 did 


BENE N E CDM Ced — — YT 
— (C4 + 4i+ 1) Ai- 3  (A4i- 3) (4i + 3) 
AP 3i-4i-3, -7-1, 741 

16i? — 9 ETE. 25 ^ 
The residue of f(z) at Z = ^ 2i is 


Lt (z + 2i) f(z) 
z— -2i 


z2 —22z 


«LE (z # 2i). z+ D? 2 (af 2i) (z 20 


z7— -—2i 
— DZ 


Bes “Be y (z- 20 


z— - 2i 
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i)? PL 4 i^ li 
(-2i) 2(-21) li? 4 | 
i 1)? (-2i - 2i) (4i? - 4i + 1) (-4i) 


(-2i 4 
(i + 1) | + i (1 + i) (3 Al) 
4-31) S94i (3 + 4) C3 — 41) 
3- 4i + 3i- 4i? 7-1 
7^7 8-188 25 
The residue of f(z) at the pole z = - 1 of order two is 


] d 
Lt a a 1 C LP i) 
=J dz 
Z—— } eat 


d z? — 2z 
s E dz| @ YU KT E 


(z2 + 4) a2 2e 
— 1 (z? + 4)? 
Z2—- 
eap | 
pes 1 (z? + 4)? P 
— — 
222 + 8z- 8 
gs BECET 
— — 


- 261}? + 8-1)-8_2-8-8 .14 
|. (C-0?-4? TAR aR 
(ii) Given that 


2z + 1 
Hel = 2229 
l 2z + 1 
a ees; 


2z7 +1 
f= a 
To determine the poles of f(z). 
The poles of f(z) are obtained from 
i -2) 4] 20 
ELIT = LL 
^. HZ) has two simple poles at z = 9 and s], 


To determine the residues of f(z) 
The residue of fz) atz = 2 is 
Lt (2. 2) f(z) 


Z>2 
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| 22+ } 


SJA (z - 2) l(z — 2) (z + 1)| 


z 2 
22741 2.241 5 
stk =. Tt E 
z2 
The residue of Ilz) at z 2 — 1 is 
Lt (z + 1) f(z) 
z- 1 
2z+1 
-it (+1) lc Gr " 
z2-1 
22-1 D+ -1. 1 
= Lt s —-—— a! 
z2-1 
(iii) Given that f(z) = (2 T 1 
(z + 1)? 
id= Te 


To determine the poles of f(z). 
The poles of f(z) are obtained from 
(z- 1?20 cit 

—z—-120,2-120 
=>z=]l,z=1 

- f(z) has a double pole at z = 1. 
To determine the residue of f(z). 
The residue of f(z) at va double pole z = 1 is 


1 d2- 
sa (= L < tl} 
s ,2 —] dz 
1 (z +i} 
eI wre 1)2 ° e 12 
sit ES [(z + 12] 
Z— l 
= is [2(z + 1)] 
z—1 


—2(1-4 D= 


)I! 
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sin Z 
(iv). Given that f(z) - 72 


To determine the poles of f(z). 
The poles of f(z) are obtained from z? = 02» 2-2 0,0 
-. f(z) has a double pole at Z = O 


To determine the residue of f(z). 


we have f(z) = 72 


ile 2 Bg EL aue 
"zi? 3 5 IZ 
i -z zx LM 
Z = — — — 4+4 — ... ... 
Jy R E 0) 
The residue of f(z) at z = O is the co-efficient of 1/z in the 
Laurent expansion (1). Which is equal to 1. 


(v) Given that f(z) = sechz 


= fz) = coshz 


To determine the poles of f(z) 
The poles of f(z) are obtained from coshz = O 


(e. e2-0 
—5í +e4= 


—e*L-0 

= (e4)2+1=0 
—>e%+1=0 

=> e% = 


=> e? = cost ELS T - 
> e2z = cos(2nm + n) + i sin(2nm + 7) 
=> e2z = ei(2n+1)n 


> 2z = i(2n lm 


à; n 
—z-i(2n- 1)5 . wheren - 0, +1, £ 2, - 


-. HZ) has simple poles at z = i(2n + 1) 2 


EN CONES 

| a 

ee oar T 
|  edsh2 S Cal œ 


1 CS 1s AW TO HUIDIEON 
sinhz byL.H.R 


A 
z— i(2n+ ‘inst Q 


=Lt 
z> i(2n+ m /2 
| = Lt 
z— i(2n+1)n/2 
i | 
| | =i sin(2n + 1)n/2 whenn-zO;t1,t2,- X 3 
z241 Rar l 
| | (vii) Given that f(z) = =e ae 
| To determine the poles of f(z). 
The poles of f(z) are obtained from . 
(z— i)? (z+3)= 
. —(z-i2-0 or z+3=0 
| | le 2 =i,1, - Z=—S 
-. f(z) has a double pole at z = i and simple pole at z =- 3. 
To determine the residue of fiz) | | 
| ! The residue of f(z) a da be pole atz-i is * À P 


I B E d^" qz - 92 ft 


V 8 


zi 


acd ^ 2416 | 
ait id 1S |e gare eS | 


| zi 


=It qz|z+3 

) z—i | 

| (+ ay E : | T 
Lt (z. daan sdi inde 


zi 


d E 


= LL cP 
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72 + 6z- 16, CE 16 
=Lt "(Gg.ayp +3? 
Z— i 
6i- 17 6i- 17 _ (6i- 17) (6i — 8) 


i246149 6148 = (6i + 8) (6i - 8) 
36i? - 48i — 102i + 136 _ -36 — 150i + 136 


36i? — 64 -36 - 64 
100 - 150i 3i 
-—-j60 n A 
The residue of f(z) at z 2-3 is 
Lt (z + 3) f(z) 
z-23 ` 
72 L 16 

z-3 


no 2516, C3? «16 
= (z-i?  (-3 — i)? 


Z——-3 | 
| 9«16 _ 25. _ 25(8 - 6i) 
~QO+6i+i2 8+ silii 
25(8 - 6i 1 
= 2518 — 6) - XIS 6i) = Zu — 8i). 
(viii). Given that f(z) = z cos mz = 


To determine the poles of f(z) 
The poles of f(z) are obtained from 
22 sin nz =0 
= 22=Oorsinnz=0 
—Z220,0 
> nZ = DT | 
== n, where, n at LE, = 


- f(z) has a double pole at z = O and simple poles at z=". 
iban n-ztl,t2, 


To determine the residues of f(z) 


W z c 
"m © expand the given function f(z) in Laurent series about 
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T COS Ke 
+, (2) = z2 sin nz 
(RE RS 
N. [2 [4 
= 72 i n323 n525 
TZ + 
Ll3 L5 ) 
(1 2 T2z22  mq?z^ | 
E: 3 2 24 
~ 72 (1 m222  m^z^ 
"es 6 120 
_ J T?22 mz m2z2\~! | 
-Q 2 TE a)(i- 6 | | 
| [neglecting the higher degree terms] 

Kl +3 B nz? qz 
x |: mu Wadi RE ME Kn | 
A mE mE miz mizi | 
=| 6 2 S Sq 139. 707 
LL, sew 
E gð 3 72 77 

d 12 . TA | 


nsion (which is the 
2 


residue of f(z) at the double pole z = O) is - 3 
| [Using formula 4.1.4] 


l1 
The co-efficient of > of above expa 


n2 


~. The required residue IS 3° 


242 
(ix) Given that f(z) = : = 1 


To determine the poles of f(2). 


The poles of f(z) are obtained from t 
= Zi= | 


he equation Z -120 


-. f) has only a simple pole at 2 = i: 
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To determine the residue of fiz). 


2242. 
We have fiz) xb k Y 


— fiz) = 99 ; where o(2) = z? + 2 


y(z) 
yiz) =z- 1 
=> w'(z)-1 
The residue of f(z) at a simple pole z = lis [using formula 
2-2 
4-2(b)] su SUE | 
y (1) 
z3 

(x) Given that flz) = Qz + IF 


To determine the poles of HZ). 


. The poles of HZ) are obtained from the equation 


à A1 A 
Qz--19202z- 2:795 "9 


1 
-. f(z) has a pole of order 3 at z = — z- 
To determine the residue of f{z). 


The residue of f(z) at z = — E pole of order 3 is 


«ui SEC 


z-1/2 
< Z L |e. zŠ l 
œ [l 
2 sia = (2z + 1)? 
1 d 
= j6 LL =— [327] 
1 
z—-1/2 es 
1 
-1e M (62) 
z-3—1/2 
"3 1 
pr 16 e(-3) 
— 3 
16 


= 
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(xi) Given that HZ) = tanhz 
. Sinhz 
coshz 


l 
geej 


5 (e? + e7) 
e?z — ] 
f 76:171 i 
To determine the poles of f(z). 
The poles of f(z) are obtained from the equation 
E a 
=e% -cosT-isin7 
> e2 = cos(2nz + n) + i sin(2nm + m) 
— eZ = cos(2n + l)n + i sin(2n + 1)z 
Ly e2z = einen 
> 2z =i(2n + l)n 


—z-i(2n + U Z: where n= 0, + 1, +2, ee 


-. f(z) has simple poles at Z = i(2n + 15 , where 


nzo tl, t2,t3-- 
To determine the residue of f{z). 


e? 1 
We have f(z = Gaz 7 


f(z) = o@) where ó(z) = e? L 


w(2 ' 
and w(z) = e247+ 1 
=> w'(z = 2e* 


T. 
The poles of f(z) at simple poles z - i(2n * 1)5 is 


-9li2n + 1)/2]. 


v'[i(2n + 1)x/2] 
e2*i2n«1»5/2 ]  ei2n* m-l 
T a ee ae 
2 + e2*i(2n + Tn 72 =~ Sei2 n+ x 
. cos(2n + l)n + i sin(2n + 1-4 
2icos(2n + l)n + i sin(2n + 1)n] 
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- 45921,2543 
, cos n+ isin *- 1 e 
2[cos m+ isin x) 72[1 + i-O] 2 


^, Required residue is 1. 
(xii) Given that fiz) = eee, x 


e 
=> fiz) = 77 nA 
To determine the poles of fiz). 
The poles of f(z) are obtained the equation 
72 + 2 =O => 72 =- 1 
— zz tin 
-. fiz) has two simple poles at z = t and z = — in. 
To determine the residues of fiz). 


c 
We have flz) = 22 , «42 
fiz) = v E. where ó(z) = € 
wiz) = z? + x? 
=> yw (z) = 


The residue of fiz) at a simple pole z = tx is 
oliz) c"  cosm C L Sn x 


“Qin ZIR 


E 

2n1' 

The residue of f(z) at a simple pole z = -in is 
e(-in) en 
w'(-in) -2(-in) 


yw (ix) 


gree ens =o 3 
-2zi -2zi 2zi’ 


(xiii). Given that fi) = 


The poles of flz) are obtained from the equation (22 + 1p = 0 
=>2+1=0, 241=0 


—SZ=etiz=+i 


has two double poles at points ra anni bina ~ 
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To determine the residue of f(z) 


The residue of f(z) at a double pole z = i is 
l d2-1 


Lt (13.3: aIl(z-1?- 
7512 ] dz?! i)? + f(z)] 
1 ln z 
= Lt +$ le i)2 | 
oar dz (z2 + 1)2 
d | (z+ i)2 Inz | 
ET x 
Ai dz | (z + i)? (z + i)2 


d ln z 
= LL {24 
zi 
(+ ij2-- ln z * 2(z + i) 
(z + i)* 


Z+i i+i 


< —2 Un Z i —-2 Ini 


= , (z + i)? BENE IL 


2-2ini. 2-2ini 920 Ini) 


FO 7 ES Bie -8i 


: [1 - In(O P 


als Hood soe 


in 
- Ine"? ex it 


iL r3 ej- d 
|= 


— 


4 
|e 
N 
| 
oa pa 
N 
ee 
A 
GD 


The residue of i at double pole z =- i is 
d at 


Bei TT [(z + i)? * f(2] 


Lt 
z—-i 


1 d mS 
elt Kea gler 2. ina] 


ZA 4 
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d inz,| 
=Lt dz. (z - i)? 
z2-i 
KTS in z - C. 
=Lt (z — i)* 
z2-i 
|». £-1. 9 inz 
= (z ca i)? 
z2- 


d zd i 2 Ini) 


-—— i M 
a -Sas 2 In(cos 1/2 - i sin 1/2) 
-8i 
NL 2ine*/? 2- 2(-in/2) 
8i 8i 


l 
(xiv) Given that fiz) 77231 


To determine the poles of f(z) 
The poles of f(z) are obtained from the equation 
—z*5--1 
—z2*5-2cosm-isin 7. 
= z^ = cos(2nn + n) + i sin (2nn + T). 
— z^ = cos(2n + l)n + i sin(2n + lnm 
= z= ei(2n+ ln 
= z = linr 1/4 n = 0, 1.2.3,- 
-. HZ) has the simple poles at z = pun 
To determine s residues of f(z) 


z*#+1=0 


We have f(z) = AL id 
(2) 
3. > f(z) = wiz) ' , where $(z) = 1 


and viz) = z +1 
= w'(z)- 423 
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m and its a i 
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. The residue of f(z) at the simple pole 
S 


z = eln«1n/A is esse 


Ww "Lelin Dx/4]- 


» l 
= genas 


l - cos z 
Z2. 
To determine the poles of f(z) 
The poles of f(z) are obtained from the equation 
72220—z20,0 

+, f(z) has a double pole at z = O 

To determine the residue of f(z) 

We expand the f(z) about z = O in Laurent expansion. 


(xv) Given that f(z) = 


r-l 
f2-5-14*ie- 
The Co-efficient of 1/z of above expansion [which is the 
residue of f(z) at the double pole z = Ol is O [Using formula 4.1. 4] 
<. The required residue is 0. 
Alternative method : 
The residue of w at Kop double pole z = O is 


1 p - f(z)] 


o2 3Ll dz 


"m E 2 (L9 21 
z= 0H = 

= LL d (1-cos2 

g dz 


z— 0 
= Lt sin z = sin O = 0. 


z0 
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z2 
(xvi) Given that flz) = 52 4 a2 


To determine the poles of f(z). l , 
The poles of f(z) are obtained from the equation Z? +a ag, 


— 222. a2 
= Z = Ł ja 

-. flz) has simple poles at z = ia and z = — ia. 

To determine the residues of f(z). 

72 
We have HZ) = 23 4 at 
_ et2 72 
=> HZ) EL where ó(z) = Z 


and w(z) = z2 + a? 
ph wv (z) - 
-. The residue of f(z) at a simple pole Z — ia is 


sew. [by formula 4.1. 2(b)] 
y’ (ia) 
_ (ia)? _ ia? ai 


— 2ia "Dia 9' 


The residue of f(z) at a simple pole z =- ia is 
o(-ia) _ (-ia)?  i?a? | ja 
w' (ia) ~ 2(-ia) Db n. 


z3 AM 
(z—1)5*(z-2)(z-3) - 
To determine the poles of f(z). 
The poles of f(z) are obtained from the: equation 
(z — 1)* (z- 2) (2-3) = 
—221,1,1,1;z-2;z-3 


-. f(z) has a pole of order four at z = 1 and simple poles at 
z-2andz-3. 


To determine the residue of f(z). 


Ww - z? 
e have f(z) (z = 1)4 (z a 2 (z s 3) 


Putting z- l =t, z= L +t, where t is small 


(xvii) Given that f(z)- 
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LU. 


Lu 


ara 4^t-3) 


1 3 ty! 
=a UL + U a-o (1-2) 
d 2 t t t? 
aH + 3t 3t +t) (1 +t+t2+t3+ i petes ufu A 


3 l. 1 
2 
=z (1 * 3t 3t «esse ZI 


2*4 gt 


3 7 15 
2 
= 5p 3t 3t TIPICA T | 


3 3 9 7 9 21 15 
aiios (3+2+Z)e+(1+ EUG 8 2e] 


1 9 37 1 
- hide egt I2 n, Al 


The Co-efficient of 1/t of above expansion is T E 16 
[by formula 4. 1.4] 


Hence the residue is 1 
l +2 
(xviii) Given that f(z) < TS P 


To determine the poles of f(z) 

The poles of f(z) are obtained form the equation 
2z + l = 0 >z =-1/2. 

7. fiz) has a simple pole at z = -1/2. 

To determine the residue of f{z). 

The residue of Hz) at a simple pole z = - 1/2 is 


u UE C3] 


————— 1 
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=5ut lniz + 2) 
z>-1/2 
-ian( 2*2) 
Iul. 


ez 
(xix) Given that fiz) = 2 «1^4 


To determine the poles of f(z) 

The poles of f(z) are obtained from the equation (z? + 1)* = zi). 
—22-12z0-zz-trti 

-. f(z) has the poles of order four at Z =i and Z.s - i. 

To determine the residue of f(z) 

The residue of f(z) at a pole z = i of order four is 


1 dtl l e£ 
v aale p-e 
1 af e£ 
te tobe 
Lad 13 dz*?|(z + i) 


1 NECI m 
S r (z + i)8 


| =~ 
p ert 


2 ilz + i)*e*- 4e7 
(z + i)5 


jee a 
(z + i)9 


1 | i) Gi | 
Teu i E + i) lie? + iz? ez — 5ieiz) — 5eiz(iz — BRIT 
(z + UB | 
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l d | eMjz - 27 - 5iz- 1 
salt dz — : - plz + 5 — Siz + 25} 
6, "ia (z + i) | 
l d |e"(29 - 10iz - z?) 
eé dél (z we 
Z2 
, + 1% + (e"(-101 - 27) + 1e"(29 - 101 - 22) - E ia 
DIE i) t kL 
du ele + 1) 07101 7 22 * 129 — 107 — 22) —6(29— To —22)] 
(z + i) 
zi 
6 (i + i)” 

Nu |22 = eo _ e! [56i? - 240 

~ 6 | (21)? -6 128i7 

e! 2960 , 37e 

=6 * 128(-)1 ^ 96 ! 

Similarly. the residue of f(z) at z = — i pole order four is 

are 
~ 96 


2. Evaluate the integral using Cauchy’s residue theorem of 
each of these functions around the circle |z| = 3 in the positive 


exp(-z) _ exp(-z) 
@) fa- üi)) nel < D? 
l 
(ii) fiz) = z? exp (i) (iv) |fi2-22—2z 
5 Aa 
wW f-i—z (vi) f@= 772 


52-2 
(vi) o= 

xp(-2 
Solution : (i) Given that f(z) = = Zz? 


e^ 
f(z) = 72 
Let us consider the integral b f(z) dz: 


where f(z) = < and C is the circle |z| = 3. 


E 


A 
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By Cauchy's residue theorem, We have 
$ f(z) dz = 27i b Residues. 
C 


= $ m dz = 27i >_ Residues 
e 
Poles of f(z) are obtained from the equa 


-. flz) has a double pole at z = O 
Also, the pole z = O lies inside the circle |z| = 3. 
The residue of f(z) at a double pole z = O is 
] d2! 
2-1 lz? * f(2)] 


Lt (2-1 dz 
z—0 224 dz 


(1) 


tion 27=O>z=0 9 


= e73 =-e°%=-]. 


Putting the value of residue in (1), we get _ 
l e | 
L 9 dz = 2ni(-1) = — Qn 
(ii same as (i). 
(iii) Given that =z? (2) 
f(z) = z2 exp S 
f(z) = z2e1/z 


Le . - 
t us consider the integral f$. f(z) dz 


Where f(z) = z2 el/z and C is the circle lz] 23 
By Cauchy's residue theorem, we have 


L f(z) dz = 2ni 2. Residues. 


=> 2 ul . ; 
L o dz = 2ni 5" Residues - | (1) 
"A 7 e m 
ne ; 
expansion. ipe residue, we expand f(z) in Laurent 


f(z) = 22 el/z 
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My "l2 3 14 

l l l l l 

"Um D e— T urs. 
et) *2 39 2 4 TY 

qhe Co-efficient of 1/z of above exp 


l l ansion [which is the 
due of z) at z = Ol is 3 =5 l 


g g2 PA 4 
| 1/z | 1/2 , i ia t] 


| 
E 
putting the value of residue in (1), we get 


l 
f z2 e!/7 dz = 2ni x a 
A 


6 
Td 
| aœ L " SR E 
Z*1 
| (iv) Given that f) = 75— 2z 


Let us consider the integral L f(z) dz 


Z + 1 
where f(z) = emp m and C is the circle |z| = 3 
By Cauchy's residue theorem, we have 


L f(z) dz = 2ni > Residues 


"- J AU dz = 2ni 2. Residues e. er wee (1) 

To determine the residues of f(z), we have to first find the 
poles of f(z). 

Poles of f(z) are obtained from the equation 

2 -27=0=>z=0,z=2. 

^. fz) has simple poles at z = O and z = 2. 

Also, both the pole lie inside the circle |z| = 3. 

The residue of f(z) at z = O is 


Lt (z - O) f(z) 
z—0 


z+ l 
= Lt Ze [ 7 = j) 
T, z(z — 2) 


b ui 
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= 2 is 
The residue of f(z) at z 
| Lt (z-2) f(z) 
| z72 
[2+ l 
| siet (2/2) ziz 7. 2) 
z> 2 
| z+1_2+1_3 
| mie z 2 2 
z—2 


1,3 
^ x Residues = ~5 +9 = 1 
Putting the values of residues in 


§ ao = 2ni +1 = 2m. 
Z 


(1), we get 


z5 
| (v) Given that f(z) = 1-2 
5 


Z 
: => fz) 775-1 

, 

| Let us conse, the integral b f(z) dz, where 


f(z) = 75. and C is the circle |z| = 


By Cauchy's Aiit theorem, we have | 
b kk dz = 2ni >, Residues. l 


= $ yy dz = 2ni Z Residues e re ^ cu G 
To determine the residue of f(z) we have to first find pole 
of f(z). 


Poles of f(z) are obtained from the equation z? - 1 = 0 
= (z — 1) (z2 +z + 1) = 
=>z=1,77+z+1=0 
Š _ -~l +V¥1-4.1.1 
, ———————M 
| < e 
amid V-3 
2 


--1+iv3 
2 


w^ 


- f2) 
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has the simple poles at the points z = 1, z = - 2 i V3 
U kd 2 n 
All of these poles lie inside the circle |z| = 3. 
. Residue of fiz) at a simple pole z = 1 is 


Lt iz 1) + f(z) 


z> 1 5 
—Z 
x HE eph ez 1) (Z2 + Z + 5) 


5 


N3 


Residue of f(z) at a simple pole z=- i *1-5-is 


7 [-- [2] o 


i] [; 41-139] se 
= —0- 3z2 [by L. H. R.] 


Afega 9) +2| 


^ LL R 


Complex Analysis 


LAS 1 v3 
i pen Ce 
(2-3) x R Mi 2 2 7 | 
ATE V3 H[sxo-3 +12 | 
-(- Jl -: à 4 2 
W) | ax) C2a) 
=(-3 "97T 2 2 
-] (1 3) 
- 3-3 
i($-3-1: -à 
"34 4 3 7 
[RS C E 
Similarly, we get the Residue of f(z) atz-z-5-i 2 is-5. 


Then equation (1) becomes ¢ + K dz = ae) = — Oni. 


1l 
(vi) Given that f(z) = 142 


l 
Let us consider the integral L f(z) dz, where f(z) = To gi and 


C is the circle |z| = 
By Cauchy's residue theorem, we have 


$ nal dz=2ni Z Residues (I) 


To determine the residue of f(z), first we have to find poles 
of f(z). 
Poles of f(z) are obtained from the equation 
1+2=0>77=-1 
—z-ti 
 f(z) has two simple poles at z = i and Z--i 
Residue of f(z) at a simple pole z = i is 


Lt (z-i). f(z) 
Z—41i 


wo lu ve 
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(z — i) 
S D (z+ i) (z - i) 
zi 


Residue of (z) at a simple pole z = — iis 
Lt (z + i) f(z) 
z-i 


=t z+) 
—-i 


1 41 
z-i -2i 


= Lt 
z-i 
; 1 1 
^, J. Residues = 5; +231 =9 


Putting the value of >, Residues in (1), we get 
$ f(z) dz 221i x O 
G 


= f rrago. 


(vii) Same as (iv). 
3. Evaluate the integrals using the Cauchy's residue 
theorem. | 
(a) e7 e | 0 
a. L (z + 3) g p Cekas l 4 2e! ,Ox0zx2mn 
[NUH-2005, 2008] 
Z i > H . 
n L (z2 + 1)(z — 3)2 dz. C ={z: |z| = 2, Positively Oriented 
sin 3z m 
e o Z -n747 dz. € = (x, y). Ix| 2. Iyl < 2} Positively 
Oriented 
w PT D P T + 12-21 7 6 


l 
c z(2z — 5) (z — 4) 
Positively Oriented 


(e _ 227-z41 
dp. Rz- Sage, C L = 2008.8, 0595377 


Complex Analysis 
335 


th vertices at + 2 + 
ei e a where C is the square v ls 
] 222 45 a C=: i1z-210 7G 
_ 3635 
viam 
; j dz. t> o. where C is the square with vertieg, 
h b zzi atti 
1£  ** .gzc-t:Izl-3 . 
Grub zur22 7^ | 


az2 42 unterclockwise around th, | 
| SZ" * _ dz. taken CO | 
@ $ z-1G 49 ^ 

C 
:srcle iz-2] = | 


dz. . m 
Mundi (a) € integral is | 
z+ 3) cpu 
wae £:z214«2e89,0x8-x2n 
_z-1=2e 
=> |z- 1] = |2e*| 
= }z-1|=2 
which represents a circle of radius 2 and with centre 
at (1. O). 


ez 


(Ll-$ Gy apg 
—1- $ fla) dz k 
ez 
= where fiz) = 


(z + 3) (z — i? 
=> | = Qni 25 Residues 


"s e Q) 
[by Cauchy's residue theorem 


T 
9 determine the residue of f(z), first we have to find poles 


of f(z). 


And Poles of f(z) are obtai 
Rr Kaz obtained from the equation 


ai Lo FD E 


^. HZ) has a simple poles at z = — 3 and a double pole à z-i 
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( only the pole z = í lies inside the closed (curve) contour C. 


T 
p e of fe) at a double pole z = i is 


, Residue © 2 
» 5 : -Ia MG - 87 - Hall 
71 

e 
sit Y Li |e- vil K Zem 


i si A 
=U dz |z +3 
ws | 
[e+ (-ie^7) — (e7) * d 


(z + 3) 


-e“i(z + 3) + 1] eT + 3) 1] 


d (z + 3) ~ (3 «if 


-e[i? + 3i + 1] -e*3i  -3ie (8— 6i) —3ie(8 - 6i) 


9.6041 ^ Ec» 
9 + 6i +i 8 + 6i 64 - 36i? 100 
—3ie(8 — GU 
A 2. Residues 77 1099 
Putting the value of 25 Residues in (1), we get 
[a Oni -3ie(8 - 6i) _ Se(4 — Sin 
wem 100 25 


(b) Given integral is L GE - dz 


where C = {z : |z| = 2). Positively oriented. 
that is C is a circle of radius 2 and with centre at (0, O). 


Zz 

Letl= $ gye 3Y Pa 
I= 

= f nal dz | 

=> where fla) = G35) @ 3 ay 


= T= 20 2. Residues --- (1) 
To determine the residues of f(z), first we have to find Poles 


of f(z). 
And Poles of f(z) are obtained from the equation 
2 +1)@-3)=0 
>z + l =O, -—37=0 
—Z7tiíz-3.3 T 
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^. f(z) has two simple 


ie ata wend ara FOROR Coup), 
pole 4 


ks _ — i lie inside C. 
But only the poles 


> Residue of flz) at 
Lt (z-i) f{2) 


z=iand Z 


z=iis 
a simple pole Z 


z—- i 
Z 
=Lt C0 lañs sel 
zi £ i 
Z = eT 
=t gje- 3 ar) a-39) 
mM i l (8 + 6i) 
- aT . A612) 
>a 6i + 9) 2(8 - 6i) 2(64 — 36i*) 
| (846i  4-3i 
72x100 100 


| | 4 — 3i 
Similarly, the residue at a simple pole Z = ^ i is -100 


4+3i 4-3i 
"1 Ha Residues = 100 oo 


l 
7100 (4 + 3i + 4 — 3i) 


Putting the value of iy residue in (1), we get 
4 _ Sri | 
25 95° 
(c) Given inte ral i -Sin Se: 1 
salis Jo iz- n/4ji dz 
Where C = ((x, y) : Ix] «5, ly| 


Let = _Sin 3z 
j. (z — n/4)4 dz 


>I1= $ f(z) dz. 


I-2ni* 


< 2}, Positively Oriented. 


where f(z) = oe 


=>1=2ni P3 Residues. 


(-2, -2) 


[ by Cauchy's residue theorem] 


a VN ————————"—— 
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To determine the residue of f(z), first we have to find poles 


of f(z). : 
And Poles of f(z) are obtained from the equation 
| (z-n/4M < 0 
n dŒ mu Tt 


milal L 444 
T 
-. fiz) has a pole z = A of order 4 which lies inside C. 


Tt 
The residue of f(z) atz= 4 of order 4 is 


1 de! n V 
Ut. TR < Tn 


zm/4 

” 1 d? lL T ) sin 3z l 
i v Aad 2e =" . Taa m AATA 

—— dz 4 (z — 1/4) 


Zz 1/4 
=e Lt [-27 * cos 3z] 
z-»m/4 
27 3n 9 l 9 


E br Residues = MM 


2N2 


Putting the value of 2, Residues in (1) we get 


9 
I = 27 EX 
2N2 
. sin 3z _ Mi 


(d) Given integral is $ 5G — 4) dz 


where C = {z | : |z+ 2| + |z- 2| = 6). Positively Oriented. 


l 
Let I = — — "à 
l L z(2z — 5) (z - 4) € 


l 
z(22-5)(2-4) 
=> 1= 2ni >. Residues --- (1) [by Cauchy's residue theorem] 
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=I= b f(z) dz, where f(z) = 
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To determine the residues of f(z), first we have to find Poles 
re) 
of f(z). 
And Poles of f(z) are ob 
z(2z - 5) (2-4)20 


tained from the equation 


5 
—z20.27 5.2724 
-. f(z) has three simple pole at 
2=0,z=5 andz=4. 
5 2 C 
But only the poles z - O andz=5 lie inside C. 


-. Residue of fiz) at a simple pole Z = Ois 
Lt — zf(z) 


1 
s Z*7z(2z-5)(z-4) 
=> 
EAE ne 
= = -4 
sœ oU 5) (z ) 


- E^ 1 
~ (0-5) (0-4) 20 


5 
Residue of f(z) at a simple pole z = 2 is 
5 
Lt ( = 2) f(z). 
z 5/2 


zo5;mM ^ z(2z - 5) Z- 4) 


1 1 

=5 lt 
2 

2-35/2 7 4) 

-l. L S Ñ 1 2 

x (8 ) i s (-3\" 15 
2 24 3° > 
T 21 2 
7 2; Residues = 55 - 15 


poles of f(z). 


But only the pole z = 5 lies inside C. — 


The residue "Ore 
theorem and its !pplicati 
ons 


putting the value of v» Residues in (1) we 
ee ont aMi -— 
L im: Ta oe 
. - - dz ni 


224 ~ 
Given integral is s A 
(e) am b (2z - 1) (z + 12% 
where C : r= 2 Cos 0: 0 < 0 < dur 
— (e 2r cos 0 
— x2 + y? = 2x l- x = r cos 0, y = r sin 0] 
—(x-1?-4y?-1 


that is C is a circle of radius 1 and with centre at (1, 0) - 


ET 224-1 y C | 
ae 2z- 1) z+ 12 ra 
L f(z) dz / — 
C 5 > 
ce 2z^—2-1 we 
where f(z) = (2z — 1)(z + 1)? 


>I = 2ni i Residues --- (1) [Cauchy's residue 
To determine the residue of f(z), first we have tc 
And Poles of f(z) are obtained from the equation 
2z- 1) (z+ UIZ = 


1 
DZER. Z=- L, -1 


w a 
-. f(z) has a simple pole at z = z anda doub 


(EB T. 
-. Residue of f(z) at a simple pole Z "2 


Lt (z - 7) f(z) "à i 

z= 1/2 ^ 
p" Uy = 4 222-2 +1 

21/2 Z l (2z )uiz* 
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1 222 -rnt 1 

sL aie + 1)? 
z-— 1/2 ! L 

1 2*1/4 1/2+1 1, Ñ 
"3° (1/24 1)? 2'9/4 ^9 


2 
^ 2. Residues * 9 


Putting the value of > Residues in (1), we get 


p 2 4n 


2z2 -z+ 1l » ne 
«d. (az-1)@+ i" 9 ° 
coshz 


(f Given integral is b os dz 
where C is the square with vertices at TL 2 + 21 


coshz 


z3 dz 


Let i= f 
C 


=1= | ftà dz. where fiz) = 775 
c > 
=> ] = 2ni 2. Residues --- (1) [by Cauchy's residue theorem] 


To determine the residue 
of f(z), first we have to find 
the poles of f(z). 

And Poles of f(z) are 
obtained from the equation 
z = 0 =z = 0, 0, 0. 

^. f(z) has a pole at z = O of 
order 3, which lies inside C. 

-. Residue of HZ) at the pole z = O of order 3 is 

l d*! 
Lt l3 ai lz- f(z)] 
20 L ] dz 


— 
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l d 
D | 2'dg (sinhz) 


1 
=5°u (coshz) 
z—0 


s coshO 


me 
- P; Residues = 5. 
Putting the value of 2. Residues in (1) we get 
l= 2m x 2 = Tü. . 
(g) Given integral is 
222 +5 | 
b Z2 + 4) Z 08 + 4) (z+ 2)3 dz; where C = {z : |z-2i| = 6} 
that is, C is a circle of radius 6 and with centre at (O, 2). 
222 +5 y 


Let = $ 2G? 4 apis 25 @ d c | 

teh f(z) dz; j RREN " 
222 L D 

where f(z) = 72(72 + 4) (z + 2? ee 


=> I = 20 b Residues EL et oes (1) 
To determine the residue of f(z), first we have to find the 


poles of f(z). 
And Poles of f(z) are obtained from the equation 
2(z2 + 4) (z + 2)2 =O 
=> 22 = 0, z2 + 4 = 0, (z + 2} =0 
=z = 0, 0; z = Ł 2i; z = — 2, -2, -2. 
-. f(z) has two simple poles at z = 
pole at z = O and a triple pole at z = - 2. 
All of these poles lie inside the circle. C. 


-. Residue of f(z) at z = 2i is 
Lt -(z—21) f(z) 
z— 2i 


2i and Z = * 2i, a double 


lex Analysis 
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222 € 5 | 
=Lt (z-2i) la ae OP 
Z— 2i 
272 +5 
-lt Zç T (z + 2)9 
— 2i 


2(2i)? +5 
= Qi? Qi + 2i) Qi + 2) 
8i? +5 
-4i2-4i- 8(1 + 3i + 3i? + i9) 
-5 
--4 x 832i x (1 + 31— 3 - 1) 

n 3 
.-1281(-2 + 20 128(21-2) 
. 30-10  Á3ü-1) 

»256(1- i) 512 
—3(1 + i) 


Similarly, the residue of f(z) at z = — 2i is 512 


The residue of f(z) at a double pole z = O is 
1 2-1 


d 
Lt 2-1 = a-1 lz? * f(z)] 
z—0 2-1 dz 
- i-i 2. ., 22 «5 
pui mr 7 "z22-4)(z«2) 


IPM i 222 4+5 | 
= (22 4 AY > a OY3 
z 50 982 (z^ + 4) (z + 2) 


-Lt (z? + 4) (z + 2)? - Az - (2z? + 5) iz? + 4) - 3(z + 2)? + (z + 2)? - 2z) 
z—0 (z? + 4)? (z + 3)6 


m 4z(z? + 4) (z + 2) - (222 + 5) (322 + 12 + 222 + Az) 
Th E 9) X32^ + 12 + 27? + Az) 


wa (z2 + 4)2 (z + 2)4 


Ww ae 16 =e 


Residue of f(z) at a triple pole z = — 2 is 
T 21 qh 
z—-9 3-1 dz I + 2)? - gz] 


1 
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222 +5 


5 1 2 | @ y2»- z?(z? + 4) (z £ A 
2 


d? 222 5 | 
dz2|z?(z? + 4) * zZz + 4) 


ala 
SR 
[3 


B® wx 
=g +y 2 2 


[eh eani pi pate) 15 a i| 
3 (z2 + 4)4 


3(4- 3-4). cA 
(4 + 4)? 19 * 36 


O€*SS 
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BH = U 901 439, 219,9. 
2. Residues = -512 512 64 256 


3li — 1 — 1 — i) 3 
=- oid * 256 
=O | 
Putting the value of 2. Residues in (1), we get 
I 2251 xO 


=0 
(h) Given integral is 


ezt 
Je zh eiit 


When C is the square with vertices at + 1 +i 
'^ Éhatis, 141; 1—À3g-141.—1- 


_ et | 
Let l= $ ary -1 +i= 6l, H á 1+i=(1. 1) 


w $. f(z) dz 


E ezt 
where f(z) = zæ + 1) 


I-2mni P Residues «+ (1) ^-1-c1.-0 | *l-i-(1.-1) 
To determine the residues of f(z), first we have to find poles 


of f(z). 


And Poles of f(z) are obtained from the equation 
z(z2-41)20 
—z-0 
z-ti 
-. f(z) has three simple pole at z= 0, z=+i 
But only the pole z = O lies inside the contour C. 


^. Residue of f(z) at a simple pole z = O is Lt zí(z) 
z—0 
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zl 
-Lt -5 
,zZ—0 ur + Ñ 
ezt 
= Lt 2 
| z302 +1 
| "Co pud 


Putting the value of > Residues in (1) we get I = 2ni 
| i integral is zx — ——' 
(i) Given & 2ni L Z(z2 + 2z + 2) % 


where C is the circle |z| =3 
| L ezt 
MEL. z2(z2 + 2z + 2) Z 


ezt 
| | | EL L H (ies: oher Ti z?(z2 + 2z + 2) 
1 . ; 
-2gi' 27 b 5 Residues [by Cauchy's residue theorem] 


I= 2 Residues (1) 


To determine the residue of f(z). first we have to find the 


poles of f(z).: 
And Poles of f(z) are obtained from the equation 


| Z27?--2z42)- 
-0,2242242-20 


2+ V4-8 


>Z= O, O, 7 A 2 
zZz=-1+i 
- f(z) has a double pole at z = O and two simple poles at 
Z=- ]l+żi. 


And all poles lie inside C. 
^. Residue of f(z) at a double pole z = Ois 
1 


Lt a 
z+59 2-1 dz?-! 


Complex Analysis 


ex 
E pu d 
LA zZ + 2z + 2) 
a «2252) e -t- en22 +) 
= LL ee re ae 
z0 : 
2-c0-t-e2-(0*2) ,2t-2 17 — 
Residue of f(z) at a simple pole 
Lt (z-Cl-4 i)} * f(z) 
z— (-1+i) 


z--1l-iis 


—— 
-Lt 61-0 las 223) 


= zz + 1 + i) 
z— (-1-i) ( . 
ect et» elt 


Cie)? Cl +i+1+i ~ (C21) (2i) 
et 
=A (cost-isin t). - 
Similarly, we get the residue of f(z) at a simple pole ; 
-t 
z=-1-iis { (cost isin t) | 


Ç L L et x et E 
LO Residues Mo Lar v (cos t — i sin t) tE (cos t + i sin t) 


pl E 
2 4 x2cost 


= 


Ld m 
2 9 cost 
Putting the value of 25 Residues in (1), we get 


ptc et 
MEE t-z cost. 


G) Given integral is $ =e à 
cZ- ZZ + 


| Where C is the circle Ilz-2| 2-2 


ho O 


4 
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NE 5 
pet. 1 * $ -nero 
| = $ f(z) dz, 
C x 
a 3z? + 2 
where fU = (z 1) (z? + 9) 
ls 27i 2. Residues -. (D 
To determine the residues of f(z), first we have to find poles 
| f fl2)- © 
And poles of f(z) are obtained from the equation 
| g- 1 7+9) 0 
Z =I, z-t 3i 


-. fiz) has three simple pole atz=1,z=+3i 


But only the pole z = 1 lies inside C. 
- Residue of f(z) at a simple pole z = 1 is 


Lt (z- U f2) 
z1 
322 +2 
= (z — 1) le —-nG- al 


A >. Residues = E 


Putting the value of >| Residues in (1), we get 


1 f 
I = 2ri ° 5 =m. 


(k) Given integral is 


dz 
b Z3(z + 4)’ where C is the circle |z| = 2. 


a mmm 


Iy 
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EM AR 
Let l= $ 2:244) 


E b f(z) dz, 


1 
where f(z) = 73(z + 4) 


I = 2ni >. Residues - (1) 


[by Cauchy’s residue theorem 


To determine the residues of f(2). first we have to find the 
poles of f(z) 
And poles of f(z) are obtained from the equation Z?(z + 4)=0 
—2-0,24420 
=z=0,0,0,z=-4 
-. f(z) has a triple pole at z = O and a simple pole at z = — 4. 
. But only the pole z = O lies inside C. 
- Residue of f(z) ata Ps polez = O is 


> Sear fü 


. ld 1 
pen K Lal aln 


T a2[ 1 
214 Sozial 
z—0 


1 af 1 | 
=e LI S I T 
2 

2 RM dz (z + 4) 
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l 
RO G 


putting the value of >. Residues in (1), we get 


ex 
4. (i) Evaluate L z + ni HE, Where C is the circle |z + 1| = 4. 


| [DUH-1994] 
(ii) Let C denotes the square whose sides lie along the lines 


on tt. al 2 described in the positive sense. Determine 


1 1 
(a) L L gdz b L z(z2 49) 


1 
of CEFE 191 Y l |"  INUH-1996] 


(iii) Evaluate the value of b S dz, where C is a curve 
(a) |z- 1| 2 4 and (b) Ilz-2| + |z+2|=6 [NUH-1999] 
Solutions : (i) Given integral is 


$ E dz; where C is the circle |z + 1| = 4 
C 


ex 
Let I= $ zii d 


-$ naa . 
C 

where f(z) a 9 

=I=2ni >’ Residues = (1) 


[by Cauchy's residue theorem] 
To determine the residues of f(2). first we have to find the 
Poles of f(z). 


And Poles of f(z) are obtained from the equation z + ni = 0 
Z = Ti 
^ f(z) has a simple pole z = — ri, which lies inside C. | 
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- Residue of flz) is. 
Lt (z + ni) fiz) 
z -ni 
= Lt (z + ni) * (z + ni) 
z -ni 
ze = cos 3r - 1 sin 3n = - l 


then equation (1) becomes 
] = 2ni x -1 = -2ni. 


(ii) = integrals are 
(a) $ Z5 dz. (b) b rO (c) b (z2 + Drs 


Where C is the square whose sides lie along the lines 
x =+2, y =+ 2 described in the positive sense. 


1 
(a) Let 1 = b 249 
1 
= $ fiz) dz, where fz) = Fa 9. 


= ] = 20 > Residues (1) 


[by Cauchy’s residue theorem] 
To determine the residues of f(z), first we have to find the 


poles of f(z). 
And poles of f(z) are obtained SUM the equation 


z-9-0 
—z-t83i 
` HZ) has two simple poles at z = + 3i 


EE. 
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put no poles lie inside C, 
. Residue of f(z) is zero 
Then equation (1) becomes 


[221i x O 


NM uM c 
(p LetI= L z 9) 


is L f(z) dz, where f(z) = IIH 


=>] = 2m >, Residues e e. e (1) 


[By Cauchy's residue theorem] 


To determine the residues of f(z), first we have to find the 
poles of f(z). ` i | 


And poles of f(z) are obtained from the equation z(z? + 9)-0 
—z-20,2-2t8i 

-. f(z) has three simple pole at z = 0,z=+3i 

But only the pole z = O lies inside C. 

. Residue of f(z) at z = O is 


Lt zí(z) 
z—0 
e 1 
€ Z*7(z-9) 
z 
VE 
-lt 724.9 9 
z 5 


: _1i 
d >, Residues = 9 


Putting the value of 2. Residues in (1), we get 


1=2ni- 5 


2Tá 


= a 
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l 
(c) Leti= $ gyi 99 


MT 
—1- L fiz) dz. where fJ = TT 9) 


= 1=2ni >’ Residues ve U U 1) 
[by Cauchy's residue theorem 


To determine the residue of f(z), first we have to find the 
poles of f(z). 


And poles of f(z) are obtained from the equation 
(z2 + 1) (22+9)=0 
=Z=ti,z=+3i 
-. f(z) has four simple pole iz -tiandz-t83i 
_ But only two simple poles z = +i lie inside C. © 
- z. Residue of f(z) at z = i is | 
Lt  (z-i)f(z) 


Z— 1 
ee n 
k =u GC-J):vc211) 79 - 
Z— 1 
=U Gs) @+9) 
Z— 1 
MEM E 
~ (i + i) (i? + 9) 
1 1 i i 


oo — aa D MM = = 


Similarly, the residue of f(z) at = z = — i is =a : 


Putting the values of >” Residues in (1), we get 
I-272ix 0- OQ. 
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ew 
(iii) (a) Given integral is $. Sr oe 


where C is the circle |z- 1| 2 4 
e 


TE TL 


Iz $, f(z) dz, where f(z) = TT 


= 1a 2i 2. Residues (1) 


[by Cauchy's residue theorem] 


To determine the residues of f(z), first we have to find the 


poles of f(z). e 


And poles of f(z) are obtained from the equation 
z-mni-0-»z- ni 
- f(z) has a simple pole at z = zi, which lies inside C. 
. Residue of f(z) at a simple pole z = mi is. | 


Lt. (z — mi) f(z) 
z—mi 


! Ñ g 
= LI (z-—3)* lz — sl 
z—mi ; 


~ 


= LL e3z 
E. Ti 


weit = cos SIC 4 Pain BK *i:0-- 1. 
E >. Residues =— 1 | | 
Putting the value of 2 Residue in (1), we get 
I = 2ri x (-1) = - 2ni. 
5. If a > e, then show that the equation az" = e* has n roots 
inside the circle |z| = 1. [NUH-2009] 


Solution : Let C be the circle |z] = 1: hel = az" and g(z) = e* 
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4 


Also the given condition a > € 
| then on the circle C, we have i 
|| = laz" l 
= |fz)| = la] I7^l 
2 a|z]|" 
zael 


. |flz)] 2a»e--() [by Ø) 
Again, |g(z)| = |- | 


= |e 
zZz z? z^ 
=|] +—+—+7, to 
| ui (d *i3 "14 e 
<+ + |e Sl 
=] 1z} r- |z]? 
i C ta d we 
K jh 1 = 
=) +4—+—+— 
iz" as [-1z| - 1] 
ze 
|g(z)| se 


- |g2| se«a- lna) 
= |g(2| < Ift] -- ii) 


. By the Rouche's 
theorem, 
number of zeros inside C f(z)  g(z) and fiz) have the sa™ 


H -— n 
ence f(z) = az” gives n roots inside C 


Thus the 
i 
iz] =1 given equation has n 
; zeros inside the circ* 


" SECTION-TWO 
CONTOUR INTEGRATION 


4.2.1 : In this chapter we shall deal with the evaluation of ` 
definite integrals using the Cauchy's residue theorem. We 
shall also chose a closed curve C, which is usually called a 
contour which may be a circle. semi-circle, rectangle etc. For 
this reason. this process of integration along a contour is 


called Contour Integration. 
4.2.2 : Different types of integrals : 


(a) Integrals of the type l neos 0, sin 0) do. Where f(cos 0, 
sin 0) is a rational function of cos 0 and sin 0. 
To evaluate this type of integrals, we shall choose a unit 
circle as a contour . 
The equation of unit circle is |z| = 1 
= z = eP?, where O € 0 < 2x 
= dz = ea dð 
= dð = (< 
Also z = e? = cos 0 + i sin 0 
* =e” = cos 0-1 sin ® 


l l l 
„z+l=2080=080=3(2+7) 


l 1 
and -1 Lo sino sine" z(2- z) 
Two useful theorems 
(i) If Lt (z — a) f(z) = A. and if C is the arc 0, < 0 < 0? of the 
za 
circle |z- a| = r then Lt Lede = iA (62 - 0) 
r—»O ? 
Gi) If Lt zflz) = A and if C is the arc ©; < @ < 6; of the circle 
R— œ 
I| *Rthen t $ fiz) dz = iA(@2 - Ov) 
B 
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(b) Integrals of the type f i 
. ich i lytic i 
: is a function which is ana in th 
Theorem : If f(z) i xcept at à finite number of poles k 


-plane e 
upper half of the Xy P real axis and if further zf(z) tends tg 


- ; on the 
it. having no poles ty then by contour integration 


zero as |z| tends to infini 
- f(x) dx = 2ri 2. Residues, where 2t Residues represent, 


the sum of the residues of the poles 
Note-1 : For this type of integra 
large circle and the part of real axis from 


Note-2: IfLt f(z) = 0. then Lt f f(z) dz = O as contour 
« Roo 


in the upper half plane. 


ls, we use the upper half 
-R to +R as contour, 


Z— oo 
where C is the arc 0, < 0 < 62 of the large circle |z| = R. 


Jordan's Inequality. 


. 2, 
If O < 0 < 2/2 then the inequality =e < o ^ 
or 20 /n < sin 0 € 0 is known as Jordan's Inequality. 
Jordan's Lemma : 
If f(z) is analytic except at finite number of singularities 
and if f(z) —^ O uniformly as z > ~ that is Lt f(z) = O, then 
. Z= 

Lt Í eim HZ) dz = 0, m > O 

Rios "f 
Where I denotes the semi-circle |z} = R, I(z) > O° 


(c) Integrals of the types M f(x) sin mx dx 


Or [ f(x) cos mx dx. 


Pe is, Improper integrals involving sines and Cosines. 
re f(x) is a rational function of x. To evaluate this type of 
gral, we shall apply the Jordan's lemma. 


(d) Integration along indented‘Contour : 


We use a 
bove contour, when the poles lie on the real axis. 


That is, her j 
* We are going to discuss the integral of certain 
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ctions whose poles lie on real axis as well as poles within 


ini contour. In tese types of integrals we shall exclude the 
oles OP the real aras by enclosing it with a semi circle centred 
at the pole and of small radius drawn in the upper half of the 
jane. The above method is known as indenting the semi- 
circular contouts. Alter indentation we get modified contour 
and WC proceed as art-4.2.2(b). 


(e) Rectangular Contours : Many of the problems done so 
far can also be solved by choosing rectangular contours. In 
general rectangular contour is used to those integrals 
integrands involve hyperbolic functions or periodic 


functions. 
it will be seen that many a cases that the pole is given by 
z = a where ‘a’ is the half length of one side of the rectangle 


whose other side is R. 

4.2.3. Integration through a branch cut : The residue 
theorem is also utilized to evaluate real integrals when the 
function f(z) which is multivalued and hence has a branch cut. 
Such type of integrals involve integrands of the type 


X QU ,VaeR 
w(x) 
Since the corresponding complex function z? in which is 
multivalued. We must first specify the branch that we will be 
using. Let a be a real number with O « a « 1. Then usually, we 


use the branch K. DX : 
gà = ealz = eln r +i) r > 0, 0 « 0 « 2n. 

Theorem : If ó(x) and w(x) are polynomials of degree m 
and n. respectively such that n 2 m + 2. 

If y(x) « O for x > O and w(x) has a zero of order at most 1 at 
the origin and 
z^$(z) 
w(z) 


co a P j 
then Í X 'e(x) oa 2ni f z) at z=: 
vid l- eui "s Residues of flz) at z = 2 


f(z) = ,0O«a«l 


wh C . Orc Ud. 
ere Z4, Zp, ---, z, are the non-zero poles of utzi 


alysis 
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4.2.4. Differentiation under the Integral Sip, 


Liebnitze's Rule : 


Liebnitze’s rule state that 
b OF 


d b - B ( 
Í F(x. a) dx = f Sa 


da Ja 
This rule is valid if a and b are constants, Q isa real 


parameter such that a, € & < a2. where a, and 2a are constants 
and F(x. a) is continuous and has a continuous partia: 
derivative with respect to a for a € x € b, Œ, S « < a». It can he 
extended to cases where the limits a and b are infinite or 
dependent on «a. 


WORKOUT EXAMPLES 


1. Evaluate the following integrals by contour integration 
[Using a unit circle as a contour] 


2n de 
(i) f 5+4 cos 8 
[NUH-2002, 2004, 2007, 2012(Old), 2012] 


2x sin 20 . 
a» 5-3 cos6 c | [NUH-2001] 
2n de 
D J, 5 +3 sin 0 [NUH-2000] 


2x cos 30 
Gv) f. Hd cos G W 


Di [NUH-1999, 2003, 2006, 2008: DUH-1994] 
(v) l = A aa [NUH-1998] 


9 a? + cos?0 ' 


(vi) f ym c a | 

o 5*4 cos 0 [NUH-1997] 
vii 2n 1 
ivit) f 1+asinx%&0O<a<l [NUH-1996] 
(viii) f w a MN 

o 3+2sin6 [NUH-1995] 
(ix) f SUN E 

o 2*cos0 [DUH- 1993] 


w w 
o a*bang. mmea [DUH-1975] 


— 


Contour Integration 


2n = do 
(xi) f. iza- 228959 9*&«1 


2n do 

pm |, Gea 
2n de 

(xiii) |, las Dess Bj Pe 


2n d8 
(xiv) f. laa cos qi t Ñ 


K adOó _ O 
(xv) k a2 + sin20 ^^ 


2n dé 2 
(xvi) |. Tae cosets 


21 cos 20 dð 


g Se 

(xvii) o 1 Gk ous a abi =) 
2n de 

(xviii) IR 3 — 2 cos 0 + sin 0 


1 m1+2cos0, 
(xix) N 5 + 4 Cos 0 i 


Solutions : (i) Given integral is 
(2x. dO | 
5 4 4 cos 0 


2n 


Let I = 


We know that the equation of unit circle is |z| 


= z= cos D + 1 Sin 0 

| p 
—z127,-cos0-isinO 
D = cos pedl, 
ngr = 2 cos: 0 = COs =9 et 


Also we have z = e? 


^. dz = ie? dO 

— dz = iz dé 
dz 

mdo P 


C g2+1)\ 
5+4 5 ) 


1) = 


do 


0 5+4 cos 0 
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[DUH-1984] 


= 1] > z = €! 


Sa 
NN 
NS 
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where C is the unit circle |z| = 1 as a contour. 
d NN dz/iz 
^ Jc 102 + 4z2 +4 
2z 
—12 


2 dz 

i $ 4z? + 10z +4 
l 

i 


dz 
i$. 8242242 
l dz 
if, 22245242 —— 
1 1 
at fiz) dz, where fz) = 557 5 52 + 2° i 
=I = . 27d 2, Residues [by Cauchy's residue theorem] 


—1-22mn >, Residues tee ss: po E (1) 


To obtain residues of f(z), first we have to find the poles 
of f(z). 


And poles of f(z) are obtained from the equation 
| 22245242-0 
= 2z77+4z+z+2=0 
=> (2z + 1) (2 + 2)= 0. 


1 
—z2-7—-5:2--2 


-. f(z) has two simple poles at z -— 5; andz-- 2. 


2 
! 1 
But only the pole z = - z lies inside the contour C. 
-. Residue of f(z) at a simple pole z = — 5 is 


OT NE E 


- (22+ L | 1 | 
eo 72 2 LZ + 1) (z + 2) 


— 


Contour Integration 


A. gh Residues = 3 - 


Me te value of >, Residues in (1), we get 
]1227*353 
2n 
eil 73 


21 sin 20 
ss) 1 1 1 1 ————————— — -- 
(ii) Given integral is 3! Gane eps B do 
2n. sin 20 
Let I= o 5-3cos8 
21 cos 20 + i sin .20 


= P ——————- 
Imaginary Part of f T 19 
ei20 
=L Poff” 5—3 cos 0 
(ei9)2 l 
=h Por L 5—3 cos 0 
i02 
=]. P of [I ie") do 


5-3* P (ei + e7i9) 


Let us consider the: contour 
‘€ as a unit circle |z] = 1 
= z = ei? 
= dz = iei? d9 
=> dz = 1700 
= 00 < 
iz 
z2 L 
Then I=I. Pof > "E TANE He 
T2 3(, +3) 


yi tal =. 
cL P of $ 102-37 -3 iz 
2z 


dé 
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22dz2 .. 
=I. Pof $ -i(3z? - 10z + 3) 
E 2 Ñ i 72 
-].Pof 2) b fiz) dz; where flz) = 372 — 107 su 


-2 
=I. P of (2) 27i 2. Residues 


[by Cauchy's residue theorem 


.I-2I.Pof (4n) >’ Residues e e — dq 
To obtain the residue of f(z), first we have to find the poles 
of f(z). 
And poles of f(z) are obtained from the equation 
3z? - 10z+3=0 
=> 3z2-9z-z+3=0 
= (3z- 1) (z - 3) = 


1 
c»ze9yz- d. 
: f(z) has two simple ae atz- 3 S hid z23. 
But only the pole Z=3 I ies inside the contour C. 


- Residue of f(z) at a simple pole z = ii is: 


| Lt ( -3). - fiz) 
z 1/3 


S Er haga | M 
me 2 8/'322-10z«3 | Which is 5 form 


re Resid 4 
X Residues e - 


Contour Integration 
putting the values of > Residues in (1), w 
; We get 
= I. P of (4n) L 75) 


| 863 


= I. P ot (75) 
D0. 
(iii) Given integral is 00 | 
o9 -* 3 sin 0 
2n de 
Let t= o 543 ain 0 
2n de 
ar E 
O 5 + 2i (ei? = e-19) 
Let us consider a unit circle C [|z| = 1] as a contour. 
ll 21 | 
—2-e689-—»2:1-e 
`: => dz = iei? dO 
= dz = iz dé . 
dð =~ 
iz 
Then I = $ sd 
Mode. -7 
5+ 5i (z-z) 
= dz/iz 
= je 10iz + 322- 3 
2iz 


=) dz 
S $. 3z2 + 10iz- 3 
1 
=2 L fiz) dz; where f2) = 372 + 10iz-3 
y's residue theorem] 
(1) 


= 2 x 2ni > Residues [by Cauch 
we have to find the poles 


"1s 4m 2. Residues 


To obtain residues of f(z), first 
of f(z). 
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And the poles of f(z) are obtained from the equation 
3z2 10i2z-3-0 | 

— 322 + 10iz + 3i? =O 

— 372 + 9iz + iz + 3i2 =O 
= 3z(z + 3i) + ilz + 3i) =O 
= (3z + i) (z + 3i) =O 

=> 3z+i=0,z+3i=0 


i : 
—Zz-2-g98,Z2--3i : 


-. f(z) has two simple poles at z = — 5 and z = — 3i. 


i 


But only the pole z = — 3 lies inside the contour C. 


-. Residue of f(z) at a simple pole z = 3 is 


Lt {2~(- x) fe 
n c T M 
zt3 which is o form 


"322 + 10iz- 3 


by L. H.R] 


een. a S2 
~ 6 (-i/3) + 10i. 8i: 
i; m 3 
Lo 2, Residues = g;. 


Putting the value of 2. Residues in (1), we get 


| = Ani x g; 
x | 
I75. 
(iv) Given integral is (^ —599 30 — 
8 0 S—24 608g S 


2n 
Leti- f ..cos30 — 
o 5 —4 cos o 00 


al pa NCC ke da E ND NE e. | 

MT DE | 
Er" Jo 5-4 dos ae 
! Pin (et)? ^ —.— [ET E 
Ep e— te AU ;: "TAM ' 
p por E 9- 2(el9 + e9) dz — d m 
.us consider a unit circle C [|z] < 11 es dott 

! 5 \z| =1 x : sl Yt ` y k 
2" T ! 
Dzie” 
Ee = ie" do 
Ed iz dð 


le 
ET" 


B t 


< d0 7iz k 

E m M 
TienI - R. Pof $ $2623 7 iz 
l ^ TT 
-RPo$ RRR ^. ! | 

| -R.Pof b -A2z?- BZ + 9j dz 


=R P (5) dz, where ft NE — 
=R.Pof\7j > n2 z, where f(z) = 572 -5z +2 . 
| C =R Pof (- 3 2ni >, Residues [by Cauchy's iedidue i 
| | theorem] 
-I-2R.P of (-2n) D Residues ^ 7 Map AEN 
= To obtain the residues of f(z), first we have to find the poles 
of f(z). 
And the poles of f(z) are 
obtain from the equation 
272 —-5z+2=0 
L. -—222-4z-242-20 
— e(-2)2z2-1)2909 


Rina. «<d. 


í 7) n. L w c - o? L be atz 2 69 ana g T - + 4 


- 


Complex Analysis 


l 
. Residue of fz) at à simple pole Z * 9 is 


- = —_— 7 | which is form| 
gs Ala 3 6 | 
z 1/2 ^ | 
A2 -5 : l 
= LA [by L H. R] 
4z-5 à 
z 1/2 
_ vs 01 
d s NC 
a"2 
l 
>, Residues =- 54 - 


Putting the values of >" Residue in (1), we get 
l 
I= R. P of (-2n) (- 34) 


N 
-6-19- 


(v) Given integral is L ado 


o a2 4 cos29; 2? O 


2 anr E E 
a? + 5 (1 + cos 29) 


25 a. 2 Putting 20 = d 
LA o m. d. Aet => 200 = dọ 
r és = 
a^ + 5 (1 + cos 9) =» an = 2 
= 2n do 
=a XN M l i 
PELLI lite 
=a [—— en 
O 


l 
2a? + L + 5 (e* + e9) 


Contour Inte ] 
gration 
367 


Let us consider a unit circle C [Iz] 
L |z| 21 
az=e#>zli=e% 
— dz = ie’? do 

= dz = iz do 


= l] as a contour. 


dz/iz 


l 
2a?-cl1*5(z«z1! 


C 


Mec ou 
de 20a + Iz LE +1 
22 


T$ ST UII 


N . 1 
E L f(z) dz, where f(Z) = 72 1 (432 + 2)z + 1 


= 2a x 27i >. Residues [by Cauchy’s residue 
theorem] 
I = 41a 3 Residues E p, m e- (1) 


To obtain the residues of f(z), first we have to find the poles 
of f(z). 
And the poles of f(z) are obtained from the — 


22 + (4a2+2)z+1=0 


-(4a? + 2) + J (4a2 + 2)? - 4.1.1 


> zZ = 2.1 
_ -(4a2 + 2) + V16a* + 162? * 4-4 
T : | 
_ (4a? + 2) + 4ava? +1 
3 i 


--(Qa?41)t2aNa?*1l 
z--(2a241)«2a Na? + 1, z = — (2a? + 1) -2a Va? + 1 


368 Complex Analysis 


` lel has two simple poles at 
z = - (2a? + 1) t 2a Na? +1 
But only the pole z = -(2a? + 1) + 2a Va? + 1 lies inside the 
contour C. 
Let z = — (2a? + 1) + 2a vañ cL =n 
snd dec [ihe Hopa P Y T p. 


. Residue of f(z) at a simple pole z = « is 


Lt (z-oa) Foy (qa? 4+ 2)z4+ 1 


;— o) (z - f) 


1 2 
7 | Rae 1) + 2a Ya? +1) Ea + 1) - 2a Va? + 1) 
l 
2a Na2 + 1 + 2a Va? + 1 
1 
pr Jarr 

i x: >. Residues = aa VS 

| Putting the value of 2, Residues in (1), we get 


l 
I 2 47a e — 
4a vañ + 1 


Tt 


1 


1 s= l 
a? + 1 


| (vi) Given integral is sm _ cos 20 | 
| S o 544 cos o 99 


2 DI 
Let ] — " Cos 20 


5 + 4 cos 9 98 


= Real Part or fi j S95 2 29 ti sin 20 " 


Contour Integration 


369 
2n 120 
=R.Pof | TE —— 10 
o 944cos0 E 
2n (c9)? 
[= R. P of f 5 + 2 (c? de cT do 
Let us consider a unit circle C [|z| = 1] as a contou 
ac r. 


^ |lz| 2 1 
az=% 7 = e 


_, dz = ie'? d0 
— dz = iz dé x 
d= 
WW iz 
_ | 2 a 
menl - R. Pof $ 57217) iz 


z2 dz 
=R Pol > gzi2232'iz 
l Z 


1 22 
-R rali $ aeae 
1 z? 
OR eor(!) b f(z) dz, where f(2 = 5724, 57 + 2 


1 
1=R. P of (i s 271i 25 Residues [by Cauchy's residue 
| theorem] 


(1) 


.1=R Pot [21 7. Residues] 
to find the poles 


To obtain the residues of f(z), first we have 
of f(z), 
And the poles of f(z) are 
272 $ Sz + 2 = O 
—27.472424220 


7Q0z«1)(2«2)-0 


obtained from the equation 


F l 
—22-5.2-2-2 


—] l 
^. f(z) has two simple poles at 2 = ~ 2 and z = - 2. 


C 
Omplex An alysis~24 


370 © Complex Analysis 
But only the pole z = — 3 lies inside the contour C. 


1 
>. Residue of f(z) at a simple pole z = - 5 is 


"ASELD 


z—-1/2 
rea 
= as) 1528 Boy O 
| | 22 (1/2) 2] i222 * 52-2 
| (2z + 1) | z | 
| = Lt a EE 
| | z> C172) 2 (2z + 1) (z + 2)J 
| E 
| NET "€ * 9) 


1 s: dd 
2(-3«2) arg 


= 1 
RA P3 Residues = i9 


| DuC NC ES 


Putting the value of » Residues in (1), we get 


l 
1- R. P of (2 - 15) 


TL 
=R. P of (3) 
| TL 
I 7s. 
(vii) Gi : x 2n l 
iven integral is f Tod a sin | a Dae 
2n l 
Leti- | 
o 1l +a sin xo 
| -= f? 1 
á dx 


Contour Integration 37 
J 


" \z| =1 

527=e%OSxS2n 

arise” 

and dz = ie* dx 

2 dz = iz dx 
dz 


— ——_ 
oo 


iz 


1 dz 


MO 
| The b 1 K Sz- z) iz 


l l 
| 7 $. Diz + a(z? - 1) iz 
2iz 


1 
| 22$ z2 4 Biz -a Z 


1 
=2 b f(z) dz, where f(z) = 227. 2462 — à 
=2°¢ 2ni 2, Residues [by Cauchy's residue theorem] 


U I= 4i P» Residues : (1) 
To obtain the residues of f(z), first we have to find the poles 
of f(z). 
| And the poles of f(z) are obtained fro 
az2 + 2iz-a=O 


-9j + V4i2 — 4°a (—a) 


=a 2*a 
.-2À X 4-4 + 4a? 
o 2a 
1 
z=> [i t Va? - 1] 
l | l ry 
7. f(z) has two simple poles at Z = 4 [3i + Va? - 1] 


But only the poles Z = L [-i + Va? - 1] lies inside the 


m the equation 


contour C. 


^. Residue of f(z) at a simple pole 


s . Complex Analysis 


i 372 
2-2 [i + Va? - lj is 
Lt |z -À (4+ dañ = 1) ft 
21 (4 + Ya? - 1) 
i Na?2—- 1 | l 
=t (zin az? + 2iz~a 
z—=> (A + Na? - 1) 
U 
| b | which is ġ form 
l 
| I + Va? - 1) 
T NENNEN REN 
- «4 Ya? - 
ga tE Aa a D, 2s 


1 


-2i + 2 Na? — 1 + 21 


21 — d9 
(viii) Given integral i — 99 |. 
> o 342 sin 0 


utis 90 - 
1 o 3+2 sin 0 


YH 
o 
p 
t 


Contour Integration 


373 
Let. us consider e. wntt-eimie C Hal = U ane annia 
+ |z| 21 ° 
sr'=e” 
and dz = ie? d6 
— dz = iz dé 
_& 
= 00 71; 
dz/iz 
ment $ — M 
"C3«1(-z!) 
L dele 
«Jc D) 
iz 
EA ee 
=$ zl3z-1 
l 
=$, fla) da; where fl) = 27734 
l= 2ni ?' Residues eA en z (1) 


[by Cauchy's residue theorem] 


To obtain the residue of fiz), first we have to find the poles 
of f(z). 


And the poles of f(z) are obtained from the equation 
7224-3iz-120 


Z= 


2.1 


_-3i+ V-9 +4 
i 2 


_ -8i £ iV 5 
— 
=5 63 + V5) 


^.) has two simple poles at = 5-3 V9 


> a 


374 Complex Analysis 


But only the pole z = 5 (-3 + V5) lies inside the conto re 
i 
-. Residue of f(z) atz = 5 (-3 + V5) is: 


r , [2-4 ca v5 |- tà | 
z25(-3-« V5) | 


[z -i/2(-3 + N BI 


O | | 
ndi z2 *3iz-1 | which Is 9 form. | 
25 (-3 + N5) 


l 
> LL c 2z + 3i 
25 (-3 + V5) 
DEM": HR: 
2*5 (-3- V5) + 3i 
Cu EPA 
-3i + N 5i + 3i 
1 
iN5 
1 
$; Residues = —— 
E iv5 
Putting the value of a Residues in (1), we get 
1: 


i V5 


[by L. H. R. 


I = 2ni ° 


dé 
o 2 + cos 0 


(ix) Given integral is 


Let I = {= 
l M 2+ 2 (ei + e79) 


Let us consider a unit circle C [|z| = 1] as a contour. 


Contour Integration 
375 


x C L 
"TI 
227 2e? 
and dz -= jei? dO " 
— dz = iz d0 
=> dð = iz 
tah a 
Then ! = CERA TER 
2 
a dz/iz 
~ Jo 4z+27 +1 
2Z 


AS Oe. 

T Y b z2-4z41 

E. T 1 

=F b f(z) dz, where f(z) -72 1 4z 1 


-2 2ni 2. Residues 
I24x >. Residues "sis - ks (1) 
ea [by Cauchy’s residue theorem] 
To obtain the residue of f(z). first we have to find the poles 


of f(z). 
And the poles of f(z) are obtained from the equation 


z2+4z+1=0 


| -4£N16-4..1. 
i 2 


TA +t N12 
=— 9 


=> Z 


z=-2+V3 
-. f(z) has two simple poles at Z = — 2+V3 
z=-2+ V3 lies inside the contour C. 


But only the pole 
=-2+ V3.is 


-. Residue of f(z) at a simple pole z 
Lt iz - C2 + N3) f2) 
25-2 + V3 


376 Complex Analysis 


z42-N3 U | 
= Lt — asp ca" b | which is 6 form 
z-2 + V3 
1 
E S Rat [by L. H. R] 
z-a y3 
"EE nes qe 
2(-2+V3)+4 2N3 
1 
& Residues = —— 
2, Residues = 2-5 
Putting the value of bi Residues in (1), we get 
l | 
I-24mn* 
2x3 
TE. 2 
" T . l 2x de 
x) Given integral is f, 6 + b BG! a>b>O 
21: dO 
tempe [à aL b sin 0 
1 I de 


b 
0 — (eid _ &-10) . 
a * 5i (e! e-i®) 


Let us consider a unit circle C [|z| = 1l as a contour. 


^[zl21 | 
—z-e9; OX0x2n | 
=> z! = e and dz = ie? dO 
= dz = iz dé 
dz 
~- de 717 
Then I = $ RE 
C -—— -1 
212-72) 
_ dz/iz č č 
Te 2aiz + bz? - b 
2iz | 


Contour Integration 


TEN 
=2 b bz? + 2aiz - b 


-2 b flz) dz; where izi = bz2 vaa eZ 
aiz = 


= 2- 2ni >’ Residues f Bs residue theorem] 
TE! 53 Residues » a) 
To obtain residues of f(z), first we have to find the poles | 
of flz)- 


And the poles of f(z) are obtained from the equation 
bz? + 2aiz-b=0 


-2ai + \4a2?i2 — 4 - b(-b) 


—— d 2b 


_ -2ai + N-4a? + 4b? 


2b 
2-221 d -2ai + 2 Nb?- a? 


NES Sb. . 
[-ai + i V a2 — b?] 
EM 5. — 


—z-y (C a t Va? - b?) 
-. fz) Bas two simple poles at z = L Ca + Na? - b?). 


But only the pole z = 5 


contour C. [-a» b» 0] 
<. Residue of f(z) at a simple pole 


2% Ca + Va? — b?).is 
<L TEL. th 
z>% (-a + Va? - bY) l K 
2 -i/b-a * Va? — b) M 

=U < bz? + 2aiz — 


CNET b?) L 


378 


Complex Analysis 
zit EN 
+, (-a + Va? - b?) 


1 T T 


l 
e 2 Residues = “at ot 


Putting the value of 2. Residues in (1). we get 


l 
| = 4i * ————— 
2i Va? - b? 


T— 
dd 
"-— — 
MET 
2n d8 
(xi) Given integral is f Ta G8 — 94 coso ,O«a«l 
2n do 
vagi I 1 + a? — 2a cos 0 
2n do 
I= j Te aee e 
Let us consider a unit circle C [|z| = 1] as a contour. 
3 C2 231 


=>z=e® 0<0<2n 
=z! = eid 
and dz = iei? 00 
= dz = iz d0 
dz 
7. de 7-17 
Then I = eet a 
clta - a(z + z`!) 
= U $ — dz 
| Jc O + a2)z - a(z2 + 1) 
dz 


-1 
Cd amurca 


"AF 6 5 


E D Residues 
btain the re id f 

! To ob sidues of f(z), first Men: 

po 

d the poles of f(z) are obtained from. N. l 

ys (1 +a%z+a=0 Edad: 7 
(Q +a? + VO + a2)? - 4 a (a) | - ia 

=o B= 2*a 


Du athe (13222 - 
z 2a sb Da 


-Jnr + a?) + (1 - a?) 
j4 2a 


1 
—z-4andz-a 


1 
a andz= a. 


^. f(z) has two simple poles at Z = 
ntour C, because 


But only the pole Z = a lies uu the co 


O<a< 1. 
- Residue of f(z) at z = a is 
Lt (z-a):f@ 
Za 
1 i Oo 
=EL a-a Z T A which is 6 form 
za 
1 
eit 3az- (1 + a”) [by L. H. RI 
za 
Beas- a? a?^—1 
hos Residues 7-32 1 
Putting the value of oS Residues in (1), we get... ad 
S 1 
I 2 (-2n) re mg 


fo ft *.23 


Complex Analysis | 


380 
OB. erui a»b»0 


2n 
(xii) Given integral is f. a+b cos 0’ 
2n dð 
Let I= f. a 4 b cos 0 


y d8 
HERO 2. E (ei9 + e°) 
Let us consider a unit circle C [|Z] = 1] as a contour. 


^. |z| 21 
—z2e9,0x0s2n 


>z! =e" 
and dz = ie? dé 
= dz = iz de 
dz 
“d= l 
Then I = f our 
Cata5(z«z!) 
e" Wo o uw 
|» Jc 2az + bz? +b 
22 
=F f a e. 
i Jc bz? + 2az + b 


1 
bz? + 2az + b 


2 
71 L f(z) dz, where f(z) = 


2 
=} * 2ni 7. Residues [by Cauchy's residue theorett! 
^ 1=4n >’ Residues -" Tm e (I) 


To obtai : i 
of f(z). n residues of f(z), first we have to find the poles 


And the poles of f(z) Pai obt 
bz? + 2az+b=0 | 


2b 


ained from the equation 


———————— 


Contour Integration 
-2a + 2 Va? ~ b? 
= 2b 


-a t Va? - b? 
=- b = 


381 


—a + Va2 b 
eine 
b 


.. flz) has two simple poles at z = 


-8 + Va2 - b2. 


But only the pole z = | — b lies inside the contour 


C, because a>b>O. 


Va2 2 
- Residue of f(z) at z ORT bi is 


Lt e IR "E. 
-à NA 


Z— b 


Za +vVa?- b? 
: À 2L 90g Vac b? 
=Lt bats Baz +B 


-a LN añ 


Z— b 
| which is S form| 
1 
=Lt © "2bz + 2a [by L. H. RI 
cr mod JÁa2- b2 
z b 
| i 


2b - S ee b. ida 
a GRE PNE 
~2a +2 vañ = b? + 2a 
l 
ET mm | 
E 2. Residues = —— . 
248 BE 


Putting the value of b Residues in (1), we get 


U So 


- 


5.a>b>0 


Y ee 
£ etl- foe b i x 
We have DR m 
led 5.499 a 4 b cos 0 Ue b2 i 
Differenting both sides w. r. to a [taking b as const: 
get [using Leibnitz's rule]. R 
d (?: do -&l 2n | T3 
| daJo a+bcos@ da La p2 | 
s E 
=f "9. (X) do = on (= 1) (a2 b?)37 - 2a 


o ia + b cos 0 


| e D EDD NM do = a ae 
J; feet eos 97 (a> L 


‘nel te 


"x 


re (xii)] 


an 1 de =< ZAR 
o (a+bcos 6)? X (a2 -b33 


(xiv) Given integral is 


2n de 
f, la rcosgpa-Oxd 
2n do 


Leti= [ irn > 
o a+cos O 


[" E 
o ino — 5 (e/o + e-i0) 


=> 


TT us consider a unit circle C IIS) = 
<. \z|=1 


|o ze 


1] as a contour. 
y 


>. 


Is =L ) 


ae 9h rer LN m sowe " 
K omes 


p X 
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dz/iz 


1= 4 
Then Karke e 
dz/iz 
c 2az 42241 
2z 


RE d HE of 
1 $ Z? + 2az + 1l 
ZL 1 
s dz, FE RS LE JE AR 
i $. f(z) dz, where f(z) eee a 
-— 2 + e | 
-1^2n s Residues [by Cauchy's residue theorem] 
I2 4n > Residues” - (1) 
To obtain the residue of f(z), first we have to find the poles 
of f(z). ! 
And the poles of f(z) are obtained from the equation 
z242az-*1-20 


| -ĝa + N4a? - 4.1.1 


=> zZ 2.1 


-2a + 2 Va2-1 
l 2 | 


-— LLLL———— 


z-—-arzvNa2-1 
. fz) has two simple poles at Z =-a +t vañ - 1. 
But only the pole z =- a-+ vañ - 1 lies inside the contour C. 
<.. Residue of f(z) at z =- a + Ja2-— 1 is 


Lt [Iz — t-a + Na? - 1} f(z) 
z5-a + Na2— 1 í 
grees | which iso form| 


7H Z2? + 2az + 1 
2—5-a + Va? — 1 
= 1 [by L. H. RI 
2z + 2a 
Zz=>-a + Na2- 1 


— 
= 


1 MAR em 
2 (~-a + Ja2—1) + 2a 2 Na2- 1 


d bg Bipesetisiss us ENE oor 
2Na?- 1 


384 Contour Integration 


Putting the value of P Residues in (1), we get 
l 


je4 R Eee 
2Va2-1 
>f” do 21 
o a4 cos 0 Aa? 1 


Diffenentiating both sides w. r. to a. [using Leibnitzis Tule] 


af. doe E! 2n 
da Jo a + cos 6 da( 22-1) 


= [Xe .(-3). 2. 13/2. 2a 
o daa + cos 0 Ten apse 


[ =l diss -2na 
.Jo (a4 cos8)? " (a?— 1)8/2 
[^ 1 do = 2na 
o aL cos 019 " (a?- 1)8/2° 
; i l ™ ado 
(xv) Given integral is i a2 + sin29:; 2^ 0 
z ado 
nad |: a? + sin?0 
TU f 239 Putting 20 = $ 
| ? a?* 5 (1 — cos 26) 200 = do 
ESO ao - 0 
o 2a? + 1 — cos 20 A . i 
D. gu Limit: 0 = 0, 9=0 
aj, Saba 1 ede § "6 RESP 
TM L do 
0 


2a? + 1- à (ei? + e-o) 
Let us consider a unit circle C [ P 
“ial 

= Z=e', where 0 <d < 2r 
> zZ! = elb | 


= 1] as a contour. 


and dz = iei¢ do 
=> dz = iz do 
-£ 
iz 


| Complex Analysis 
| _d2/iz 
| Then I= af. 


385 


i TN 
2a? + 1 -gz-4z!) 
— T 
Ff 2(2a? + ueni 
EN 
i 


S gei 


E (- 2a) b f(z) dz, where f(z) = 


E csl 


l 
- 2(2a? + 1)z + 1 


i a) ° 2ni A: Residues [by Cauchy's residue 


1 theorem] 
| | = (an) A Residues e s din (1) 
‘To obtain residues of f(z), first we have to find the poles 


And the poles of f(z) are obtained from the equation. 
72-2(2a2 + 1)z+1=0 


2(2a? + 1) + {2(2a2 + 1)? - 4.1.1 
v | ! 2.1 xl M 
2(2a? + 1) + 416a* + 1622 + 4- 4 
d 2 
z- (2a? + 1) + 2a Na2 +1 


| ~. fz) has two simple poles at Z = (2a? + 1) + 2a Va2 + 1 
— dava? + 1 lies inside the 


| of f(z). 


But only the poles z = (2a? + 1) 
contour C. 


-. Residue of f(z) at z = (222 + 1) - 2a a? + lis 


[z — {(2a? + 1) - 2a Va2 + 11H f(z) 


Lt 
z= (2a? + 1) - 2aVa? + 1 
Z € + 1)-2a ya? + 1} 
mS —2(a?41)z41 
2 (2a? + 1) - 2aVa? + 1 9 
| which is O form 
E np t [by L. H. RI 
js 5z 2(2a? + 1) y 


7(2a? + 1) 2av añ + 1 


C 
vix Analysis-25 : 


a O o 


Integration 
386 Contour g 


1 o dd 
7 2(2a? + 1) - 2a Va? + 1) - 2(2a? + 1) 
l 


p 


" 2a? + 1) da Va? + 1 - 2(2a? + 1) 
1 


-4a vañ +1 
-1 
T Eg Residues = E do T 


Putting the value of >. Residues in (1) we get. 
=1 " T 


I = (4an) < — = = ; 
ç y 4a va?24 1 vañ +1 


(xvi) Given integral is 


2n de 
sleet NUES. 
IR EET. aa 


s do | | 
Let t= f. 1+acosé6: 


2n de 
i» (EY et 
0 1+ 2 . (eie x: e-19) 


Let us consider a unit circle C [|z| = 1] as a contour. 

& Izl-1 

—zz-e9 0<0<2n | 

— 7-1 = e-i0 | 

and dz = iei? do 

=> dz = iz dð | : i 

~ doa | | | | 
iz s | | 
Then I= $ Em  ) LN 

C a 

l*5(í(z-z!) 
lota Ba 
1 Jc 2z+ az2 +a 


=2 
a $. HZ) dz, where fz = — ! č | 
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